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PREFACE. 



An attempt is made in this volume, to bring the science of geometry, 
directly to the comprehension of the learner ; and to accomplish this 
end, it is necessary to sweep away some of the rubbish and some of the 
redundancies which have seemed only to obstruct our progress and 
becloud our vision. 

All attempts to prove what is perfectly obvious to every one without 
proof, only weakens the mind rather than strengthens it, and hence, we 
have discarded all such propositions as the following : " All right an- 
gles are equal." " Any two sides of a triangle are greater than the 
third side." " Parallel lines can never meet, however far they may be 
produced " — and some few others of like character. In almost every 
treatise on Geometry, the first, or one of the first propositions for de- 
monstration is, " That dU right angles are eqtud,^* This proposition at 
once excites in the mind of the intelligent pupil, a mingled sensation 
of disappointment and indignation,— disappointment, because he ex- 
pected to learn new truths ; indignation, because he feels as if his 
time and common sense are trifled with. 

When he attempts the demonstration, he either has, or has not, a 
correct idea of a right angle ; if he has a correct idea, he cannot demon- 
strate, or say ai^thing that can be called a demonstration — ^because 
the proposition is all embraced in the definition of a right angle. 

If he has not the correct idea of the term right angle, he must 
obtain it before he can commence any demonstration; so, in either 
case, the proposition is worse than useless. 

When he comes to the proposition, that " Any two sides of a tri- 
angle, are together, greater than a third side," and is carried through a 
useless demonstration, he looks about in wonder and perplexity, to 
discover why it is that he should be dragged through formal techical- 
ities to arrive at the perfectly axiomatic truth, that a straight line is the 
shortest distance between two points. 
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Where is the logic of proving that parallel lines will never meet, 
however far they may be produced, when the very meaning of the term 
parallel is, that they cannot meet ; hence, we say that all attempts to 
prove what is perfectly obvious, tend more to confuse and weaken, 
than to strengthen and enlighten. 

Notwithstanding we have discarded such like propositions, we have 
omitted none of the truthB therein expressed ; for we have put them 
either in the axioms or definitions, and have made as complete a chain 
of geometrical truths as are to be found in any other work. 

At the same time, no attempt has been made to present all the 
known propositions in geometry ; we have taken such only as, united 
and combined, will give the pupil complete power over the science, 
and make his geometrical knowledge efficierU, ttseful, and pracHcaL 

In the mathematical sciences, it is necessary to be more or less 
technical, formal, and exact ; but we have made efforts not to be un- 
pleasantly so. We have presumed that the reader will exercise his 
own judgment in construing our language ; and in place of the precise- 
ness of the professor, we have aimed to take the more wholesome and 
elevated tone of the practical common-sense man of the world. For 
the sake of perspicuity and brevity, we have freely used the algebraic 
language ; and the whole work supposes that the reader clearly compre- 
hends simple equations, and is able to perform all ordinary operations 
with them ; but this should be no objection to the use of this book — ^for 
no treatise on Geometry should be studied prior to Algebra, whatever be 
the tone and style of the Geometry. 

• To most persons, Geometry is a very dry and uninteresting study; and 
from the nature of the human mind it must be so, until the pupil catches 
the spirit of the scimce; but as a general thing that spirit cannot be 
infused until some essential advancements have been made; hence, 
the ill success of many who undertake this study. 

It is essential that the teacher should have a clear view of all these 
particulars ; that he i^ould possess the true spirit himself ; and then he 
will be able to animate, encourage, and assist the new beginner, until 
the daylight of the science breaks in upon his mind. 

It is of little use to commence Geometty unless the learner is deter- 
mined to go through, at least, so far, as to understand Plane Trigonom- 
etry. The first propositions are only so many letters in the great 
alphabet of science, and we must be able to put them together, before 
we can really perceive their utility and power. These considerations 
induced us to be very full and practic^al in the application of Geometry, 
and if a student can go through this book understandingly, we are sure 
that his geometrical knowledge will be at once ample and efficient. 
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With proper encouragement and proper instruction, the learner will 
begin to discover the beauties of geometrical demonstrations, after 
passing through the first three books, and when that discovoTy is made, 
all serious difficulties will be over. Yet the pupil should not stop there ; 
for, to receive the benefits of any science, we must have command over 
that science. To receive the benefits of any enterprise, we must carry 
it through to completion, or be content to lose a part, if not the whole 
of our labors ; it is emphatically so with this science. 

The infinitesimal system has been used in demonstrations to a greater 
extent in this, than in most other works of like kind, and although the 
method has been objected to, the objections axe neither far-sighted nor 
philosophical ; a rejection of this method necessarily rejects the dif- 
ferential and integral calculus, and all works based upon them as 
unscientific and unsound. 

In plane and spherical trigonometry, great pains have been taken to 
show the theoretical beauties of those sciences, as well as their practi- 
cal application, and for this end, many of the demonstrations have 
been given both analytically and geometrically. In applying these 
sciences, more examples are given in this work than any other that 
I have seen, and such questions and such problems have been chosen, 
as to show the great power and utility of geometrical science. In 
confirmation of this, we refer the reader to the various astronomical 
problems, and in particular to the one, giving general directions for 
computing the beginning or end of a local solar eclipse. 

Those only who pay particular attention to Geometry, will be able to 
demonstrate the propositions proposed for exercises on pages 100-104 ; 
they are designed for amateurs in particular ; they are marks of attain- 
ment to which all may aspire, but as a general thing they will require 
more time and attention than can be devoted to them in schools ; there- 
fore, no attempt should be made to solve all of them, before passing on. 

In conic sections we have not been as full as some other treatises, 
especially in respect to the hyperbola, and the reason for our brevity 
on that ciure is, that it is of little or no practical utility ; it is merely 
a curve of mathematical curiosity. The ellipse and parabola have im- 
portant relations to astronomy, and projectile motions, and we have 
taken particular care to demonstrate those properties essential to their 
application, and further than this would exceed our design ; but we have 
given this amply and fully ; yet this treatise is not designed to super- 
sede the study of these curves again in Analytical Geometry, and if 
the student understands the demonstrations here given, he will be 
able to pursue analysis with great power and facility. 
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aEOMETRT. 



DEFINITIONS. 

1 . GEOMETRY is the science that estimates and compares dis- 
tances, poisitaons, and magnitudes. 

2. A Point is position, not magnitude, and on paper it is repre- 
sented by a visible dot, thus • 

3. A Line is length, only. The extremities of a line are points. 

4. A Right Line has the same direction in every part. 

5. A Curved Line is continually changing its direction. 

6. A Broken or Crooked Line changes its direction at intervals. 

7. An Angle is the difference in the direction of two line^. 

Two lines drawn from the same point, and in tlie same direction, are one 
and the same line. 

To make an angle apparent, the two lines most C 

meet in a point, as AB, and AC, which meet at the 
point A. 




Two lines, not having the same direction, and not 
meeting in a point as il^, and CD, still have an 
angle existing between them equal to the d^fertnct in 
their direction ; and to make tlie aagle apparent, 
take any point in one of the lines, as C, and con- 
ceive CH to lie in the same direction as AB. Then 
the difiSsrence in the directions of CD and CH mea- 
■ores the angle ; or msMursi <Ac d^Sgr€Re$ in the 
directions of AB and CD, 
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GEOMETRY. 




8. Angles are measured by the number of degrees of a circle 
included between the two lines which form 
the angle at the cen^'^r of the circle!. Thus, 
the portion of the circle between the lines 
CA and CB measures the angle at the 
center of the circle. Every circle is di- 
vided into 360^, and the greater the num- 
ber of degrees between any two lines 
running from the center, the greater the 
angle. 

Angles are more indefinitely distinguished by Acute, Obtuse, and 
right angles. 

9. A Right Angle is formed by one line 
standing on another so as not to incline on 
either side. 

One line so inclined to another is said to 
be perpendicular to another. 

10. An Acute Angle is less than a right 
angle. 




11. An Obtuse Angle is greater than a 
right angle. 



12. An angle is named by a letter at its vertex, 
as A, When two or more angles have their ver- 
tices at the same point, this method will not be 
sufficiently definite. 

Thus, when several lines as AB, AC, AD, 
all meet at the point A, several angles are 
formed ; and to define the one formed by the two 
Imes AB and A C, we must say the angle CAB, 
or BA C. To express the angle requires three 
letters, and the middle one must be at the vertex 
of the angle. The angle DAC is the angle made by the two 
lines DA and AC. The angle DAB is the angle made by the 
two lines DA and AB. 
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13. Two lines that make equal angles with a third line, all 
being in the same plane, are parallel. 

Parallel lines may be either ri^t lines, as A B, or cAred ^ It 

lines, as C Z) ; but at present we are only considering right • ^^^ 
lines. C^ ^^ n 

Rectilinear parallels have the same absolute direction ; 
and, conversely, lines having the same absolute direction, are parallel. 

Two parallel lines cannot be drawn from the same point ; for to fitlfiU the can' 
dition of parallelism, any attempt to draw them would run them into the same 
direction, and thus make one line. Conversely^ then, two parallel lines cannot 
meet in a point, however far they may be produced. 

14. Superficies are either Plane or Curved. 

A Plane Superficies, or a Plane, is that with which a right line 
may every way coincide. Or, if the line touch the plane in two 
points, it will touch it in every point ; but, if not, it is curved. 

15. Plane figures are bounded either by right lines or curves. 

16. Plane figures that are bounded by right lines have names 
according to the number of their sides, or of their angles ; for 
they have as many sides as angles ; the least number being three. 

17. A figure of three sides and angles is called a triangle ; and 
it receives particular denominations from the relations of its sides 
and angles. 

18. An Equilateral Triangle has three equal 
sides. 

19. An Equiangular Triangle has three equal 
angles. 

Every Equilateral Triangle is also Equiangular. 

20. An Isosceles Triangle has two equal sides. 

21 . A Right Angled Triangle has one right angle. 

22. An Obtuse Angled Triangle has one obtuse angle. 

23. An Acute Angled Triangle has all its three angles acute. 

24. A Quadrilateral figure has four sides and four angles. 

25. A Parallelogram is a quadrilateral which has its opposite 
sides parallel, and it may take the name of rectangle, sqir^ire, rhom-' 
boid, or rhomlms, according to the relation of its sides and angles. 

26. A Rectangle is a parallelogram, having 
its angles right angles. 
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27. A Square has dl its «id»«q«al» nd all its 
angles right angles. 




28. A Ehomboid is an obli<jue angled 
parallelogram. 



29. A Bhombus is an equilateral rhomboid. 



30. A Trapezium is any irregular quadrilateral. 




31. A Trapezoid is a quadrilateral which has two opposite 
sides parallel. 

32. A figure of five sides is called a Pentagon ; of six, a 
Hexagon ; of eight, an Octagon, &c, ; but aH these figures are in 
general called Polygons. 

33. Diagonals are lines joining any two angles of a polygon not 
adjacent. 

34. Polygons may be similar without being 
equal ; that is, the angles and the number of 
sides equal, and the length of the sides and 
the size of the figures unequal. 

35. A Perimeter of any figure is the sum of all its sides. 

36. The Altitude of any figure is the perpendicuiar duiance from 
any side, or any angle, to the opposite side or angle. 

37. A Circle is a figure bounded by one 
uniform curved line, and a certain point 
within it, from which all straight lines 
drawn to the ctirve are equal, and this 
point is called the center. 





DfiFINITIONS. It 

EXPLANATION OF 1XRM8. 

1. A Postule is a position taken^ or a fact that must be admitted. 

2. An Axiom is a self-evident truth ; not ioly too simple to 
reqidre, hU too simple to admit, of demonstration, 

3. A Proposition is something which is either proposed to be 
done, or to be demonstrated^ and is either a problem or a theorem. 

4. A Problem is something proposed to be done. 

5. A Theorem is something proposed to be demonstrated. 

6. A Lemma is something which is premised, or demonstrated, 
in order to render what follows more easy. 

7. A Corollary is a consequent truth gained immediately from 
some preceding truth or demonstration. 

8. A Scholium is a remark or observation made upon something 
going before it. 

POSTULATES. 

t. Let it be granted that a straight line can be drawn from any 
one point to any other point 

2. That a straight line can be produced to any distaacei or ter- 
minated at any point. 

3. That a circle can be drawn from any center, at any dis- 
tance from that center. 

AXIOMS. 

1 . Things which are eqttal to the sams thing art eqwd h eat^ other. 

2. When eqtials are added to equals the wholes are equid, 

3. When equals are taken from eqtuds the remainders are ^quat, 

4. When equals are added to unequals the wholes are unequal. 

5. When equals are taken from unequals the remainders are unequal. 

6. Thin/gs which are double of the same thing, or equal things, are 
equal to each other. 

7. Things which are halves of the same thing are equal. 

8. Hvery whole is equal to all its parts taken together. 

9. Things which coincide', or fill the same space, are identical, or 
mutually equal in all their parts. 

10. All right angles are equal to one another. 

1 1 . Ttoo straight lines cannot inclose a space. 

12. A straight line is the shortest distance between two points. 

13. The whole is greater than its part. 
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ABBREVIATIONS. 



The common algebrsdcal signs will be used in this work, and 
demonstrations will sometimes be made through the medium of 
equations ; and it is so necessary that the student in Geometry 
should understand some of the more simple operations of Algebra, 
that we suppose he is acquainted with the use of the signs. As 
the words circle, angle, triangle, hypothesis, axiom, are constantly 
occurring in a course of Geometry, we shall abbreviate them as 
follows : 



Addition is expressed by . 


. . +. 


Subtraction " " 


. . wm^m^ 


Multiplication ** " . 


. X. 


Equality « <« ... 


. . ^"". 


Gfreater than ""..,. 


> 


Less than «« « ... 


. < 


Thus : B is greater than A^ is wntten 


. By A. 


B is less than A, " *' 


£<^. 


Let a circle be expressed by . . . 


. o. 


An angle by " " . . 


J. 


A triangle by " ** . . . 


. A. 


The word hypothesis " 


• • (h7) 


Axiom is expressed ** , , . 


(ax.) 


Theorem " " . . 


. . (th.) 


Corollary " *' . . . 


(Cor.) 


Perpendicular '' . « 


J.. 
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B K I. 

THEOREM 1. 

When one line meets another, the sum of the two angles which ii 
makes on the same side of the other line, is equal to two right angles. 

Let AB meet CD; then we are to de- ^ 

monstraie that the two angles ABD-{-ABC=s 
ttoo right aa/igles. 

If AB does not incline on either side 

of C7Z> and the angle ABD=ABC, then 

these angles are right angles by definition 9. ^ 

But if these angles are unequal, conceive the dotted line, BE, 
drawn from the point B, so as not to incline on either side ; then 
by the definition, the angles CBE and EBD are right angles ; 
but the angles CBA'\'ABD make the same sum, or fill the 
same angular space, as the two angles CBE and EBD; there- 
fore, CBA-^-ABD^^twQ right angles. Q. E, D, * 

Cor, 1 . Hence, all the angles which can be made at any point 
£, by any number of lines on the same side of the right line CD, 
are, when taken all together, equal to two right angles. 

Cor, 2. And, as all the angles that can be made on the other 
side of the line CD are also equal to two right angles, therefore 
all the angles that can be made quite round, a point B, by any 
number of lines, are equal to four right angles. 

Cor. 3. Hence, also, the whole circumference 
of a circle, being the sum of the measures of all 
the angles that can be made about the center 
jP, (def. 8), is the measure of four right angles ; 
consequently, a semicircle, or 180 degrees, is 
the measure of two right angles ; and a quadrant, or 90 degrees^ 
the measure of one right angle. 




Tba initials of a Latin phnuto, meaning « teJUcft was to be danontiraied.'' 
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THEOREM i. 

If one tlraiffhi line meets too other straight lines at a common paint, 
forming fmo angles, which together make two right an^et, the two 
straight lines are one and the same line. 

If A£ meets the two lines DB 
and BC at the common point B, 
and the two angles I>BA+ABC 
E=two right angles, then vie are to 
dmuMttraie that^B andBC form 
one and the same Straight line. 

If DB and SC are not in the 
same line, produce I>B to S, making a continued line JJS : then 
by (th. 1) the angles 

A£J)+ABE=2ji (2 fl mdEMte. two 

Butby{Iiy.) A£D+ABC=2B right uigle..} 

By subtraction ABE—ABC=0 

That is, the angle CBE is aero; and £>BCia a. continued line; 
or BC falls on BK Q. E. D. 

THE OREM 3. 

^ tvM straighi UMs intereeei each other, the opposite veriiad cm^m 
are egtud. 

If AB and CI> intersect each other 
wX E, ioe are to demonstrate that the angle 
ABC equals its opponit angle DEB, and 
AED=CEB. 

As AEB is a right line, SA is ex- 
actly in the opposite directdoa from EB ; and for the same reason 
^Cis opposite in direction from EI> ; therefore, the d^erence i» 
direction between EA and EC is equal to the d^erence in diredion 
between EB and ED; or by (def. 7), the angle AEC=PEB. In 
(he same manner we can show that the angle ^£D=Cff5. Q.S.D. 

Oihmdse : Let AEC=i, AED=y, and DEB=^x; Ihenwe arw 
til show thtU i=x. As AB is a right line, and DE faS\s upon it, 
we have, by (th. 1), x+i/=iS 

Ako, . . . . g+y=gii 

By subtraction, . . x — z=0 

By braaapoBilion. . «=« Q. S. B. 
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TU£OREH 4. 

If a itnughi linefaiti aerou twopartdlH ftrmghi linet, th^ turn of 
the two interior ati^Ut on M« laiM sidi of the eroenng line it egual to 
two right anglet. 

Iiet AB and CD be two paral- 
lel lines, and EF nmning actoss 
them ; then we are b} eleman^rtUe 
that the angle BGH4-GHD=2R. 
Because GB and ffDtae parallel, 
they are equally inclined to die line 
SF, or hare the same difference of 

direction from that line : Therefttfe _l F6B=s^ QHJ>. To each 
of these equals add the J BCfH. 

Then F&B-\-B&B= GBD+Beff. 

But by (th. 1) the first memher of this equation is equal to two 
light angles : that is, the two interior angles GMJ> and BGB are 
tt^ther equal to two right angles. Q. K D. 

THEO REM 5. 
^ a ^r^Ju linefalU aerots two parailel ttraight linet, the iniarior 
aUerriaie anglet are equal; and alto the opponte exterior anglet. 

On the supposition that AB and CJ> are parallel, (see last 
figure), and EF ialls across them, we are to deTnonttrate 
I St. That the _J J ffff=the altemat« J €fBD. 
2d. ThaX AGF=EffD ; or FGB=CHM. 
By the definition of parallel lines we have 
FGB=&BD 
But FGB=AGH (iii. 3) 
Hence AGE=QHD (as. 1) Q. E. D. 
2d. The J FGB=GHD But GSD=CSE (tl. 3); there- 
fere, F&B^ CBE. In the same manner we prore Uiat A GF ia 
Aqnal to EHD. Q. E. J). 

THE OEEM 6. 
^ a ttraighi Hnefallt acrost two parallel itraight linet, the exterior 
anglet are equal to the interior i^potite anglet on the tame tide ef the 
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If AB and CD are parallel, (see laat figure), and EF crossea 

them, then we are to prove that the exterior J F0B=6HI> 
And . . . . AOF=CH& 
For . . . ■ ACf3=FQB (th. 3) 
Also .... A&S=GffI> (th. 5) 
Hence J'ffiB=ffifl"i) (ai. I) 
In tie same manner we prove that .dG'/'=Cffff. Q. F. D. 

THEOREM 7. 

If a straiffht line/alls aerois two other tiraiffhi linen, and maket M< 
turn of the two inferior at^les on the same side equal to luo rijfht 
anffiet, the two straighl lines must be parallel. 

JjetFFhe the line falling across 
the lines AB and CD, maldng the 
two angles BGff+ CfBD =to two 
right angles ; then we are to demon- 
Urale that A6 and CD must be 
parallel. 

Ae FF is a right line, and BA 
meets it, the two angles (th. 1) 

FGB+B6JT=2R 

By(hr.) . 0MD+BGR=2jR 

By anbtraclion, FGB~GBD=0. That is. there is no differ- 
ence in the Erection of OB and ED from the same line MF; but 
when there is no difference in the direction of lines (def. 13) the 
lines are parallel ; therefore, AB and CD are parallel. Q. E. D. 

THEOREM 8. 

Pardlld liiit* can never meet, however far they may be produced. 

If (he hnes AB and CD (see last figure) should meet at any 
distance on either side of FF, they would there form on angle ; 
and if they formed an angle they would not run in the same direc< 
tion ; and not running in the same direction, they would not be 
parallel; but by (by.) they are parallel; therefore they cannot 
meet Q. E. D. 



THEOREM t. 

^ tree tiraiffM Una are paralld to a third, they are paroUd to 
each other. 

If A£ is paraUel to £1", and 
CD also parallel to SF, then tee 
are to ikow that AB is parallel to 
CD. 

Because AB and EFoxe parallel, 
thejr maJce equal angles with the 
line ffG (def. 13, 2) ; and because 

CD and FF are parallel, those two lines make equal angles with 
the line ff&. 

Hence AB and CD, making equal angles with another line that 
fidls across them, they are therefore parallel (def. 7). Q. E. D. 



THEOREM 10- 

^ two angles have their sides parallel, the two angles will he equal. 

LfA the two angles be A and 
DBF; AC parallel to DB, and 
^S" parallel to BF. 

On that hypolhegU we are lo 
prose that the angle A=DBF. 

Produce DB, if necessary, to 
meet AJUa Q, 

Then . J DBF=_] DOff {th. 6) 

Also . J^=J DGE (th. 6) 

Therefore DBF=A (ax. 1} Q. K D. 

Scholium. When ^f extends in the opposite direction, it is still 
parallel to BF ; but the angle then is the supplemental angle to 
DBF; that is, equal to FB&. 



THEOREM H. 

■^any side (jfa triangle be produced, the eaterior angle it equal to 
the gum of the tax) itttenw opponte angles ; and the turn of the three 
vngUt i» egwU to two right anglee. 

Let ABC he any triangle. Pro- 
dnce AB to J). Then we are to 
thiAe that the angle CBI>= j A 
+the angle ; also, that the aa- 
fiXia A+C+CBA=iR. 

From B conceive BE drawn 
parallel to -4(7/ 

Then EBD= j A (tii. 6) 

By (th. 6) CBE= j (altemat* angles). 

ByaddiUon J CBI>=A-\-C Q.E.D. 

To each of these equals add the angle OBA, and we have 
CBD+ CBA=A-^0-{- CBA 

But . . CBD+CBA=2R (th. 1) 

Therefore A+C+CBA=ZIi (ai. 1) 

That is, the three angles of the triangle are, together, equal to 
two right angles ; and this triangle represents any triangle ; there- 
fore, the sum of the three angles of any triangle is equal to two 
right angles. Q. E. D. 

Cor. 1. As the eiterior angle of any triangle is equal to the sum 
of the two interior and opposite angles, therefore it is greater than 
either one of them. 

Cor. i. If two angles in one triangle be equal to two angles in 
anothef triangle, the third angles will also be equal, (as. 3), and 
the two triangles equiangular. 

Cor. 3. If one angle in one triangle be equal to one angle in 
another, the sums of the remaining angles will also be equal (ax. 3). 

Cor. 4. If one angle of a triangle be right, the sum of the other 
two will also be equal to a right angle, and each of thetn singly 
will be acute, or less than a right angle. 

Cer. G. The tvo least angles of erery triangle are Aeat«, or cadi 
less than a right angle. 



THEOREM I}. 

& any quadrangle the turn of aUthe /our irueard angltt w tqa/d 
to four rigid attglti. 

Let ABCD be a quadrangle ; then Ae sum 
of the four inward angles A-^B-^ 0-^D is equal 
to four right angles. 

Let the diagonal AC be drawn, dividing the 
quadrangle into two triangles, ABC, ADC; 
theA, beoanse the sum of the three angles of each of these tri- 
aagles is equal to two right angles (th. 11), it follows that the 
Biitti of all the angles of both triangles which make up the four 
ttugles of the quadrangle, must be equal to four right angles (az. 2), 
Q, E. B. 

Cor. 1. Hence if three of the angles be right aogles, the fourth 
will also be a right angle. 

Cor. 2. And if the sum of two of the four angles be equal to 
two right angles, the sum of the remaining two will also be equal 
to two right angles. 

SCHOLIUM. 

In anyjigure h&tatded hy right linti and angles, the sum qf aUtke 
interim anglei m eguat to twice a* numy ri^ht atu/let ta thejigurt hat 
tides, leu four right angles. 

Let ABODE be any %ure; then 
the sum of all its inward angles, A-\- 
3-\-C-\-D-'t-E, a equal to twice aa 
man^ right angles, wasting four, as 
^le figure has sides. 

For, from any point P, within it, 
draw lines PA, PB, PC, &o,, to all the angles, dividing the poly- 
g(Hi into as many triangles as it has sides. Now the sum of th« 
three angles of each of these triangles, is equal to two right angles 
(A. 11) 1 therefore the sum of the angks of all the triangles is 
equal to twice as many right angles as th« figure has sides. But 
the snm of these angles coritidns the snm of fbur right angles abou^ 
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the [xnnt P : take these away, and the sum of the interior angles 
of the figure is equal to twice as many right angles as the figure 
has sides less four right angles. Q. E. D. 

From this principle we can deduce the following rule to find the 
sum of the interior angles of any right-lined figure : 

RvLB. S^Mract 2 from the numieT of sides, and multiply tAe 
Ttmainder by 2, and the product will be the number of right angles. 

Thus, if the sides he represented by a, then the rule ^vea 
(2s— 4) ; nor is the rule varied in ease of a re- 
entrant angle, a» represented at d in thefgure abed 
e f. Draw the dotted lines from the angle d to the 
several opposite angles, making as many triangles 
as the figure has sides, less tvm, and each triangle 
has two right angles : hence the ru!e. 



THEOREM IS- 

'Poo triangles which have two tides, and tlte included angle tn tht 
one, equal lo the tmo sides laid indvded angle in the oi/ier, are ideniical, 
or equal tn aU respects. 

In two As, ABO and DEF, on 
the supposition that A£^D.E, and 
AC=BF, and the _j A=J D, we 
are to prove that BC mu«/=EF, the 
J B= jE, andihe J C= J F. 

Conceive the A-^-^^cntout of the 
the paper, taken up, and placed on 

the A DEF in such a manner that the p<rint A shall fall on 
the point D, and the line AB on the line DE ; then the pcant 
S will fall on the point E, because the lines are equal. Now, 
as the J A= ^ D, the line A C must take the same direction as 
DF, and fell on DF; and as the line AC=DF, the point C will 
fall on J". B being on E and CanF.BC must be eiactly on EF, 
(otherwise, two striught lines would enclose a space ax. 12), and 
BC=EF, and the two magnitudes exactly fill the same space; 
therefore, the two As are identical, (ax. 9), and the angle B=E, 
and C=F. Q. E. B. 



THEOREM 14. 

When two triangles have a side and two adjacmd aTi^les in the one, 
equal to a side and tuio adjacent angles in ike other, the two triangles 
are equal in all respects. 

In two As, as ABC and J)EF, 
on the suppoaition tliat BC=EF, 
the angle B=E, and C=^F, vie are 
to prove that AB=DE, AC=DF, and 
the angle A=D. 

Conceive the A ABC taken up 
and placed on the A I>-SF so that 

the side BC shall exactly coincide with its equal side £F; 
then because the angle B is equal to the angle £, the line BC will 
take the direction of CD, and fall exactly upon it ; and because 
the angle C is equal to the angle F, the line CA will take the 
direction of FD, and exactly fall upon it ; and the two lines BA 
and CA eaactly coinciding with the two lines FD and FD, the 
point A will fall on D, and the two magnitudes exactly fill the 
same space ; therefore, by (ax. 9) they are identical, and A£= 
FD, AC=DF, and ihe J A = _}D. Q. F. D. 

THEOREM 1 5. 

fftieo tides of a triangle are equal, the angles opposite to these sides 
will be equal. 

Let ASC be the triangle ; and on the suppo- 
sition that AC=sCB, vie are to prove that the 
angle A^B. 

Conceive the angle C divided into two equal 
angles by the line CD; then we have two As, 
ADCsxiA CBD, which have the two sides,^(7 
and CD of the one, equal to the two sides, CB 
and CD of the other; and the included angle ACD, of the one, 
equal to BCD of the other: therefore (th. 13), AD=BD, and 
the angle A, opposite to CD of the one triangle, is equal to the 
angle B, opposite to CD of the other triangle : that is, j A 
^JB. Q.F.D. 
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(7or. 1. As the two triangles A CD and BCD are in all respects 
equal, the line which bisects the vertical angle of an isosceles A 
also bisects the base^ and falls perpendicular on the base. 

Scholitm* Any other pc»nt as well as C may be taken in the 
perpendicular DC, and lines drawn to the extremities A and B; 
such lines will be equal, as we can prove by theorem 13 ; hence 
we may announce this truth : That if a perpendiadar be drawn 
fnm, thM middle of u line, any point in the perpendiadar is at equal 
dittancefrcm the two extremitiee. 

THEOREM 16. 

The greater side of every triangle has the greaier angle opposite to it. 

Let ABC he the A ; and on the supposition 
that ^ C7 is greater than AB, toe are to prove that 
the angle ^^C7is greater than the J C, 

From the greater of the two sides A C, take 
AD, equal to AB the less, and join BD; thus 
making two triangles of the original triangle. 

As AB=AD, the J ^i>J5=the J ABD 
(th. 16). 

But the J ADB is the exterior angle of the A BDC, and 
therefore greater than the J (7: that is, the ^ABD is greater 
than the angle C. Much more, then, is the angle ABC greater 
than the angle (7. Q, JEJ, D, 

THEOREM 17. 

^ two angles of a triangle be equal, the sides opposite to them wiU 
he equal, 

' Let ABC he the A, having the angle B=^ C; 
then toe are to prove that AB=^A C, 

If AB is not equal to AC, one of them must 
be greater than the other. Suppose A C greater 
than AB, then the J jB is greater than the J 
C (th. 16). But this is contrary to the hypothesis ; therefore AC 
is not greater than AB, In the same mimner we determine that 
AB cannot be greater than A C; therefore, if neither is greater 
than the other, they must be equal. Q, S, D, 

N. B. This is the converse of theorem 15. 





THEOREM 18. 

TAe d^trmee ^ tuu/ Itoo aidee of a tnanaU is less than the third 
tide. 

'Let ABC be the A. and let ^C be greater 
tiian AB; tben we are to prove that A 0—AS 
ia leas thttn BC. 

Ajb a straight line ia the shortest distance be- 
tween two points. 

Therefore, . A£+BC^ AC. 

From these nnequala subtract the equals 
ABsiAB, and we hare £(7> AC~AB. (ax. 5). Q. H. D. 



THEOREM 10, 

When tmo triangles have all three of the sides in one triangle egual 
to all t&ree in the other, each to each, the kno trianglee will ie iderUual, 
tBid have equal angles opposite eqacd sides. 

In two triangles, oB ABC and 
ABD, on the supposition that the 
Nde AB of the one=^ii of the 
other, AC=AD, and BC=BD, 
we are to demonstrate thai the angle 
ACB=the angle ADB, BAC=s 
BAD, <WK?ABC=ABD. 

Conceive the two triangles to be joined together bytheir longest 
■ equal sides, and draw the line CD. 

Then, in the triangle ACD, because the side AC \s equal to 
^Z> by (hy.),the angle ^Ci) is equal to the angle Ji>C(th. Ifi). 
In like manner, in the triangle BOD, the angle BCD is equal to 
the angle BDC, because the side BC is equal to BD. Hence, 
then, the angle ACD being equal to the angle ADC, and the 
angle BCD to the angle BDC, by equal additions the sum a( 
the two angles ACD, BCD, is equal to the sum of the two ADC, 
BDC(ax.2); that is, the whole angle ^(7£ is equal to the whole 
angle BAD. 
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Since then the two sides, A 0, CB, are equal to the two aides 
AD, DB, each to each, by (h^.), and their contained axi^esACB, 
ABD, also equal, the two triangles ABC, ABD, are identical 
(th. 13), and have their otiier angles equal, the angle BAC to tlie 
angle BAD, and the angle ABCia the angle ABD. Q. E. D. 

THEOREM A. 

If there he two lriangle» which have the tteo sides of the one equal to 
the two aides of the other, each to each, and Oie included angUt unequal, 
the third sides will be unequal, and the greats side will belong to the 
triangle which has the greater mcltided ar^le. 

Let^-BObe one A, aaA ACD 
the other A. Let -45 and J (7 of 
the one A be equal to AD and 
AC ot the other A- But the 
angle BA C greater than the angle 
DAC ; then we are to prove that 
the base £C is greater than the 
base CD. 

Conceive the two As joined together so that the shorter sides 
will be common to them. As AB=AD, ABD is an isosceles A, 
from the vertex A draw a line bisectjng the angle BAD. This 
line must meet 5(7, and will not meet Ci>, because the j BAC a 
greater than the _l DAC, and be perpendicular to SB (th. 16). 
From JS, where the perpendicular meets BC, draw £!D. 

Now .... BE=ED (th. 16, scholium). 

Add to each EC. then BC=ED-^EC 

But DE+EC is greater than DC; 

Therefore . . BC':> DC. Q. E. D. 

THEOREM 20- 

A perpendicular is the thortest line that can be dravm from any pSint 
to a straight live; and if other lines be drawn from the same point to 
the same straight line, the greater will be at the greater distance from 
tie perpendicular ; and lines at equal distances from the perpendicular, 
on opposite sides, are egwd. 



BOOK I. 5)r 

Let A be any point Titbont the 
line DS; and let AB be the perpen- 
dicular ; A C, AD, and AS obliqne 
lines : then, if BC'a lesa than £D, 
and BG=BE^, we are to ahotr, 

let. Thai A£ is less than AC. 
Sd. AC few OumAD. 3d. AC=AE. 

In the triangle'^.SC, aa.^£isperpendicnlaTby (hy.),the angle 
AB (7 is a right angle ; then, as it requires the other two angles of 
the triangle (th. U) to make another right, angle, the angle ACB, 
is less than a right angle ; and as the greater side is always oppo- 
nte the greater angle, AB is less than A C; and a& ACh any line 
differing from AB, therefore AB is the least of any line drawn 
from A. 

2d. As the two angles ^4 Cil and .^CU (th. 11) make two right 
angles, and A CB less than a right angle, therefore A CO is greater 
than a right angle ; consequently, the J £ is less than a right 
angle ; and, therefore, in the A ACD, AD is greater than .^C, or 
.<4(7 is less than .<ii>. 

3d. In the AsABCmd ABD, AB is common, and CB=BS, 
and the angles at il, right angles; therefore, by (th. 16) AC=AE. 
Q.E.D. 

THE OREM 21. 

The opposite sides, and the cpposiie anffles of any parallelogram, 
cat equal to each other. 

Let ABDO be a parallelogram. Then vx 
are to sk<m thai AB=CD, AC=BD, the an- 
gU A=D, and the anffle ACD=ABD. 

Draw a diagonal, as CB / then, because 
AB and CD are parallel, the alternate an- 
gles ABC and BCD (th. 5) are equal. For the same reason, as 
-i(7and jBi>are parallel, the aiigUs ACB and CBD are equal. 
Now, in the two triangles ABC&adBCD, the side CB is 
and 

The J ACB=_i CBD . . (1) 
and J ABO='_< BCD . (2) 
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Therefore, tl» ^bkd angle A^ tiie third angle D (th. 11), and by 
(th. 13) the two As are equal in all respects ; that is, the sidea 
opposite the equal angles are equal ; or, A£= CJ>, and A C=BD, 
Bj adding equations (1) and (^), (ax. 2), we bare the angle j!iC!Z> 
» the angle AJBD ; therefore, the opposite sides, <fec. Q. jE, D, 

Car. 1. As the sum of all the anglecr of the quadrilateral is 
equal to four right angles, and the angle A is always >^ to the 
dppomte angle Dj. if, therefore, A is a right angle, D is aba a right 
angle, and all the angles are right angles. 

Cor, 2. As the angle AJBD, added to the angle A, gives the 
same sum as the angles of the A ACB; therefore, the two ad- 
jacent angles of a parallelogram make two right angles ; and this 
corresponds with the 4th point of theorem 12. 




THEOREM 22. 

jff the^ opposite sides of a quadrilateral are equal, ikey aare also 
parallel, and the figure is a paraUelogram, 

Let ABDC represent any quadrilateral, 
and on the supposition that A C=BD, and 
AB=^ CD, toe are to prove thai AC is parallel 
to BD, and AB parallel to CD. 

Draw the diagonal CB ; then we have two 
triangles ABC, and CDB, which have the common side CB; and 
AC oi the one=-Bi> of the other, and AB of the one= CD of the 
other ; therefore by (th. 19) the two As are equal, and the angles 
equal, to which the equal sides are opposite ; that is, the angled CB 
S3 the angle CBD, and these are alternate angles ; and, therefore, 
by (th. 5), ACm parallel to BD; and because the angle ABC= 
BCD, AB is parallel to CD, and the figure is a parallelogram. 
Q, K D, 

Cor. In this, and also in (th. 21), we proved that the two As 
which make up the parallelogram are equal ; and the same would 
be true if we drew the diagonal from A to D; and in general we may 
say, that the diagonal of anyt pandlelogram bisects the parallelogram. 



THEOREM 23. 

The Una vAkhjoin Ua eorreapontlinff extrenuties of two egwrl mid 
parallel tiraiffM lines, are tkenadves equ/d and pandld; and ^ 
f^we &»* formed u a paraUdt^ram. 

On the suppofiiti<m that A3 is eqnal bcoA parallel to OD (see 
last Sgaxe), we are to ihowih<^A.CinU ieeguid and parallel to BD; 
and that will make the figure a parallelogntm. 

Join C£; then because AB and CD are parallel, and OB jmns 
them, the alternate angles ABC and BCD are eqnal, and the side 
AB^CD, and CB common to the two As ABC and CDB; 
therefore by (th. 13) tiie tira triangles are eqnal ; that is, AC^^ 
BD, the angle A^D. mAAOB=CBD; hence, J C ia also parallel 
to BP; and the figure is a parallelogram. Q. E. D. 

THfiOREU 24. 

Parallelogrcans on the same iaie,a»i httwea the tame parallelt, 
are equal in iur/acs. 

Let ^^^Cand ABFD be two par- 
allelograms on the same base AB, and 
between the same parallel lines AB and 
CBj (hen we are to thorn that thete two 
paraUdofframt are equal. 

Now CE and FD are equal, because 
tlie7areeacheqaalto^£(th. 21); and 

if from thte whole line CD we take, in succession, CE and FD, there 
will remain (ax. 3) ED=CF; but EB=CA, and AF=BD 
(th. 21) ; hence we haye two As, CAF and EBD, which have 
the three sides of the one equal to the three corresponding sides of 
die other, each to each ; and therefore by (th. 19) the two As 
CAF and EBB are equal. If from the whole figure we take away 
the A CAF, the parallelogram ABDF remains ; and if from the 
whole figure the other triangle EBD be taken away, the parallel- 
ogram ABEQ wni renuun ; that is, fram the same qaanti^, if 
«qtt^ are token (ax. 3), equals will be left; or the parallelc^ram 
ABDF=ABEC. Q. E. D. 
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THEOREM 25. 

!!Hangles <m ike tanuhaae, and beivxen the same paraSelt, are equid 
(t» rented to area err suiface). 

Let the two As A£E and AJSF 
have '^e same base .AB, and between 
the eame puaUek AS and CD ; then 
vie are to show thai they are e^ual in 
lur/ace. 

From £ draw a dotted line, £J), 
parallel to AF; and from A draw a dotted line AC, parallel to 
£^; and produce -ff^both ways, if necessary, to and J); then 
the parallelogram A£FJ>=ibe parallelogram A£CE (th. 24), 
But the A ABE is half the paraJlelograra -i-BC^, and the A 
ABFk half the parallelogram A£DF; but halyea of equals are 
equal (ax. 7) ; therefore the A A£E='iix A ABF. Q. E. D. 

THEOREM 26. 

ParaUdograma on egy^l bases, and between the same parallels, are 
equal in area. 

TjetABOD.&adEFGE.hetwop&T- 
allelograms on equal bases, A£ and 
EF, and between the same parallels ; 
then we are to show that they are equal 
viarea. 

As ABs=EF=HO ; but lines which joia equal and parallel 
lines, are themselves equal and parallel (th. 23) ; therefore, if AH 
Bnd.Sff be joined, ihe^gaieABQHia a parallelogram=to.id£(7J' 
(th. 24} ; and if we turn the whole figure over, the two parallel- 
ograms HEFQ and EOBA, will stand on the same base, HQ-, and 
between the same parallels; therefore, HQEF=HQ£A; and 
consequently (ax. 1) A£CJ)=EFQH. Q. E. J). 

Cor. Triangles on equal bases, and between the same paralleK 
are equal ; for, join BD and EQ, the A A££> is half of the par- 
allelogram A C; and the A EF& is half of the equal paraUelogram 
FH; therefore, the A A£I>=iht A EF& (ax. 7). 



THEOREM 27. 

^a inangU and a paraUeloffmm he upon the same or equal baits, and 
Mwcen the tame partdleli, the triangle will be half the paraUdogran. 

Let ^BO be a A, and ABDE a parallel- ' 

ogram, on the Eame base AB, and between | 

the same parallels ; then me are to ehow thai j 

the A ABC in half of ABDE. [ 

Draw the diagonal EB fo the parallelo- 

gram ; then, because the two As ABC and ABE are on the same 
base, and between the same parallels, they are equal (th. 2S) ; but 
the A ABE is half the parallelogram ABDE (cor. to the 22) ; 
therefore the A ABC is half of the same parallelogram (ai, 7). 
Q. E. D. 

THEOREM 28. 

The eomplemeTttary parallelograms of any parailelogTam which an 
about its diameler, are equal to each other. 

Let .j^ C be a parallelogram, and BJ> 
its diagonal ; take any point, as .£, in 
the diagonal, and from it draw lines 
parallel to Ite sides ; thus forming four 
parallelograms. 

We are now to show that the eomple- ~ 
mentary paraUelofframs AE and EC, are equal. 

By corollary to theorem 22 we leam that the A AJ)B=A 
DBG. Also by the same (cor.) a~b, and e=d; therefore by 
addition - - . a-}-c=6+rf. 

Now from the whole ^ADB take the sum of the two As 
(a-^-e), and from the whole A DBC take the equal sum (J+rf). 
and the remamders A£ and EO are equal (ax. 3). Q. E. D. 



THEOREM 29. 

The tides of a parallelograsit will inclose the greatest space « 
the angles are right angles. 
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Let ABDC be a right angled 
parallelogram, and A£ba an ob- 
lique angled parallelogram of equal 
sides to the other ; iken toe are to 
show that the right angled parallelogram ABDC is greater than the 
other, ABba. 

We take Aa=:AC. Then Aa is less than AB, because the per- 
pendicular A C, or its equal Aa, is less than any oblique line AU 
(th. 20) ; therefore the line ab is between the two paraDels AJB and 
CF. The parallelogram -4^i>(7=-4^J^jE^; because they are on 
the same base AB, and between the same parallels (th. 24) ; but 
the parallelogram ABba is but part of the parallelogram ABFE ; 
therefore, ABFE, or its equal ABDC, is greater than ABba ; but 
the parallelogram ABba has the same length of sides, respectively, 
as the parallelogram ABDC ; therefore the side, &c. Q* E, D. 

Cor. It is evident, then, that the area of the parallelogram 
ABba will become less and less as its angles become more and 
more oblique ; and greater and greater as its angles become nearer 
and nearer to right angles. 

Scholium, All parallelograms (indeed all figures) are referred 
to square units for their measurement, and the unit may be taken at 
pleasure ; it may be an inch, a foot, a yard, a rod, a mile, &c., 
according as convenience and propriety may dictate. For example, 
the parallelogram ABDC ia measured by the number of linear 
tinits in 61Z>, multiplied into the number of linear units in AC; the 
product, will be the square units in ABDC; for coQceive CD com- 
posed of any number of equal parts — say five — and each part some 
unit of linear measure, and A C composed of three such units, 
and from each point of division, on CD draw 
lines parallel to AC; and from each point of 
division on AC draw lines parallel to CD or 
AB ; then it is as obvious as an axiom that the 
parallelogram will contain 5X3=16 square 
units ; and in general the areas of right angled parallelograms are 
found by multiplying the base by the altitude. 

Eight angled parallelograms are called rectangles (def. 26), and 
the altitude of any parallelogram, whether right angled or not, is 
the perpendicular distance between its opposite sides. 




THEOREM 30. 

The area e/aniiplcawtnanfflgUmetuured by liaproibiel^iU bate 
into half tit (dtitude ; or half the hue into the altitudt. 

Let ABO represent any triangle, AB its 
base, and AD at tight angles to AB ita alti- 
tude ; Uten we are to thow thai the area of ABC 
M equal to the prodvet of AB into one half of 
AD; or the half of . KS into AD. 

On AB construct the rectangle ABED; and the area of this 
rectangle is measured by AB into AD (scholium to th. 29) ; but 
the area of the A ABC is one half this rectangle (tb. 27) ; 
therefore, &c. Q. E. D. 

THEOREM 81. 

Th^ area cf a Vra^ezmd u measured hy ike haif sum ofiiaparaild 
tides, mulliplUd into the perpendicular distance hetueen them. 

Let ABD C represent any trapeiud, 
and draw the (^agonal BG, which di- 
vides it into two triangles, ABC and 
BCD: CD is the base of one tri- 
angle, and AB may be consider^ as 
the base of the other ; and £Fia the common aMtade of the two 
triangles. 

Now by ^e last theorem the bxba of the tiiangle CDB iass^ 
CDXEF; and the area of the A ABC^^ABXEF; therefore, 
by addition, the area of the two As, or of the trapezoid, ia equal 
to i(AB+ CD) X UK Q. E. D. 

THEOREM SJ. 

If there le two lines, one (f vihieh it divided into (my wtmler of 
parte, the rectangle eontained by the tvo lines is equal to ths several 
rectangles contained by the tmdivided line, an4 the merai patU ttf 
the divided line. 
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Let A£ be one line, and AD the other ; 
and suppose AB divided into any number 
of parts at the points H, F, Q, &c. ; then 
the whole rectangle of the two lines is AH, 
which is measured "bjAB into AD; and 
the rectangle AL is measured by AE into 
AD; and the rectangle EK\& measured by £:F'into SL, which Is 
equal to SF into AD; and so of all the other partial rectangles ; 
and the truth of the proportion is as obvioua as that a whole ia 
equal to the sum of all its parts ; and requires no other demon- 
stration than an explanation of exactly what is meant by the words 
of the text. 

THEOREM 88. 

^ a ilraight line be divided into am/ two parts, the square of the 
whole line it equal to the etim of the squaret of the two parts, and 
timee the reetangle contained by the parts. 

Let A£ be any line divided into any two 
parts at the point C; then we are to show 
that the square on AB is equal to the sum of 
the squares on AC and CB, and twice the reo- 
tangle (tf AC wrfo CB. 

On AB describe the square (or con- 
ceive it described) AD. Through the 
pdnt C conceive CM drawn parallel to 
BD; and take BH==BC; and through H draw iffi^V parallel to 
AB, and CB is the square on CB, hy direct construction. 

As AB—BD, and CB=BH, therefore, by subtraction, AB~ 
CB=BD—BH; or AC=HD. But N'K=AC, being opposite 
sides of a parallelogram ; and for the same reason KM'=HD; 
therefore (ax. 1), N'K=KM; and the figure iWis a square on 
ilTf equal to a square on A C. But the whole square on AB is com- 
posed of the two squares CB, NM, and the two complements or rec- 
tangles ^^and SD; and each of these is AC in length, and BO 
in width; and each has for its measure ^ (7 into CB; therefore the 
whole squBreon-^.S is equal to.»lC"+£C"+2^CxC8. Q.H.D. 

This may be proved algebraically, thus : 



Let w represent any vliole right line divided into say tvo parts 
a and b; then we shall have the cqnatbn 

By squaring v!'=a'+b'+3ai. Q. £. D. 

- Scholitim. If a=b, then vi'=4a', which shows that the square 
of any whole line is four times the square of half of it. 
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7%e tquare on the difference of two live* u equal to the swn of the 
aquaret of the two lines, dimnUhed by twice the rectcmglea contained by 
i}i4 lines. 

Let AB represent the greater line, BO a 
lesser line, and A C their difference. 

We are now to ihoa that the square <m AC 
ie eqiial to the tarn of the equaret on AB and 
B C, diminished by twice the reaa^le coTttatned 
by AB into BC. 

On AS conceive the square jd J" to be de- 
scribed ; and on CB conceive the square 
£Z described; and on ^(7 describe the square ^CG^JT,' and pro- 
duce Mff to X 

As &C=A 0, and CL= CB; therefore, by adcMtion, ( GC+ GL), 
or QL, is equal {AC-^CB), or AB. Therefore the rectangle 
GE is AB in length, and CB in width ; and is measured by AB 
into BC. 

Also An=AB, and AM=AG; therefore by subtraction MS 
« CB; and as MK^AB, the rectangle HK is AB in length, and 
CB in width, and it is measured by AB into CB; and the two 
rectangles QE and SK, are together equal to %ABY. BC. 

Ifow the squares on AB and BC make the whole figure 
ABFELC; and from this whole figure, or these two sqnares, take 
away the two rectangles SK and GE, and the square on AC 
only will remmn ; that is, 

AC'=AB'+BC^—iABXBC. Q. E. I>. 

This may be proved algebrucally, thus : 
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I^et • represent aae line, b anotiiar and leaser line, and d flieir 
difiference ; then we must have this eqnatickn : 

By squaring . . rf^=^^4-^'!«-2aJ, 

THEOREM 85. 

The di^erence of the sqtmres of any ttoo lines is equal to the rec- 
tangle contained hy the sum and difference of the lines. 

Let AB be one line, and A the other, and 
on them describe the squares AD, AM; then 
the difference of the squares on AB and on ^ C7 
is the two rectangles IJF and FC* We are now 
io show that the measure of these rectangles may 
be expressed by (AB+AC) into (AB — ^AC). 

The rectangle j^J' has JSD, or its equal AB, 
for its length ; the other has MG, or its equal AO, for its length ; 
therefore, the two together (if we conceiye them put between the 
same parallel lines) will hare (AB^l-AC) for the length; and 
the common width is OB, which is equal to (AB — A C); tliere- 
fore, AB'—A »=( JjB+^ 0) X {AB—A C). Q. E. D. 

This is proved algebraically thus : 
- Pnt a to represent one line, and b another ; 

Then a+5 is their sum, and a— ft their difference ; 
and . . (a+5)X(o— ^)==a'— i^ Q. JS. D. 

THEOREM i€. 

The square described on the hypotenuse of any right angled triangle 
is equal to the sum of the squares on the other two sides. 

Let ABC represent any right angled tri- 
angle, the right angle at B. 

We are to show that the square on AG is 
equal io the sum of two squares ; one on AB, the 
other on BC. 

Conceive the three squares, AJD^ AT, and 
BM, described on the three sides. Through 
the pomt B, draw ByjS perpendicular to 4^, 
and produce it to meet the Hne 01 ia IT. 

Produce AF to meet 01 in ff. If ML be 




produced, it will itiMt t&e point S, atd IBLK wfll be » ri^t 
angled parallelogmn ; for it* oppoaite udes ai« parallel, and all its 
a^ea right um^s. 

The angle ^^ffisariglit an^e, and the angle NAH'a alsd a 
right angle ; and from these equaU if we iubtraot the commoD 
angle BAB, the remaimng angki £A O, miut be equal to the re- 
maining ang^e GAH. The im^e Gis» right angle, equal to the 
angle ABC; and AB^AO; thenfbre, the tvo Ah ABC and 
A6fff axe equal, and^^=^C. But AC^AF; therefore ^^ 
^AF. Now the two par&UeI(^;rams, AS and Jf are equ^, be- 
canse they are upon equal bases, and between the same parallels, 
FBexAMK{^.^). 

But the square AI, and the parallelogram AS are equal, beoailse 
they are <ai tile same base, AB, and between the same parallels, 
AB and OS; thCTefen the sqnnre AI, and the punllelogram 
AE, being both equal to the same parallelogram AS, are equal 
to each other (az. 1). In the same manner we may prore tlie 
square BM equal to the rectangle NJ); therefore, by addiUon, 
the two squares AlaxA BM, are equal to the two parallelograms 
AE and ND, or to the square AD. Q. E. D. 

ScAdium. The two sides AB and BC may vaiy, while AC 
remains constant. AB may be equal to BC ; then the point JT 
would be in the middle of A C. When AB is very near the length 
of AC, and BOvery small, then the point ^fells very near to 0. 

Now, as the parallelograms AE and iV!D (while AC remains 
imchiuiged) depend for their relstiTe magnitndeson the position of 
the point 2f, on the line AC, the area AS must be to the area ND 
as the line ANia 2fC; that is, the^ tguara on AB, naut h» to lh» 
aguare on BC, as the liTie AN to ihs line NC. 

AHOTSBB naitaiisT]U.TioN or thsobbm 36. 

Let ABC be a right angled trian^e, 
right angled at A. CaU AB, a,AC,h, and 
BC, h: then mi are U thou that o»-|-«»=A». 

Produce AB to P. mald^ BD=AC; 
and produce ACU, S, making GS=AB: 
then AD^AE; and each of these lines is (a 
+i), and the whole square .^l^is the square 
of (a+6), and by (th. 33) is o*+4»+2a4. - 
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From B draw B& at right angles to C£; and from O draw OF 
at right angles, the same line (7^/ then BO and OF mast be 
parallel, and join FG, We must now prove that the four triangles 
in the square Aff are all equal, and that GQBF is the square on 
CB, As the two angles CBA and CBD make two right angles, 
(th, 11), and CBG'iAZ, r^ht angle by construction, therefore the 
two angles CBA and GBD make one right angle. But CBA and 
A CB (cor. 4, th. 1 1 ) are also equal to a right angle ; and from these 
equals take the angle CBA, and the angle OBJ) &= the angle ^C7j8.. 
But the angle jl=the angle D; both right angles, and BD was 
made equal to AC; therefore, the two triangles, ABC and OBD^ 
having a side and two angles equal, are in all respects equal, and 
CB=^BO. In the same manner we prove BOs=OF; and there- 
fore CO is a square on CB, and the four triangles are each equal 
to ABC, and each triangle has for its measure -J^. The measure 
of two of these is ab, and the four is 2ab. 

Now . . . AI>'==^a'+b^+2ab 

Also . . . AD^=k^+2ab 

By subtraction . =tt*+5' — h^ 

By transposition . h^ » =a'+^^. Q* F, D, 

Cor, From this equation we may have 

A*— <j?=5; or, (A+a) (A-a)=«*. 

THEOREM 87. 

In any obtuse angled triangle the square of the side opposite 
the obtuse angle is greater than the sum of squares on the other two 
sides, by twice the rectangle of the base, and the distance of the per^ 
pendictdar/rom the obtuse angle. 

Let ABC be any obtuse angled A, obtuse 
angled at B, Represent the side opposite B 
by b ; opposite -4 by a / and opposite C hj c 
(and let this be a general form of notation) : 
also represent the perpendicular by p, and 
I}B by X, Now we are' to show thai 5^==a^+ 

By(tk36) . . . i>'+(a+a?)»«5» 
Also . . . 2>'+ «^=c' 




By expanding equation (1), and snbtncli&g (2), ve hvn 

By transposition 6'=a'+c*+Setr. Q. £!. D. 

Scholium. This equation is true, whatever be the value of x, 
and * may be of any value less than CD. When z is very small, 
B is very near D, and the line e is very near in position and value 
top. When x=0, e becomes ^, and the angle ABO becomes a 
right angle, and the equation becomes b'^a'-\-^, corresponding 
to (tb. 36). 
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In any Iriat^le, the tqaare of a side opposite an acute angle it lest 
than the square of the base, and the other side, by tvnce the reetatiffle of 
the bate, and the distance of the perpendiadar from the aetde angU. 

'Let ABC, eith- 
er figure, represent 
any triangle; C 
the Etcute angle, 
CB the base, and 
AD the perpen- 
dicular, which falls 
either without or on the base. Then we are to prove that AB^ 
= CB'+AC—iCBX CD. 

As in (th. 37), put J5=c, AC=b, CB=a, BD=x, AD=:p; 
and when the perpendicular foils without the base, as in the first 
figure, GD=a-{-x; when it falls on the base, CD=a — x. 

Considering the first figure, and by the aid of {th. 36), we have 
the following equations : 

J''+(«-|-x)'=5» (J) 

p^-^x'=d' (2) 

By expanding (I), and subtracting (2), we have 

By adding a' to both mewbers, and transposing (?, we have 

c'+(2a'+2aa;)=S'+a" 
By transposing the vinculum, and resolving it into factors, 
we have 

c=j=o'+fi'— 2a(a4-»). Q- E. D. 
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Considflting tAe other figure, fre have 

y+a'— iea=B4-«='=*' (1) 

By subtraotitm a? — iojs =5* — c' 

By addi^ a' to both raembeKi, taid transpoBing t^, we hare 

. c!'=fi'+a'— 8a{«— «). Q,£.J>. 

THEOREM 89. 

^ tn any trUmgU a line be drawn from any angle to the middle cf 
the i^tpoHte tide, twice the square of thit line, together teiih twice the 
square of ha^ the aide bisected, vnU he equal to the sum cf the squares 
of the other tteo sides. 

Let ABO be a triangle, its base 
bisected in if. Then leeareto prove 
that aAM'+SCM^^AC+CB'. 

Draw AD perpendioular to the 
base, and call it p. Put AC^^h, 
AB=e, CB=5Ut; then GM=a, and 
MB=a. Uake MD=s ; then CD 
=«+», and I}B=a,—x. Put AM=m,. 

Nov by (th. 36) we have the two following equations : 
p'-Via-^f^i? (1) 

-^H-H-^)^' (2) 

By addition . %)»+«i'+2a»=5'+<:'. Buty+«==m» 
Therefore 2m'+2a''=J»+c'. Q. E. J>. 

THEOREM iO. 

The two diaffonals of any parallelogram bisect each others and 
the sum of their squares is egtial to the ttan of the squares ^ all th* 
four sides of the paraU^offmm. 

Let ABGD be any paralleh^ram, and 
draw its diagonals A G and BD. 

We are now to shotQ. 1st. That AE 
=EC, DE=EB. 2d. That AC»4-BD' 
=AB»+BC'+DC'+AD=. 
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1. The two triaagles ABJS and DUO are equal, because AB 
r=:2>(7, the angle ABU = the alternate angle UJ) C, and the vertical 
angles at U are equal ; therefore, AM, the side opposite the angle 
ABU, is equal to UO, the side opposite the equsd angle EDO : 
also EB, the remaining side of the one A is equal to ED, the 
remaining side of the other triangle. 

2. As ADQ\& a triangle whose base AO \a bisected in E, we 
have, by (th. 39), 

2-4^+2^i)»=4i>»+i>C7» (1) 
As ^i?C7 is a triangle whose base, ^ C7, is bisected in E, we have 

SLAE^+tEB^'^AB'+BO^ (2) 
By adding equations (1) and (2), and observing that 

EB^=ED\ we have 
4AE'+4ED^=::AD'+D C^+AB'+BC* 
But four times the square of the half of a line is equal to the 
square of the whole (scholium to th, 33); therefore 4AE^^s±A0^, 
imd 4ED^=DB^; and by making the substitutions we have 

A0'+DB'=zAD^+DO'+AB^+B0'. Q. E. D. 
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BOOK II. 

PROPORTION. 

Thb word Proportion has different shades of meaning, accord- 
ing to the subject to which it is applied : thus, when we say that a 
person, a buildinjg, or a vessel is vrell proportioned, we mean nothing 
more than that the different parts of the person or thing bear that 
general relation to each other which corresponds to our taste and 
ideas of beauty or utility, but in a more concise and geometrical 
sense. 

Proportion %9 the numerical relation which one guantiti/ hears to 
another of ike earns kind* 

DEFINITIONS AND EXPLANATIONS. 

In Geometry, the quantitities between which proportion can 
exist, are of three kinds, only. 1st. A line to a line. 2d.^ A sur- 
face to a surface. 3d. A solid to a solid. 

To find the numerical relation which one quantity bears to 
another, we must refer them both to the same standard of measure. 

If a quantity, as A, be contained exactly A 
a certain number of times in another quan- 
tity, B, the quantity A is said to measure 
the quantity B; and if the same quantity, 
^, be contained exactly a certain number 
of times in another quantity, C, A ia also 
said to be a measure of the quantity C, and 
it is called a common measure of the quan- 
tities B and C; and the quantities B and 
C will, evidently, bear the same relation to each other that the 
numbers do which represent the multiple that each quantity is of 
the common measure A. 

Thus, if B contain A three times, and contain A , also three 
times, B and C being equimultiples of the quantity A, will be 
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equal to each other ; and if B contain A three times, and con- 
tain A four times, the proportion between B and will be the 
same as the proportion between the numbers 3 and 4. 

Again, if a quantity, i>, be contained as often in another quan« 
tity, ^^ as ^ is contained in £, and as often in another quantity, 
JF'^BaAis contained in C, the ratio of £ to.F, or the proportion 
between them, will.be the same as the proportion between B and 
C; and in that case, the quantities B, 0, H, and F, are said to be 
proportional quantities ; a relation which is commonly expressed 
thus, B: Ci'.EiF. 

To find the numerical relation that any quantity, as A^ has to 
any other quantity of the same kind as By we simply divide B by 
A, and the quotient may appear in the form of a fraction, thus : 

— Now this fraction, or the value of this quotient, is always a 

numeral f whatever quantities may be expressed by A and B, 
To find the numerical relation between D and E, we simply 

divide E by D, or write - » which denotes the division ; and if we 

E 

find the same quotient as when we divided B by A, then we may 
write 

A E ^ ^ 

If B contains A three times, and D contains E three times, as 

we have just supposed, equation (1) is nothing more than saying 

that 

3=3 

When we divide one quantity by another to find their nmmmcal 

relation^ the quotient thus obtained is called the ratio. 

When the ratio between two quantities is the same as the ratio between 
two other quantities, the four quantities constitute a proportion, 

K. B. On this smgle definition rests the whole subject of geo- 
metrical proportion. 

On this definition, if we suppose that B is any number of times 
A, and 2> the same number of limes E, then 

^ is to ^ as ^ is to i>/ 
Or more concisely : 

A : B=zE: 2>. The signs : = : meaninp equal ratio. 
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Now it is manifest, thtt if J^ is greater than A, i> will be greater 
than B, If A^s=iEy then £:=sD, (&c., <kc. ; and whatever relation 
or ratio A is of JS, the same ratio B will be of D; and whatever 
relation ^ is of jI, the same relation D will be of E, This shows 
that the means maj be changed, or made to change places. 

Or, . . . A: £s=iB : D, which is the Ibnner pro« 
portion with the middle terms or means changed. 

ThiQ first and third of four magnitudes are called the antecedents ; 
the second and fourth, the consequents. 

A simple relation or ratio exists between any two magnitudes of 
the same kind ; but a proportion, in the full sense of the term, 
must consist of four quantities. 

When the two middle quantities are equal, as, 

A:B=^B:G 

then the three quantities. A, B, and C, are said to be continued 
prc^ortionals ; and B is said to be the mean proporticmal between 
A and C; and C is said to be the third proportional to A and B, 

In the proportion u4:j9ss (7: i>, the last D is said to be the 
fourth proportional to A, B, and C, 

By the same rule of expression, A may be called the first pro* 
portional, B the second, and G the third ; for either one can be 
found when the other three are given, as we shall subsequently 
explain. 

When quantities have the same constant ratio from one to the 
other, they are said to be in continued proportion. 

Thus : the numbers 1, 2, 4, 8, 16, <kc., are in continued pro- 
p<»!tion ; the constant ratio from term to term being 2, 

THEOREM 1. 

J^ there he two fnoffnitttdes which have a common measure, z, so 
thd the first magnitude may he expressed by mx, the secoTid hy nx ; and 
two other magnitudes which have a common measure, y, so that the 
first mecy he expressed hy my, the second hy ny ; that is, the ttvo com- 
mon measures x and y having the same equimultiples, m and n, to 
make up the meignitudes ; then the four magnitudes wiU he in geome- 
trical proportion. 

Or . . . mx:nx=my:ny 
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For the ratio between mx and no; is — =s~., and the roHo between 

mx in 

my and ny is !^=s:^, the same ratio; therefore, by the definition 

my m 

of proportion, these magnitudes are proportional. Q, E. D, 

SchoUum. If we change the means, the magnitades are still 
propordonal ; bat the raiio between the terms of comparison is 
different 

Thus: , . . ma : mysszTix : ny. 

The ratio between the 1st and 2d, is, -J:=i^; the ratio between 

mx X 

the 3d and 4th is ^r=-> the same ratio as between the other two 

nx X 

magnitudes ; but as in this latter case we compare different mag- 
nitudes, the nimieral value of the ratio is different. 

But we cannot change the means, unless we then consider the 
magnitudes existing only in their numeral rdoHons. To whatever 
the magnitudes may refer, whether to Imes, surfaces, or solids* the 
ratio is always a mere numen^ ; therefore, when two ratios stand 
equal, we may increase or decrease them at pleasure, as will be 
shown hereafter. 

N. B. The first two terms of a proportion are called the JlrH 
coujdei, and the last two are called the second couplet, 

THEOREM 2. 

When four m^nitudes are in geometrical proportion, the product of 
the extremes is equal to the product of the means. 

Let the four magnitudes be represented by ^> ^, C, and 2>. 

Then . . . AiB^CiD, 

Gome numeral relation, or ratio, must exist between A and B, 
Let that ratio be represented by r; that is, B must equal rA, 

But, by the definition of proportion, the same relation- must exist 
between C and D as between A and B; or DssrC. 

Then by substitution we have 

A:rA=^C:rC, 

The product of the extremes is rCA, and that of the means is 
ArC; obviously the same. Q. E, D, 
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THEOREM 3. 

If three magnUtides he continteed prcporiionals, the prodttct of the 
extremes is equal to the square of the means. 

Let A, B, and C represent tlie three magnitudes : 
, Then . - ^:J5=J5: C, by the definition of proportion. 

But by theorem 2 (book 2), the product of the extremes is equal 
to the product of the means ; that is, AX C=-B*. Q. E. D. 

THEOREM 4. 

EquimvMples of any two magnitudes have the same ratio as the 
magnUtides themselves; and the magnitudes and their equimuli^e$ 
may therefore form a proportion. 

Let A and B represent the magnitudes, and mA and mB their 
equimultiples. 

Then . . , Ai B=zmA : mB 

For the ratio of -4 to ^ is — , and of mA to mB is — =— , the 

A mA A 

same ratio ; therefore, (fee. Q, E, D. 

THEOREM 6. 

If four quantities he propwiional, they wUl he proportional when 
taken inversely. 

If A : B=mA : mB, then B : A=mB : mA ; 

For in either case, the product of the extremes and means are 
manifestly equal ; or the ratio between the couplets is the same ; 
therefore, <fec. Q, E, D, 

THEOREM 6. 

Magnitudes which are proportional to the same propotHanals, are 
proportional to each other, , 

If .A', B=P : Q > Then we are to prore that 

and . a:6=P:§5 A:B=::a:h. 

By the law of proportion -7=p 

Also . . . . *=.« 

a J^ ^ 
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Z> X 

Therefore, by (ax. 1) •7-=-> ^^ A : B:=a :h Q, E> i>. 

(7or. This principle may be extended through any number of 
proportionals. 

THEOREM 7. '^^S 

^ any number of quanHHes be prcfporHonal, then any one of the 
antecedents mU be to its consequent as the sum of all the antecedents is 
to the sum of all the consequents. 

Let . . . A:B=C:J)^ 
And . . . 0:D=JS:F\ ..v 

And . . . niF^aifff vi; 

Then we are to show that 

It A: B as C : i>, then some factor, whole or fractional, multi- 
pfied^y A, will produce C; and the same factor multiplied by B, 
will produce J); that is, the proportions ( 1 ) become 

A : B=mA :mB 

= nA : nB 

ssspA :pB 

. <&^c., <S^c. 

But, A : B^^mA-i-nA-^-pA, <fcc : mB'^nB-\^B, &c. 

Fortheratio . . =:V_^/ 

Now as . . . mA=C, nA^F, pA=iCf, &c. 
Therefore, . AiB^^C+F+G: D+F+BT. Q.F.D. 



THEOREM 8. 

If four magnitudes constitttte <t proportion, thefrst tmll be to the 
sum of the fret and second, as the- third is tQthe sum qf the third and 
fourth. 

By hypothesis, A:B:: C:D; then we are to prove that 
A:A+B::C:C+D. 

By the given proportion. |= J 
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Add unity to both members, and reducing them to the foniM>f 
a fraction, we hare- — ^ — ^~^'~' Throwing this equation into 

its equivalent proportional form, we have 

^ A:A+B::0:C+J). 

N. B. ^ place of adding xmtj, subtra^ it, and we shall find 

that 

A:A-^Bi:C:C—D 

Or . . A:B— A:\a\D~C. 

THEOREM 9. 

J^ four moffniiudes be proportional, the sum of the first and second 
is to their difference, <is the sum qf the third and fourth is to their 
difference. 

Admitting that . ^ : £ : : C7 : i>, we are to prove that 
A+B : A—B : : C+D :0—D 

From the same hypothesis, th, 3 gives 

A\A-\-B.:CxC+D 

And . . A:A—B'.\C:C—D 

Changing the means (which will not affect the product of the 

extremes and means, and of course will not destroy proportionality), 

and we have 

AiC.iA+B.C+D 

A\C\\A—B.C—D 

Now, by (th. 2), A-^rB : C7+i> : : A—B : C^J> 

Changing the means, A-^-B : A — B : : C-\'D : (7— i> 

THEOREM 10. 

If four magnitudes he proportional, like powers or roots of the 

same vnll he proportional. 

Admitting • ^ : ^ : : (7 : i>, we are to show that 

1 L 1 I 

^*:^::0:i>«, and^*:^":: c": D* 

AC 
By the hypothesis, -»=^^* Raising both members of this 

equation to the nth power, and 
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Changing this to the proportion A*:£^:: C*:J>^ 

A 
Resuming again the equation -»= y^* cuid taking the nth root 

1 1 

of each member, we have — p- = — j- . Converting this eqiia- 

B D 

tion into its equivalent proportion, wc have 

L * L L 

n n n n 

A I M ::G :D 

Now by the first part of this iiieorem, we Ksve 

WW WW 

A :B :: C : D m representing any 
power whatever^ and n reprei^eating any root 

THEOREM II. 

^ four magnUudes he proportional, also four others, their com- 
pound, or product of term by term, will form a proportion. 

Admitting that . A'\ B\\ O :D 
And . . . X: F:: M : N 

We are to show that AX: BY: : MG : ND 

AC 
From the first proportion^ ^=7j 

From the second, -^=i[^ 

Y N. 

Multiply these equations, member by member, and 

AX_MC 

BY ND 
Or . . AX:BY::MC:ND 

The same would be true in any number of proportions. 

THEOREM 12. 

Takvng the $ame hypothesis as in (th. 6), we propose to show, thai 
a proportion men/ be formed by dividing one proportion by the other, 
term by term. ' 

By hypothesis, . A: B : : C : D 

And . \ . X: Y: : M: N 

5 D 
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Multiplj extremes and means, AB^BO (1) 

And NX^MT (2) 

Divide (1) by (2), and . ^x~=^X~ 

Gonyert these ^ur terms, wliich make two equal products, into, 
a proportion, and we shall have 

By comparing this with the given proportions, we find it com- 
posed of the quotients of the several terms of the first proportion, 
divided by the corresponding term of the second. 

THEOREM 18. 

Iffawr magmJtudei he prcportianal, toe may tnuU^y thsfint cou^pUi 
Of the second couplet, the antecedents or the consequentSy or divide them 
hy the samefcKtor, and the restdts wUl he proportional in every case. 

Suppose . . . . A : B : : C : I) 

Multiply extremes and means, and AJD=sBC (1) 
Multiply this equation by Jtf, and . MA1)=:MBC 
Kow, in this last equation, MA may be considered as a single 
term or factor, or MD may be so considered. So, in the second 
member, we may take MB as one factor, or MC. Hence, we may 
convert this equation into a proportion in four different ways. - 



Thus, as . 


. MA: MB: 


: C :D 


Or as 


A :B : 


:MC:MD 


Or as 


MA:B : 


:MC:D 


Or as 


A :MB: 


:C :MD 



If we resume the original equation (1), and divide it by any 
number, M, in place of multiplying it, we can have, by the same 
course of reasoning, 



A ^ 

M' 


; J:: C . D 


A: 


» cr D 

^ 'MM 


A ^ 


B • -—• D 


A: 


B ^ D 
M' M 
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THEOREM 14. 

If three magmtudes are in canHnued proportion, the firet is to the 
third, as the sqtiare of the first is to the square of the second. 

Let A, By and C, represent three proportionals. 

Then we are to show that A : C7=^* : E^ 

By (th. 3) ^(7==^ 

Multiply this equation by the numeral value of A, then we have 

A^C^AB" 

This equation gives the following proportion : 

A : C^A" : B". Q. E. D. 



THEOREM 15. 

If any one of the four magnitudes which form a proportion, he 
effaced or unknown, it can he re^ored hy means of the other three. 

Let A : B^s : D represent a proportion, and suppose D un- 
known ; then represent it by a; 

That is . . A:B=iC:x 

The ratio between A and B is the same ^a between and x. 
Represent the ratio between A and Bhj r; and as r is always 
a numeral, whatever quantitities are represented by A and B, 

X 

thefefore, ^=r/ or x=rC; which shows that x or D must be of 

the same nam^ as C. 

When A and B are not commensurable, the rado is expressed 

B CB 

by -J and ^s-^-; or, in numbers, the product of the second and 

third terms divided by the first, will give the fourth, which is the 
rule of three in arithmetic. 
Li short, as 
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THE OREM 16. 

PamSelofframg, and aim iricmglM, having the tame or equal oUi- 
tudet, are to one another at i&eir hatet. 

Let a repreMnt the tuiraber of units, 
and part <A a voit in BC, and b tbe nmu'- 
ber of units and part of a unit in BD, 

Also let; represent the units and parts 
of a unit in the perpendicular, AE. Now by (Bcholium to th. 29 
book 1), the parallelogram ABCS^pa, and the parallelogiam 
ABDFt=pb; and as mUgnitades must be proportional to 
themselves, 

ABOE : ABDF=^ ipb 

But . . a: b=pa -.pb (th. 4 book 2) 

Therefore (th. 6 book 2), we have 

ABCE : ABDF=a : l. Q. E. J>. 

Cor 1. As triangles on the same base and altitude as parallel- 
ograms are halves of parallelograms ; and as the halves of quan- 
tities are in the same proportion as their wholes ; therefbre 

The . . ABPO:i^BQD=a:b.' 

Cor. Z. When parallelograms and triangles hav6 the same or 
equal basis, they will be to each other as their altitudes ; for the 
proportion ASCE:ABDF^pa:pb, as above, is always true; 
and when a becomes equal to b soAp, toAp different. 

Then . . ABCE : ABDF=Fa .pa 

Or . . ABOE:ABDF=P -.p, that is, aa. their 

perpendicular altitudes. 

THEOREM 17. 
Lines draanparaUel to the bate of a trianglt, ad the tides <^ lk» 
triangle prt^/ortionaUy. 

Let ABC be any triangle, and 
draw i>.£ parallel to the bate BO; 
then tw are to »koto that 

AD : DB=AE : Ep. 

Job DC aoABM. The triangle 

DEM = the A DEC, because they ' 

are on the same base, DS, and be- 

- tween the same parallels, DE miBC (th. 25 book 1 ). 
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Bqnesent tlia trianglfl ADS by T, SUB hy x, DEC by y; 
tlien x=y. Noir, as the triangles 2' and x may be cooaidered aa 
faaving AD and DB for basea, and die perpendicular distance of 
the pcunt E from AS fiir atlitades, therefore, by (th. 16, book S). 

By reasoning in the same manner in reference to the triangles 
T and y, they having their common rertei in D, we have the 
proportioa 



AE:EO=T 
Therefore AE : EC=T 

But . . AD:DB=T 



y. But x^y 

x\ Therefore, (th. 6, book 8) 
4 AE : EG=AD : DB 
Or AD : DB=AE : EC. 
Q. E. D. 
Cor- Considering AEB as one triangle, and AED another, 
having their common vertex infy and in the same manner, ADC 
as one, and ADE another, whose vertex is D, then we may have 
AB : AD==AC : AE 
For, by taking the proportion 

AD : DB=AE : EC 
And by composition, (th. 8 book 2), we have 
AB : AD=:AC : AE. 



THEOREM IS. 

Egmamgtdar trianglet have titir lida, abmd tie egual an^e*, 
propoTtional, 

het ABO md DEFh6 
two equiangular triangles, 
having the angle A=D, 
B=E, and 0=F; and 
for the sake at perspi- 
cuity, we will snj^N»e 
A£ greater than ED, 

Jftnt vie are to show thai AB : AC~DE : DF; or that 
AB : DE=AO : DF. 

Conceive the triangle DEF taken np and placed on the triangle 
ABC, in such a manner that the pdnt D shall fall on A, and the 
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Une J>E on AB, the pdat E foiling on H. ITcnr, u the angle 
E=B, the line EF, or its representatiTe, f J) wiU take the direo- 
tion of BC, and be parallel to BC {det of parallel lines). 

Now the two triangles DEF and ARI are identical; for 
AB=DE, and A=D, and AEI=E; then AIH=F; therefore 
AI=1>F, and HI=EF. But aa ^/ is parallel lo .BO, by the 
last theorem we haye 

AB:AC=Aff:Al 

That is, . . AB-.A 0=DE : DF Q. E. I>. 

SekolHtm. If perpendicularB be let fall from like angles in the 
triangles, to the opposite sides, as CX and FM, such perpendiculars 
will divide the two triangles into similar partial triangles, and 

As . . . AB : J)E=AC : DF 

And . . . CL: MF=A C : DF 

Thereft»e (th. 6 b. 2) .^ : DE= CL-.MF 
THEOREM 19. 

If any triangle have iii tides rtipeetively pri^ortiimal to Iht liie 
iide» of (mother triangle, each to each, then the two triangle! will be 
e^uiangvlar. 

Let the triangle ahe have its sides proportional 
to the triangle ABO; that is, oc to j4 C> as c( to 
CB, and oc to AC, as ni to AB ; ihen we are to 
prove that the A «&: ia equian- 
gular to the A ABC. 

On the other aide of the base, 
AB, and from A, conceive tlie 
angle BAD to be drawn = to the 
angle a; ead from- the point B, 
conceive the angle ABD drawn 
= to the _J i. Then the third J 

= to the third angle {th. 11, cor, 2, b. 1) ; and the A ABD 
will be eqniangular to the A <>&: by construction. 

Therefore, . . ae : ab=AD : AB 

By hypotheus, . ae ; ab=AO ; AB 

Hence, . . AD: AB=AO : AB (th. 6, b. 2). 

In this last proportion the consequents are eqnal ; therefore, the 
antecedents are eqnal : that is, AD=A C 

In the same manner we prove that .Bi>= C£ 
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But AS is common to the tvo triangles ; tliereioKi bU tiiree of 

t]ie sides of the A ABD.a.n respectirely equal to aU three of die 

udea of the A ABO {'At. 19, b. 1). 

Bat the A ABJ) is equiangular to tlie A ^i' ^7 construction ; 

therefore, the A ABO is also equiangular to the A o^- Q- -E. D. 

THEOREM 20- 

^ too trianglet have one anffle in the one equal to one angle in tlie 
oth^, and the tides about iheie equal angles, dirtctly, or reeiproeaily 
preportioncd, the two hioTiglee wHl be eqtUaT^tdar, 

Let ABC and o^ be two As, and the angle 
A=a, and ^C of the one to oc of the other, as 
AB to ai. Then we are to thow that the angle 
B=b, and the angle c=C. 

If we take the A ofc. tarn it over and place 

the point a on ^, oc on ^ 0, and od on AB, 
and join c6, then cJ will be paralJel to CB; 
for if cd be not parallel to OB, draw en par- 
allel to CB. 

Then AC : AB : : An : Ac (th. 17, b. 2) 

Also AC : AB I : Ah : Ac (hy.) 

Now as three terms in each of these 
proportions are tlie same, the other terms 
must be equal : that is, Ab=An, and di 
and en is the same Une. But en was drawn parallel to CB; 
that is, eb is parallel to CB; therefore, the angle Os=e bv the defi- 
nition of parallel lines. Therefore, &c. Q. E. D. 

THEOREM 21. 

When foar itraighl lines are in proportion, the product of the 
extremes i» eqwd to the prodvet of the means.* 

Let A, B, C, D, represent the four lines A i 1 

B I , 

Then vie are to thou, geome^^icallf/, that i 1 

A-B=C-P. J> ' 1 

■ Tlii pTopoiition hu hsd a ijrmbollcal proof, in theotem S book S, bnt wa 
dsem It Important to gl<n thli gMinetrieiJ dnnonatnillon. 
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PUc6 A and S at right angles with each 
other, and draw the hypot«niiBe. Also place C 
and D at right angles to each other, and draw 
ha hypotenuse. Then bring the two triangles 
together, so that C ehall be at right angles with 
£, as represented in the figare. 

Now, these two As have each a right _|, and 
the udcB about the equal angles, proportional ; 
that ie, A : B=C i D; therefore, (th. 20, b. %), 
the two As are eqtuangular, and the acute angles 
which meet at the extremities of B and C, ttre=to a right angle, 
and the lines J and C make another right angle, by construction ; 
therefore, the extremiljes of A, B, C, and D, are in one ri^ht 
line (th, 2 b. 1), and that line is the diagonal of the parailelogram 
<A. Hence, the complementary parallelograms about this parallel- 
ogram are equal (th. 28, b. 1) ; but one of these is B long, and 
and C wide, and the other J> long, and A wide ; therefca-e, 
BXC=AXI>. Q.E.D. 

Cor. When B= C then ^■i>=^, and B is the mean propor- 
tional between A and D. 

THEOREM 22. 

Smilar triamslei an to one atiotier at the tquaret of their lile* 

mdei. 
Let ABC, and DEF, 

be two similar or equian- 
gular triangles. Then m 

are to prove that 

AB C : DEF=AB^ : BE* 
By the similarity of 

the triangles, we have, 

AB \DE =LC : MF 
But, . . AB : BE =AB I B E 
Hence, . . AS* : 1)E*=AB'LC : BE-MF 
But, by (th. 16, b. 2), AB'LC is double the area of the A ABC. 

DE-MF is double of the A BEF. 
Therefore, A ABC : A BEF : : AB'LC : BE-MF 
(Th. 6, b. 2). " " = AB^-.DE'. Q.E.D. 



II 



THBOfiGH 28. 

Th« perimeters of tittiMar Jigures are lo one another as Ihstr lite 
tides ; otd their areas are to one anoth^ as the squares of their like 

Let^fiCO^/and abtde,' 
b« two similsr figures ; titm 
vie are to sitow thai EA is lo 
€&asthesitmqfaUthe sides 
EA+AB, <*c., is lo ea+ab, 
(fee., and that the area of one 
is lo that of the other, as EA' lo ea*, or AB' to ab'. 

As the figures are exactly similar by hypothesis, whatever rela- 
tion AB is to EA, the same reladon od viJl be to eo; and if we 
take 

AB=mEA^ fah=m(ea) 

DE=gEA} [de=glea) 

Now, by (th. 7, b. 2), 

AE : ea=EA-\-mEA, de. :-. ea+mea, <te. 
That is, 

EA : ea=P : p. P and p representing the perimeters of 
the figures. 

As the two figures are eiactly similar, whatever part the triangle 
SAB is of one whole, the same part tlie triangle eab is of the 
other whole ; therefore, 

EAB : eab=EABCJ)E : eaSafc. 
Butby (til. 22, b. 2) EAB : eab^Aff' : ai,' 

Therefore, by (th. 6, b. 2), 

EABCDE : eaboie=AB' : uJ'. Q. E. D. 

THEOREM 21. 
7W triangles xohich have an angle in the one, equal to an angle in 
the other, are to each ether as iht rectangle <^Ote sides aiaui the eguti 
angles. 
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LetABC be one triangle, and CDS ^^^^^^^HHj 
the other, and so placed that BC and I^^^^^B^^^^^B 
C.D shall be one and the same line. li^^^^^^H^H^^^M 
Then if ihe angle BCA=ECD, ^Cand CJSvWl be in the same 
line (converse of Ih. 3, b. 1). Draw the dotted line, AD, and 
call the triangle ACD=T. 
We have now to »ho«> that the 

A ABC : A CDS=BC'CA : CE'CD 
By (th. 16, b. 2), A ABC : T=BC : CD 
Also, T: A ODE=:AC: CM 

By multiplying term by term, and neglecting the common &ctor 
in the first couplet, ve have, 

A ABC : A CDE=A C'BC : CE' CD. Q. £. D. 
Scholium. When the sides about the equal angles are propor- 
tional, the two As will be »milar, and this theorem becomes essen- 
tially that of 82 ; for in that case we shall have, 
BC: CA=CD: CE. 
Uultiply t^e first couplet by CA,iiia last couplet by CE, and 
changing the means, 

BC-CA : CE'CD=CA' : CE' 
Comparing this proportion with the concluding one, we hare, 

A ABC : A CDE= CA' : CE" 
Which b theorem 22 of this book. 



THf:OREH 25. 

^ the vertical angle of a triangle be Reeled, the bkeding line will 

cut the base into legmtTiU, proportional to the adjaeenl sides <}f the 

Let ABC be say triangle, and 
bisect the vertical angle, C, by &e 
strdght line CD. Then tee are to 
thmnthat 

AD:DB=AC: CB. 

Produce AC to E, makmg 
CE= CB, and join EB. The eit«rior angle A CB, of the A CEB, 
is equal to the two angles £ , and CBE {^. IG, b. I); but the . 
angle E=CBE, because C8=CE; therefore tlie angle .4 CD, the 
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half of the angle AOB^ equals the angle E; hence, J9C7 and BE 
are parallel (th. 12, b. 1). 

Now, as ABE is a triangle, and QD is parallel U> BO, therefore, 
by (th. 17, b. 2), AD : DB^AE : CE or CB. Q. E. D. 

THEOREM 26. 

If from the righi angU of a right angled triangle^ a perpendicular 
he drawn to the hypotentue^ 

1. The perpendictdar divides the triangle into two similar triangles, 
and each is similar to the whole triangle. 

2. ITie perpendicular is a mean proportional between the segments 
of the hypotenuse. 

3. The segments of the hypotenuse wHl be in proportion to the 
squares of the adjacent sides of the triangle. 

4. The sum of the squares of the two sides, is equal to the square 
of the hjfpotenuse. 

Let BAC be a right angled triangle, 
right angled at A, and draw AD perpen- 
dicular to jB (7. VykiAB=€, .4 (7= J, and 
-B(7=a. Put, also, BD=m, DC=n; Uien 

1. The two As, ABC, and ABD, have the common angle, B, 
and the right angle BAC=iBDA; therefore, the third angle 
C=BAD, and the two As are equiangular, and therefore similar. 
In the same jnanner we prove the A ^J9C7 similar to the A ABC, 
and the two triangles, ABD, ADC, being similar to the same A» 
are similar to each other. 

2. As similar triangles have the sides about the equal angles 
proportional (th. 18, b* 2), therefore, 

m : AD=AD \ n; or, m*n=iAD^ 

3. Comparing the triangles ABD, and ABC, the sides about the 
common angle, B, gives 

m : c=:c : a (1) 
Comparing ^i>C7 with ABO, we have, 

n : 5=5 : a (2) 

From proportion (1) we have, am^^t^ (3) 

From " (2) " a«s=5* (4) 
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Divide equation (8) by (4), and —^-^ whicli shows that the 

ra&> between n and mis the same as the fa<M> between 5^ and €^; or, 

n : msssh* : c? 

Or, . . . . wi : n:=s(? : l^ 
4., Add equations (3) and (4), and we hare, 

c»+i2=a(« +m)=:ol Q. E. D. 
This last equation is theorem 30, book 1. 

Scholium. If we take the last equation, c^-|-^ssa^ and trans- 
pose 5', and then separate the second member into factors, we 
shall have, 

=:(a+d)(a— ^) 
From this we learn that in any right angled triangle, the hy- 
potenuse, increased by one side, multiplied by the hypotenuse 
diminished by the same side, is equal to the square of the other 
side. 
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ox tat INTXRIQATIDR <» CHS OQtCLE, THE HEIADBX OF AHOLBS, 
AKD OIBBB THKORUIS IN WHICH THX CIBOLB Ift 

AN aaoRiAn xuiimrr. 



BEFIHITIONS. 

1 . A Cnrve lane is one t&at is cfflitinaally chaagit^ its dbeetion. 

S. A Circle is a figure bounded by one mnform curved Ene, and 
all stmght lines drawn from a cert^ p<nnt witlmi it to the curve, 
are equal ; and this point is c^ed the center. 

3. The entire curve is called the drcumference of the drcle : 
any portion of it is called an ardi, or ore of the drcle. 

4. Any ringle slFiught Hue from tiie center to the circumference, 
is called tlie raditis of llie circle. 

5. A Btrajght line drawn between any two pcnnts on the dnnim- 
ference, is called a chord. 

6. The apace on either ude of a chord, 
inclosed by the chord and an, ia called ft 
te^meni of a drele. 

7. Any chord which posses throug^t (Sie 
center, is called a diameter, Hid snch a ehoid 
divides the circle into two equal segments, 
oalled teadcirdes. 

8. A straight line touching the circum- 
ference of a circle, at any one point, is called a tcuigeiU to &e ards. 

9. The arc, and area between two radii, is Called the sector of 
a circle. 

Thus : the mortal figure represents a circle ; C is the center, 
CB, or CD, or OA, or any hue from C^ to the circum(ereiic«, is a 
radios. SG-F la an an; £^ is a chord; the areas on each side of 
J?^ are called Mipmmtit AS is « diameter; C£J>'uauetor; anA 
SD is a iatwenl. 
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THEOREM 1- 

3%e radtuf ptrpmdiealar lo a chord, Utectt the chord, and alto ths 
ivccf the chord. 

Let AS be a chord, C the center of the 
drcle, and CD perpendicular to AS ; Men i 
ue are to prove that AD=SD, and 
AE=ES. 

Afi (7 is the center of the circle, 
A C= CB, and CD ia common to the two 
As AOJ> and BCD. and the angles at D 
being right angiea, flierefore the two As 
ADO and BDC are identical, and AD-=DB, which proves the 
first part of the theorem. 

' Kow as AD=DB, and DB common to the two spaces, ADE 
and DBS, and the angles at D, right an^es, if we conceive the 
sector CBB tamed over and placed on CAE, CE retaining its posi- 
tion, the point S will fall on the pomt A, because AD=DB; then 
the are BE will fall on the arc AE; otherwise, tiiere would be points 
in one or the other arc unequally distant from the center, which 
is impossible ; therefore, the arc AE = the arc EB. Q. E. D. 

THE OREM J. 
Equal atifflu, at the center are tublended by tqwA chordt. 

(See figure to last theorem). 
Let tbe angle ACB^^BGB, then the two isosceles triangles, 
ACE, and ECS, are equal in all respects, and AE=EB. 

Q. E. D. 
THEOREM 8. 
A the lame eirde, or m eqwd drdet, equal chords are equally 
diilant from the center. 

Let AS and EE be equal chords, 
and C the center of the circle. Prom 
C, draw CO and Cff perpendicular to 
the respectivQ chords. These perpen- 
diculars will bisect the chords (th. 1, 

h. 3), and we shall have A Q—ES. \ 

We em now ta ehow that CO=CH. 
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In the two As, A OG and EOH, we have EC^ CA, A O^EH, 
and the angle H=^ the angle O^ both bemg right angles ; there- 
fore, the two triangles ACQf and EOH, are identical, and 
CG^CH. Q.E.J). 

We may demonsiraU thU theorem andytkaUy, wnd more generally, 
418 follows ; 

Let Jf'ir represent the half of any chord, and put it equal to C. 
Put HC^Pj and CE=B; B representing the radius of the 
circle. Then, by (th, 36, b. 1), we have 

(P+P^:=B' (1) 

Also let AG represent the half of any other chord, and put it 
equal to c; and put its distance from the center equal to |>/ then, 

c'+p^^B' (2) 

By equating the first members of (1) and (2), we have this 
general equation : (P+F'zsfp+P^ (3) - 

Now, if (7=c, that is, the chords equal, then P^=p^, or Ps=jo, 
the perpendiculars will be equal ; and if P=p, then (7=cy that 
is, chords equally distant from the center, are equal. 

Equation (3) is true, under all circumstances, and if we suppose 
C greater than c, then P will be less than jo/ that is, the greater, 
the chord, the nearer it will be to the center. 

For if (7 is greater than c, let d be their diflference ; 

Then, , . C=:c+d, and (P=c^+2cd+d^ 

And substitute this value of C^ in equation (3), and we have. 

By canceling c', we have, ^cd-\-d^'\- P^=^jp^ 

That is P^ is less than p^, because it requires 2cd+d^ to make 
equality ; and if P* is less than p^, P is less than p; that is, the 
greoUr chard is at a less distance Jrom the center. 

Cor. If the chord C runs through the center, then P, in equa- 
tion (3), equals 0, and 0^=<P+p\ But I^=c^+p^ by equation 
(2), or 0^=1^, or (7=JK, or the semichord becomes the radius, 
as it manifestly should, in that case. 

THEOREM 4. 

Jf any line be drawn tangent to a circle, and from the point {^eon- 
tact a line be drawn to the center of the drde, the tangent and this 
radius vMlform a right angle. 

A tangent line can meet the circle only at one point, for if the 
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Kne meets ike circles in two points, and is atiU a tangetU, it follows 
that the portion of the circusoferenee between the two points, is a 
right fine ; but no part of a circmnferenoe is a right line, but a 
continued cunre line ; and whenever a right line meets a circle in 
two points, it must ctd the circle^ and therefore cannot be a tangent. 

Now let ABC be a tangent line, touching 
the ciit^le at the point B, and draw the radius, 
£B, and the line JEO, and JSA. 

Now we are to show that £B ia perpendkulait 
to ABC. Because B is the only point in the 
Une ABQ which touches the circle, any other 
line, as EC^ or EA, must be greater than EB; 
therefore, EB is the shortest line that can be drawn from the point 
J^ to the Ime AC; therefore, EB is the perpendicular to AG 
(th. 20, b. 1). Q. E. D. 

THEOREM i. 

In the same circh, or in equal eirdes, equal chwds subtend or stand 
on equal portions cf the circumference. 

Conceive two equal circles, and two equal chords drawn within 

them. Then conceive one circle taken up and placed upon the 

other, in such a position that the two equal chords will fall on, and 

exactly coincide with each other; and then the circles must coincide, 

because they are equal ; and the two segments of the two circles 

on each side of the equal chords, must also coincide, or the circles 

could not coincide ; and magnitudes which coincide, or exactly fill 

the same space, are in all respects equal (ax. 9). Therefore 

Q. E. D. 
THEOREM •« 

Through three given points , nc^ in the same straight Une, one dr* 
cumference can be made to pass, and but one. 

Join AB and BC. If a circle is 
made to pass through the two points 
A and B, the line AB will be a chord 
to such a circle ; and if a chord is 
bisected by a hne at right angles, the 
bisecting Une will pass through the 
center of the circle (th. 1, b. 3); 
therefore, if we bisect ike line AB, 
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aai drav DF at right w^es flnm (km poat of btucticoi, iwy emit 
Aai «m pa»i Ikrot^ tie jwmtt A and £, mvat hvn ilx ceaiai aoa^ 
where in ihe line i>^. And, by reasoning in th« same way (after 
we draw £0 at right angles from ^ middle point of £C), any 
drele (hat can pae* throng the pointa j9 and <7, mnst hav« its 
center scanewhere in the line SO. Ifow, if tlie two lines, J)!",. 
and £6, meet in a common poin^ that foiat will be a owter, &om 
whence a circle can be drawn to pass through the three points, 
A, B, and C, and DF and E& will always meet, unless they are 
parallel, and if they are parallel, it follows that AB and BC must 
te parallel (scholium to th. IS, b. 1), or be in one and the same 
str^ght line ; but this can never be the case while the three 
^v«n p(»nts. A, B, and C, are not in Ae same straight Une ; 
therefore, the two lines will meet, and from the point S, at which 
they meet, a circle, and oidy one circle, can be drawn, passing 
through the three ^ven points. Q. E. D. 



THEOREM 7. 

ff two eircUt toueii each other xjUemaUy, or externally, the too 
eentert and poini of contact shall be in one rigU Une. 

Let two circles touch each other 
internally, as represented at A, and 
through the point A, conceive AB 
to b« a twgent, at the common 
point. Now, if a line, perpendic- 
ular to AB, be drawn from the 
point A, it must pass throngh the 

center of either circle (th. 4, b. 3); and as there can be but one 
perpendicular from thasame point, (th. £0, b. 1), Uierefore, A, C, 
and 3), the point of contact, and the two centers, must be in one 
and the same line. Q. E. B. 

IStxi, let the circles touch each other externally, and from the 
point of contact conceive the common tangent, AB, to be drawn. 

Then a hne, A 0, perpendicular to AB, will pass through the 
center of the external circle, (th. 4, b. 3), and a perpendicular, 
AD, from the same point," ^1, will pass through the center of the 
6 E 
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other circle; hence, BAC and BAD are together equal to two 
right angles; therefore C7, A^ i>, is one continued line (th. 2, 
b. 1). Q. JS. i>. 

Ccr. When two circles touch each other internally, the distance 
between their centers is equal to the difference of their radii ; and 
when they touch each odier externally, the distances of their 
centers are equal to the sum of their radii. 

THEOREM 8. 

An amgle at the circumference of any circle is measured by half the 
arc on which ii stands. 

In this work it is taken as an axiom that any angle standing at 
the center of a circle is measured by the arc on which it stands ; 
and we now proceed to show that the angle at the circumference, is 
half the angle at the center. 

Let A CB be an angle at the center, and 
D an angle at the circumference, and at 
first suppose i> in a line with A (7. We are 
now to show that the angle AGB is double the 
angle D. 

Join JOB, and the A i^ CB is an isosceles 
triangle ; for (7i>=s CB; and as its exte- 
rior angle, AGB, is equal to the two inte- 
rior angles, D, and CBD, (th. 11, b. 1), and these two angles 
equal to each other; therefore, A OB is double the angle at D; 
but ACB is measured by the arc AB; therefore the angle D is 
measured by half the arc AB. 

Now let D be not in a line with A C, 
but at any point on the circumference (ex- 
cept on AB), and jom DC, and produce it 
to^. ' 

Now by the first part of this theorem. 

The angle . ECB—StEDB 

Also, . . ECA^%EDA 

"By subtraction, ACB^%ADB 

But -4Cfi is measured by the arc AB ; therefore ADB, or D, 
18 measured by one half of the same arc. Q. E D, 
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THEOREM 9. 



An attffle in a lemkirde, it a right angle; an ati^U m a segnufU, 
greater than a semidrele, h less than a right angle ; and an angle in 
a segment, less than a letnieireie, it greater than a right angle. 

If l^e angle ACS is in a senucircle, the 
oppoute segmwt, ADB, on whicli it standB, 
is also a semicircle, and the angle A CB is 
measured by half the arc^i>£ (th. 8,b. 2); 
that is, half of 180 degrees, or 90 degrees, 
Trhich is the measure of a nght angle. 

If the angle A CB ia in a segment greater 
than a setpicircle, then the opposite segment is less than a semi- 
circle, and the measure of the angle is less Hian half of 1 80 de- 
grees, or less than a right angle. If the angle ACB is in a 
segment less than a semicircle, then the opposite segment, ADB, 
oo which the angle stands, is greater than a semicircle, and its 
half, greater than 90 degrees;' and, consequently, the angle greater 
than a right angle. Q. E. J>. 

Scholiiim. Angles at the circnmference, 
which stand on the same arc of a circle, 
are equal to one another ; for all angles, as 
CAD, CED, are measured by half the 
same arc, CD; and having the same mea- 
sure, they must be equal. 

Also, equal angles at the circumference 
must stand on equal arcs ; for the arc, as 
BC, and CD, bdng meaanres of the angles BAC, and CAD, 
therefore, if the angles are equal, the magnitudes, which measure 
them, must be equal also. 

THEOREM 19. 
The turn of tteo c^oiite angles of any gjtadrilatenU inserted in a 
drde, is equal to tteo right angles. 

(See figure to the last theorem.) 

Let ACBD represent anjr quadrilateral inscribed in a circle. 

The angle ACB has for its measure, half of the mh-^ADB, and 
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the angle ADB has for its measure, half of the arc .i OB; therefore, 
by addition, the sum ef the tw<> oppodte angles at C and D, are 
together measured by half of the whole circumference, or by 180 
degrees, or by two right angles. Q. E. D, 

THEOREM It. 

An €m^e formed by a Umgmt and a chxrd^ is measured hy mu 
half cf the mtmepUd aire. 

Let AB be a tangent, and AD a chord, 
and A the point of contact ; then vte are to 
show tkatjhe omgU BAD is Tneasured by hAf 
the arc AED. 

From -4, draw the radius A€; and from 
the center, C, draw CE perpendicular to 
AD, 
The angle BAD'\'D AQ^^"" (th. 4, b. 3) 

Also, C4-i)-4(7=90'' (cor. 4, th. 11, b. 1) 

Therefore, by subtraction, BAD — (7=0 

By transposition, the angle B^D^=^ 0. 

But the angle C, at the center of the circle, is measured by the 
arc AE, the half of AED; therefore, the equal angle, BAD, is 
also measured by the arc AE^ Ihe half of AED. Q. E. D, 



THEOREM 12. 

An angle formed by a tangent and a chord, is equal to an em^ in 
ihe cj»posUe segment of ^ drde. 

Let AB be a tangent, and AD a chord^ 
and from the point of contact. A, draw 
any angles, as A CD, and AED, in the seg- 
ments. Then toe are to show that the angle 
BAD=ACD, and GAD— AED. 

By the last theorem, the angle BAD is 
measured by half the arc AED; and as the 
4»igle AOD (th. S, b. 3) is measured by 
haHf of the same are, therefore tihe angle BAD^=^AQD. 
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Afjiia, u AMDC a a,- qakdriUten], ioMribid ia a circle, tlie 
knm of the opposite ftnglei, 

AGD+AED=i right angles, (th. 10, b. 3) 
Also, tlie uclee SAD-^BA Q=% right angles, (th. 1, b. 1 } 
Bf sflWution (and observing that BAD has jnst been proved 
•qaal to A CJ>), yrt have, 

A£D—I>AO=0 
Ot, . , . ^J^i^sJ^^ff, by tranapoeilioh. 

Q. S. D. 
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Parallel ehordt, or a tangmt and a pataUtl chord, inttrc^ equal 
area on the dretm^erence. 

Let AB and CD be two parallel duuds, 
aod draw tlie diagonal, AD; and beoa^ae 
AB and CD are parallel, the angle DAB 
= the angle ADO (th. 6, b. 1); but 
. the angle DAB has for Ite meaBore, half 
of the arc BD; and the angle ADC has — 
for its measure, half of the ac AC (th. 8, b. 3); and because 
the angles are equal, the arcs are equal ; that is, the arc BD= the 
axe AC. Q.E.D. 

Next, let £F be a tangent, parallel to a chord, CD, and from 
the point of contact, &, draw Q-D. 

B7 rsaun of the parallels, tJie angle 67>(? = the angle DGF. 
B«t the angle CD& has kit its measure, half of the arc C& (th. 
9, b. 3); and the uigle DGF has for its measure, half of Ae 
are GD (th. II, b. 3); therefore, these equal measures of equals 
mult be equal ; that is, the arc CQ = the arc GD. Q. E. D. 



THEOREU 14. 

When two chords internet taek tOttr mtani a eirtU, tUs tmj/U Amt 
formed m mtattirtd by half the ti^m of the iteo tntera^Xirf arei. 
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Let AB Eind CI> intersect eacb other 
withia tlie circle fomuDg the two angles, 
E, and E^, with their opposite Tertical 
and equal angles. 

Then we are to show, thai l/m angle E U 
mecaured bg the half mm of the area 
AO+BD; onrf M< a^le E' is meaiurtd 
h/ the hdf ivm of the area AD+CB. 

first, draw AF parallel to CD; then, 
by reason of the parallels, the angle BAF=E. But the angle 
SAF is measured by half of the arc SJ}B; that is, half of the 
arc BD, plus half of the arc A C; because FJ)=A C (th. 13,b. 3). 

Now, as the sum of the angles, E-\-JS', make two right angles, 
that sum is measured by half the whole circumference. 

But the angle E, alone, as we have just determined, is mea- 
sured by half the sum of the arcs BZ>-\-A 0; therefore, tlie other 
angle, E', is measured by half of the other parts of the circum- 
fference, AD+ CB. Q. E. D. 



THEOREM IS. 

When two chords mtenect, or meet each other without a eimie, th« 
artffU thm formed it meamTed bij half the difference of the intercepted 

Draw AF parallel to CD; flien, by 
reason of the parallels, the angle E, made 
by the iutersectJon of the two chords, is 
equal to the angle BAF. But the angle 
BAF is measured by half the arc BF; 
that is, by half the difference between 
the arcs BD and A C. €■ ^- ^• 

N. B. Prolonged chords, to meet 
without the circle, as ED, and EB, ore 
called secants. They are geometrical, 
and not trigonometrical secants. 
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The angle formed by a seeatU and ataiigetit,is taecuured hy half the 
di^erence <f the vttereepled arcs. 

Let CB be a secant, and CD 3 tangent. 
We are now to show thai the angle formed at 
C, M meaauTed &y hdf (f the d^erenee <^ 
the aree BD ajid DA. 

From A, draw AS parallel to CI>; then 
the angle BAE= C. But the angle BAE 
is measured by half of the arc BE (th. 8, 
b. 3); that ia, by half of the difference be- 
tween the arcs BD and AD; for tbe arc 
AD=DE, and BD—DE=BE; therefore the equal angle, C, is 
measured by half the arc BE. Q. E. D. 



THEOREM IT. 

Whtn two chords inlerseet eocA other in a eirde, the reddxttgU of the 
aeffmetUi of the one,teiil be equal to th^ rectangle t/ the e^menie if the 
other. 

Let AB and CD be two chorda intersect 
ing each other in E. Hien tee are to ihow 
that the rectangle AEX EB= CEX ED. 

Join AD and CB, forming the two tri- 
angles AED and CEB, which are equi- 
angular, and therefore uintlar ; for the 
angles B and D are equal, because they are 
both measured by half the arc A C. Also the angles A ani^ C are 
equal, because each is measured by half fhe same arc, DB; and 
the angle AED= CEB, because they are vertical angles ; hence, 
the triangles, AED and CEB are equiangular. But equiangular 
triangles bare their sides, about the equal angles, proportional 
(th. 18, b. 2); therefore, AE and ED, about the angle E lire pro- 
portional to CE and ED, about the same angle. 

That is, . . AE : ED : : CE : EB 

Or(lh. 21, h. 2). AEXEB=EDXEC. Q. E. D. 
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Scholium. WJim one chord is a diameter, and the other at right 
angles to it, the rectangle sf.ihe segmentM cf&je diameter is equal to the 
square of half the other chord; or half of the hiseded chord is a mean 
proportional bettoeen the segments of the diameter. 

For ADXDB^FDXDE. But if AB 
passes ihrough the center^ 0^ at right au* 
gles to FE. then FD^DM (tL 1, b. 3), 
and in the place of i^D, write its equal, DE, 
In the last equation^ and we haye, 

JlBy^BB^^DE' 

Or, . AD\DS::J)E:DB 

Put» SM^s^x, CD=y, and OE^B, the radius of the circle. 

Then ^J[>«:R— y, and i>j5=?-R+y. With this notation, 
ADXDB, 

Becomes, . . {B — y){B"\-y)^=ix'^ 

Or, ... . -R2— y=^=a!* 

Or, B?—a?+f 

That is, the square of the hypotenuse of the right angled triangle, 
DOE, is equal to the sttm of the squares of the other two sides* 



THEOREM 18. 

If from €my point vntkoiU a arde, any number ^ secants he dravm^ 
the rectangle formed by any one secant and its external segment, unU 
ie equal to the rectangle x^ any other secant, and its external segment. 

Let AB, AC, AD, dbc, be secants, and 
AE, AF, AG, ^fec, their external seg- 
ments. Then we are to show that 
ABXAE^ACxAF 

And, AB X AE^AJD XA9, Ac. 

Join BF and EC; then the two As, 
AFB and AEC are equiangular ; for the 
angle B=0, as each of them is measured 
by half the same arc, EF; and the angle 
BAG is common to the two triangles; 
therefore* the third angles are equal (th. 11, cor. 1, b. l). 
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Therefore (tfa. 16, b. «)^ AB\AF\\AG\AE 
Hence, . . . ABY.AE—ACY.AF 

In the same manner we may prove thiKt 

And, .... ACXAF^A&y^Af) 

fi. ^. Z>. 

Scholium 1. If we conceive -4D to revolve outward, on u!^, as a 
fixed point, ^ and J) will come nearer together, and will be 
exactly together in the tangent Aff, 

But however far or near O may be to D, we always have, 

ABXAfl^ADXAG 
And, when both AD and A0 become AJBy we shall have, 

AfiXAJS^AB^ 

Scholium 2. If Aff and AF be tangents to the same circle, 
from tibe same point on each side of A, they will be equal to each 
other; 

For, . BAXAF^AP^ 
Also, . BAXAF:;=zA£P 
Hence (ax. 1 ), (AF^)==(ABP), or AP^AH. 

This property will eiMible UBto oprnpute the diameter of thie iMrth, .when- 
ever we know the visible distance of its regular surface, as seen from any 
known hight above the surface. 

For example, suppose FC to be the diameter of the earth, AFy the hight 
of a mountain, and AH the distance on sea to the visible horizon. ' If AF 
and AH were both known, FC could be computed therefrom. For; let FC 
s=x, AF=^, and AHssd. 

Then, . . . (kJ{^)h^d3, or x^Zi-~h 

h 

, O^.this.priACipIpi rough Qstioiate^ ^f it)ie diameter of the.evrth vhay^ ^n 
made '; and on this prinpiple the. dip of the hmzon has b^en computed. 



THEOREM i9 . 

Jj^ a circle be described ^bcvJt a trianffUt thfi rectangle of hap tUfis 
is equal to the rectangle of the perpendicvlar let fall fm^to the third i^^ 

and the diameter of the ^rc^mhscrHing cireie* 

7 
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Let ABC be the triangle, AG and CB, 
the sides, CD the perpendicular on the base, 
and CE the diameter of the circle. Then we 
are to show that 

ACXCB^CEXCD. 

The two As, A CD and CEB, are equian- 
gular, because A^E, both measured by the 
half of the arc CB. Also, ADCia a right angle, equal to CBE^ 
an angle in a semicircle, and therefore a right angle ; hence, the 
third angle, ACD=BCE (th. 11, cor. 1, b. 1). Therefore 
(th. 18, b. 2), 

AC : CD : : EC : CB 

Hence, . . ACxCB=^CEXCD. Q.E.D. 

Scholium. The continued product of three sides of a triangle, is 
eqwoi to the do/Me area of the triangle into the diameter of its circum- 
scribing circle. 

Multiply both members of the last equation by AB, and we hare, 

ACX CBXAB=zCEX(ABxCD) 

But CE is the diameter of the circle, and (ABx CD) « twice 
the area of the triangle ; 

Therefore, ACX CBXAB^ diameter X 2 As. 



THEOREM 20. 

The square of a line bisecting any angle of a triangle, together with 
the rectangle of the segments it makes' wUh the opposite side, are equal 
to the rectangle of the two sides, including the bisected angle. 

Let ABC be the triangle, CD the line bi- 
secting the angle C. Then we are to show that 
CD^+AD XDB^A CX CB. 
The two As, ACE and CDB, are equi- 
angular, because the angles E aiid B are 
equal, both being in the same segment, and 
the J ACE^BCD, by hypothesis. There- 
fore, (th. 1 8, b. 2), 

AC : CE:: CD: CB 
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But it is obrioos that CI!=C1}-\'DE, ud hj sabatitating 
this value of CE, in the proportion, we have, 

AC:{aD-)rDE) ::CD: CS 
By mnltiplyiiig extremes and means, 

CD'+J)EX CD=ACX CB 
But DEX OD=AJ>y.DB, by (th. 17, b. 3), which, being eub- 
stitittedt we have, 

CIP-\-AD X DB=A CX CB. Q. £. D. 



THEOREM 21. 

Hie rectangle ofHutao diagonale of any quadrilatertd itueribed in a 
drde. it equal to tie turn of the two rectar^let of the o^otUe tidet. 

Let ABCD be a quadrilateral in a circle ; 
lAen tee are to skoa that 

ACXBI>=ABXDC+AJ)X£0. 

From C, let CE be drawn eo that the 

angle I>CE shall be equal to angle ACS; 

and aa the angle BAQ is equal to the 

angle ODE, both being in the same ae^- 

-ment, therefore, Ibe two triangles, ^f (7 and ^£C are equiangular, 
and we have (th. IB, b. 2), 

AB : AC ■ : BE \ DC (I) 
The two As, AD and SEC are equiangular ; for the angle 
DAC=EBC, botb being in the same segment, are measored by 
half the same arc, DC; and the mg\tDCA=ECB; torDCE 
=BCA; and to each of these add the angle ECA, and DCA 
azEGB; therefore (th. 18, b. 2), 

AD : AC : : BE : BG (2) 
By multiplying the extremes and means in theae two propM'lions, 
and adding the equations together, we have, 

(ABXDC)+(ADXBC}=(DE+BE)XAC 
But, . . . DE+BE=BD; therefore, 

(ABXDe)+(ADX£C)=BDXAC. Q. S. D. 
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&ioUum. Wbea two of die ad^aeoit Me» id tbe qmdt^n^ral 
are equal, as AB=:BC, then the reaultii^ equaticm is« 

(ABXBC)+.(ASKAD)^£J)XAC 

Or, . ' . ABX(DC+AD)^BDXA0 

Or, . . . AB: AC ::BJ): (CJ)+AJ)) 

That 98, Of iom 42f M« regual Mes^tfJie ^puxdnhderal, is (0 the 
adjdinmg diagonal, so is the transverse diagonal to thssum x>f XkeMmo 
unequal sides, 

THEOREM 22. 

If two chords intersect mchtftherin a tirck, at right angles, the sum 
of the squares of the four segments thus formed, is eqtuxl to the square 
^ the dumker €f the eirde.. 

Let AB and CD he two cliords, intersect- 
ing each other at right ai^gles. Draw BF 
parallel to HD, and join JDF and AF. JVw 
we are to show that 

AIF+FB'+FC^+£!IP:^=^AF^. 

As BF is parallel tq ;E©, ABF is a right 
angle, and therefore AF is a diameter 
(tL 9, h. 3). Also, because BF k p^aJiel to CB, €B=^JDF 
(Hx. 13, 1). 3). 

Because CFB is a right angle, . CE^+FB^^iJB^^BF^ 

Because -4^i> is a right anglc!, . AFP-^JED^^AD^ 
Adding theseXwo equations, we have, 

CFPAr^S'-hAFP'J^ED^^DF'+AD^ 

But, as AF is a diameter, «nd ^2) J' aright .angle (tib. 9, b. 3), 

Therefore '. DF^+AB^=zAF^ 

Hence, . . Cir'+EB^+Am+FD^^AF^. Q, E. D, 

.SMtium. M two chords .intersect teach other ;i^t right aan^es, 
in a circle, and their opposite extremities be joined, the two chords 
thus form,ed may make two sides oi a right angled triangle, of 
which the diameter of the circle is the hypotenuse. 

For AD is one of these chords, and CB is the other ; and we 
have shown that OB^nDF; tmd AD tmi DF «re two 'sides of a 
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right angled triangle, of vhich AF is the hjrpotenuae ; therefore, 
AD and CB m&j be considered the two sides of a right angle, 
and AF its hypotenuse. 

THEORCU 33. 

y too steants inieried each other at right angles, the turn of their 
ignores. tTtcreoied by the tutu qf the sgrnres of the tieo parts vriihout 
the circle, will be egual to tke iguart of the diameter of the circle. 

Let A£ tutd JED be tWQ aeeautB isdersect- 
ing at right angles at th« point £. Fron £, 
d»nr SF paiaM to OD, and jrAa AF and 
AD. Now we are to show that 

E^-\-ED^-\-BB'-\-EC=AF^ 

Because BF is pandld to €D^ ABF is ■ 
right angle, and consequently AF is a 
diameter, and BO=DF; and because AF is a diameter, ADF is 
a right angle. As AED is a rig^t EuogUt 
AEH-ED^=AD^ 

Also, . . £B'+ECP==B(P^DF' 



By ad.fltion. AM'+£D'+EBH'FC'=^AD'+DF'=:AF*. 
Q. E. D. 
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PROBLEMS. 

In this section, -we shall, in most iustuices, merely sboir the 
conatniclion of the problem, and refer to the theorem or theorems 
that the studeat m&y use, to prove that the object is attained by the 
construction. 

In obscure and difficult problems, however, we shall go through 
(he demonstration as though it were a theorem. 



PROBLEM I . 
To Utett a given JinUe itraighi Hoe. 
Let AB be the given line, and &om its 
extremities, A and B, with any radius 
greater than the half of AB (Post. 3), de- 
scribe arcs, cntting each other in n and m. 
Join n and m; and C, where it cats AB^ 
will be the middle of the line required. 
Proof, (th. 16, b, 1, cor. 1 ). 

PROBLEM 2. 
To biseet a given aitffU, 
Let ABC be the given angle. With any 
ra^us, from the center B, describe the arc 
AC. From A and C, as centers, with a 
radius greater than the half of AC, de- 
scribe arcs, intersecting in n/ and join Bn, 
it will bisect the given angle. 
Proof, {th. 19, b. I). 



PROBLEM 8. 

From a ffiven poini, in a given line, to drav a perpendtcular to that 
line. 

Let AB be the ^ven line, and 
the given point. Take n and nt eq^iud 
distances on opposite sides of C; and 
&oni the points m and n, as centers, 
Willi any radius greater Ihaa nC or 
or mO, describe arcs cutting each other 
m S. Join SC, and it will be the per- 
pendicular required. Proof, (th. IB, b. I, cor. ). 

The following is another method, which 
is preferable, when the given point, C, is at 
or near the end of the line. 

Take any point, 0, which is manifestly 
«ne side of the perpendicular, and join OC; 

and with OC, as a radius, describe an arc, 

cutting AB in m and C. Join mO, and produce it to meet the 
arc, again, in n; mn is then a diameterto thecircle. Join On, and 
it will be the perpendicular required. Proof, (th. 9, b. 3). 



PROBLEM 4. 

From a given pwnt mthmU a line, to draw a perpendietdar la thai 

Let AB be the given line, and (7 the I 
^ven point. From C, draw anyoblique 
line, as Cn. Find the middle point of 
Cn by (problem 1 ), and from that point, 
as a center, describe asemicircle, having 
C^ as a diameter. From the point m, 

where this semicircle cuts AB, draw Om, 

and it will be the perpendicular required. Proof, (th. 9, b. 3)- 
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PROBLEM 4- 
At a ffiven point in a line, to make an angle equal to another given 

Let A be the given point in tie line AB, 
ami J)CS the given angle. 

From £7 as a center, with aaj rftdhu, 
GH, draw the arc HI}. 

From A, as & center, with the radius 
JJP= Oh, describe an indefinite arc ; and 
from F, as& center, with F9 as a radios, 
equal to £J>, describe an arc, cntting th« other arc in 6', and join 
A 0; GAF will be die angle required. Proof, (th. 5, b. 3). 

PROSLEM %. 
From a given point, to dnM a line paralld to a given line. 
}jet A b6 the given point, and CB the 
^ven line. Draw AB, making an angle, 
ABC; and from the given point, A, in the 
line AB, draw the angle BAD^ABC, by 
the last problem. 

AD and CB make the same angle with AB; they are, thei 
parallel. (Definition of parallel lines). 

PROBLEM 7. - 
To divide a given lin^ into any ntanbtr of equal parU. 
Let AB represent the given line, and 
let it be required to divide it into any 
number of equal parts, say five. From 
one end of the line A, draw AJ>, mde- 
finite in both length and position. Take 
any convenient distance in the dividers, 
as Aa, and set it off on the line AD; 
thus making the parts Aa, ah, be, kc, equal. Through the last 
point, e, draw EB, and through the points a, b, e, and d, draw 
parcels to eB (problem 6.); these parallels will divide the line as 
required Probf (tB. 17, h< 2). 



PllOBLGll 8. 
To find a third propotHonal to Ivm given lines. 

Let ^^a»d ^Cbe any twolinea. Place A 

t!tiera at any angle, and join CB. On the A 

greater line, AB, take AD^A C, and through 
P. draw I>£! parallel to SC; AM U the tliird 
proportional required. 

Proofj (th. 17, b. 2). 



PROBLEM ff. 
7b find a faarffi pwpmiumal to three given lintt. 

Let AB. AC, AD, represent the A 

three giyen lines. Place the first two A 

together, at a point forming any angle, A JD 

as BAC, and join BO. On AB place 
AD, and from the point D, draT 
(problem 6) DE parallel to BC; AS 
win be the fourth proportional required. 

Proof, (th. 17, b. 2). 



PROBLEM 10. 
To find the middle, or niean pnportknal, btlaem AMJ^mn lim$. 

Phice AB and 5 C in one right line, 
and, on AC, as a diameter, describe a 
semicircle (postulate 3), and from the 
point B, draw BD at right angles to AO 
(problem 3); BD is the mean propor- 
tknud required. 

Proof, (scholium to th. 17, b. 3). 
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PROBLEM 11. 
ToJtJid the center of a given arcle. 
Draw aaj two chords in the given circle, 
as AB and CD; and from the middle pdnt, 
n, of AB, drav a perpendicular to A£; 
and from the middle point, m, draw a per- 
pencUcnlar to CD; and where these two 
perpendiculars intersect will be the center 
of the circle. Proof, (th. I, b. 3). 

PROBLEM 12. 

To draw a tcmgiTd to a given circle, from a given point, eithem 
or vnlhoul the eiramferetiee of the circle. 

When the giren point is in the circum- 
ference, as A, draw AC the radius, and 
from the point A, draw A£ perpendicular 
to AO; AB is the tangent required. 

Proof, (th. 4, b. 3). 



When A is irithout the drde, draw 
^ C to the center of the circle ; and on 
.lie, as a diameter, describe a semi- 
drcle ; and from the point B, where 
this semicircle intersects the given 
circle, draw AB, and it will be tangent 
to the circle. 

Proof, (th. 9, b. 3), and (th. 4, b. 3). 



PROBLEM 13. 

On a given line, to deaertbe a segment of a circle, thai ihall nmtain 
n angle eqwd to a given an^e. 



Let AS be the given line, and' C 
the ^ven angle. At tlie ends of tlte 
ffvex line, make angles DAS, DBA, 
each equal to the ^ven angle, 0. 
Then drav AS, BE, perpendicularsto 
AD, BD; and with tlie center, E, and 
ra^us, EA or EB, describe a circle ; 
then AFB will be the segment required, 
it, will be eqoal to the g^ven angle, C. 

Proof, (th 11. b. 3), and (th. 8, b. 3). 




an^ angle F, made in 



PROBLEM 14. 

TaaUa a^mtntfrom any given drde, that shall contain a ffiwn 
angle. 

Let C he the gpven angle, Talie 
any point, as ^, in the circumference, 
and from that point draw the tangent 
AB; and &om the point A, in the line 
A£, make the angle BAD=C (pro- 
blem 5), and AED is the segment 
required. 

Proot (th. II, b. 3), and (th. 8, b. 3). 



PROBLEM 15. 

To emttruct an equUatmd triangh on a given fin^ ttraigM line. 

Let AB be the g^ren line, and from one 
extremity, ^, as a center, with a radius 
equal to AB, describe au arc. At the other 
extremity, B, with the same radius, describe 
another arc. From C, where these two 
arcs intersect, draw OA and CB; ABO will 
be the triangle required. 

k a si^dtttt demonttra&m. Or, (ax. I). 
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F&OBtEK to. 

jTo ^idni^rud a irianfiU, having Ua ^ee Mes equd ta three gi/mt 
tkies^ ang dm^ wkkiikall h^ gredttr ik^^ 9wri. 

Let AB, CJ>i mA JSf teptot^vA the diree If P 

lines. Tdike any one of them, as^ AB, to ha me 
iAde of the triangle. From Ji, a» a eeiifer, witfa 
a radius equal to CD, describe aii are; and 
from j?y as a center, with a radiud equal to^ HP, 
describe another arc, cutting the former in n. 
Join An and Bn, and AnB will be the A 
required. Proof, (ax. 1). 




PROBLEM 17. 

To describe a equate en a giveri tine. 

Let AB be the^ given line^ and from tiie extre- 
itoities^ A and B, draw AC and BD perpendicular 
to AB, (Problem 3.) 

From ^, as a center, with AB as radius, strike 
^ are across the perpendicular at G; and from C, 
draw CD parallel to AB; ACDB is the square 
required. Proof, (th. 21, b. 1.) 



C D 
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PROBLEM 18. 

To toneirud a tedkingU, <yt a parattetogtam, ivho^e adjacent etdes 
mre egwd tff two ghm lime. 

Let AB and AC he the two given lines. -4 J O 

From the extremities 6t oiL& line, draw per- A S 

pendictilars to that line, as in the last problem ; and from these 
perpendiculars,, out off portions eqtlal to the other line ; and by a 
parallel, coniplete the figure. 

When the figure is to be a parallelogram, -v^th obliqtte angles, 
descrlbfi( the akglejl by pirobkn 6, Pro<:»f, (th« 21, b. }). 



p30b;lebi 19, 

To dacriie a mitatglt Qvd ^nM he fqu^ jfp a given *guan, tmd 
have a tide equal to a given line. 

Let AB be a aide of the giyen equare, and D 

CD one side of the required replsngle- A 3 

Find the third proportiona], EI", to OJ) £ F 

*aa-4SipixiieBi fi). Xhra we ^hall hav«, 
<SI>'.AB::AB : EF 
Constmot % iBd&ngl* xrith ^« two fgum li«es, (U> imd ^J* 
^proUoQ 18), anditirilliN^fi^Mliotiw^eiifHiiiare, (th. 13, b.2). 

f RX)SLiE:H JO. 

To coMtrucf a tguan Aat aJMI S< -tqwd to ike tUffet^noe t^ im 
gyven tqwtre*. 

Let A represent a dide of llie greater of two ^ren sqoares, and 
B a side of the lesser square. 

On ^, as a diameter, describe a sesat- 
circle, and irom one ezfremily, iTt, as a can- 
ter, with a radios equal to _B, describe an 
arc, n, and, from the point where it cuts the 
circumference, draw mn and np; np is the 
ude of a square, wlutS), when constructed, 
(problem 17), will be equal to the difforenoe 
of the two gi¥en squares. ,Pro(^ (th. 9, h. 3, and 36, b. 1.) 

PROBLEM 21. 

To amstrvd a iqwp^ thoithaU he to agivvn tquare, as a lim, M, 
to a line, N. 

Place Jf and jtTin'aline.and ontlie ffim.deaca^ a aemicorcle. 
Fnini th« paint whei« ibey jdn, Ai^w a perpendicular to meet the 
circumference in A. Join Am and 
An, and produce ihem indefinitely. 
On Am or An, produced, take AB= 
to the side of the given square ; and 
'from & draw £.0 pajsUel to fluv i 
^<?iB aside«f tlw reguii^d sguvre. 
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For, Arn^ : An^ : : AB^ : AG^ (th. 17, b. 2.) 

Also, Am? : Ar? \\M \N (scholium to th. 36, b. 1.) 

Therefore, AB" \A(?\\M \N ( th. 6, b. 2.) Q. E. D. 



PROBLEM 22. 

■ 

To cut a line into extreme and mean ratio; that ie, so thai the vihcie 
shall be to the greater part, as that greater is to the less. 

Let AB be the line, and from one extre- 
mity, B, draw ^(7 at right angles, and equal 
to half AB. 

From 0, as a center, and radius OB, de- 
scribe a circle. Join AC and produce it to 
jF". From ^, as a center, and AD radius, 
describe the arc JDJS; this arc will divide the 
line AB, as required. 

We are now to show that 

AB.ABwAE.EB 

By (scholium to th. 18, b. 3), we have, 

AF-KAD^AB? 
Or, . . AF\AB\\AB\ AD 
Then, by (th. 8, b. 2), we may have* 

{AF—AB) :AB:: (AB—AD) : AD 
As . . . CB=:iAB=iDF; therefore, AB^DF 
Hence, . . . AF—AB^AF—DF^AD^AE 
Therefore, . . AE \ AB \ \ EB \ AE 
By takmg the extremes for the means, we hare, 

AB :AE::AE: EB Q. E. D. 




PROBLEM 2S. 

To describe an isosceles triangle, having its two equal angles doMe 
of the third angle^ and the equal sides of any given length. 
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' Let AB be one of the equal sides of the 
required triangle ; and from the point A, 
■with AB radius, strike an arc, £1}. 

Divide the line AB into extreme and 
mean ratio by the last problem, and suppose 
C the point of dirisiou, and ^ (7 the greater 
segment. 

From the point B, with AC, the greater segment, as radios, 
strike another arc. cutting the arc £P in D. Join BS, DC, and 
HA. The triangle ABD is the triangle required. 



As AC=BD, by construction ; and as AB is to AC, as AC is 
to BC, by the diriaion of AB; therefore, 

AB : BD : : BD : BC 

. Ifow, as the terms of this proportion are the aides of the two 
triangles about the common angle, B, it follows, from (th, 20, b. 2), 
that the two angles, ^^i' Kad. BSC, are equiangular; but the 
triangle ABD ia isosceles ; therefore, BDC is isosceles also, and 
BD=DC; but BD=AC: hence, DC=AG {ax. 1), and the tri- 
angle ACD is isosceles, which givea the angle CDA=A. But 
the exterior angle, BCD=CDA-{-A, (th. IS, b. !). Therefore, 
BCD, or its equal B=GDA-\-A; or the angle B==2A. Henoe, 
the triangle ABD has each of its angles, at the. base, double of 
the third angle. Q. S. D. 

Sehdatm, As the two angles, at the base of the triangle ABD, are 
equal, and each double of the angle A, it follows that the sum of 
the three angles i^Jive times the angle A. But as the three angles 
of every triangle always make two right angles, or 180 degrees, 
therefore, the angle A must be one-fifth of two right angles, or 36 
degrees ; and BD is a chord of 36 degrees, when AB is a radius 
to the circle ; and ten such chords would extend exactly round the 
urcle. 

PROBLEM 24. 
tPiiAin a gwat drde to wucri^ a triangh, eqmwffular to a gwm 
Immglt. 
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Let ABC be the drcle, «nd qbe 
the giTen triangle. From agjy point, 
as A, draw the tangent HAff to 
the given circle (problem 12), 

From the point A, in the ha» 
AD, make the angle DA<0= the 
angle b, (problem 6), and the angle 
SJ.B= tf)e angle c, and join BC. 

The triangle ABC is inscribed in the circle ; tt is equiangular 
to the triangle abe, and is th? triangle required. 

Proof, (th. 12, b. 3). 

PROBL£H 2$- 

To daeribe an tguilaierai aad equiangidar penioffon in 9 jwm 
drde. 

1st. Describe an isosoelee tri> 
angle, tAc, having each of the equal 
angles, b and e, double of the third 
Uigle, a, by problem 23. 

2d. Inscribe the triangle ^£C,ia 
the pven circle, eqiriangular to the 
triangle abc, bj problem 24; than, 
aach of the mgtes, B and C, is double of the angle A. 

3d. fiifieot die angles B and C by the lines .Si) and CS, 
(problem 3), and join AE, SB, CD, DA, and the figure AEBCD 
is the pentagon required. 



By construction, the angles BAC, ASD, DBC, BCS, ECA, 
are all eqnal ; therefore, by scholiuin to th. 9, b. 3, the arc BC, 
AD, DC, AE, and £B, are all equal ; and if the arcs are equal, 
the chords AE, EB, dec, are equal. Q. E. D. 



PROBLEM l«. 
To describe an eqidemgvlaT and eguUcUenU polygon, qf tie titki, m» 
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Draw any diameter of tbe urcle, as AB, i 

KoA. from one eztremily, S, draw BD e^nal I 

ia BO, the radius of tlie circle. The arc, 
BD will be one-fliith part of the whole cir- 
cnmfereDce, and the cberd BD will be a 
ride of the regular polygon of six ddes. 

In the A CBD, as CB= CD, and BD 
^QB, by eonstniotkn tlie A is «qiiilat»nil, and of coarse 
equiangular. 

But the sum of the three angles of every A, is equal to two 
right angles, or to 180 degrees; and when the three angles are 
equal to each other, each one of them must be 60 degrees ; but 
80 degrees is a riz& paith of 360 degrees, the whole nmnber of 
degrees in a circle ; therefore, the arc whose chord is equal to the 
radios, is a rixOi part of the circnmfereace ; aiul a polygon of six 
•qnal sides may be iuaoribed in a tarcle, witii each side equa] to the 
nuiius. 

Cor. Hesw, as BD, is the chord of 60 d^rees, and eqttal to BC 
or €D, m Say gaieT»Sy,that the chord i^ 60i» egtiai to raditu. 



PROBLEM it. 

To find the »Wr of u r^vlar pcij^on of fifitm eidee, wAicA nugr 
i§ inambed m aty given drde. 

Let (7£ be ti>e radius of the gjren drcle, 
and divide it into extreme and mean ratio 
(problem 22), wd make BD equal to OE, 
the greater part,- then BD will be a side 
of a regular polygon of ten rides (schdium 
to problem 23). Draw 5.^= to CB, and 
it will be a adL^ of a polygon of six rides. 
Jdn DA, and that line must he the ride of a polygon, which cor- 
Tespcmdi to the arc of the drcle expressed by ^, lees ^> of the 
whole drcnrnferenoe ; or ^—^^^^■^', that is, one-fiftecaith of 
the wh<Je circumference ; or, DA is a ride of a r^ular polygon 
of 15 rides. 
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BOOK V. 

ON THS FROPOBnOKALITXSS AND MEABURXMENT 01* POLTOONS 

AND CIRCLES* 

THEOREM 1. 

Tht area of any drde is equal to the product of its radius into 
half of its circumference. 

Let OA be the radius of the circle, and 
AB a very small portion of its circumference, 
and CAB will be a sector; and we may 
conceive tbe whole circle made up of a great 
number of sucb sectors ; and eacb sector 
may be ^as small as we please ; and when 
very small, AB, BD, &c.<, each one taken 
separately, may be considered a right line ; and the sectors CAB, 
CBD^ &c., will be triangles. The triangle OAB, is measured by 
the base, CA, multiplied into half the altitude, (th. 30, b. 1) AB; 
and the triangle CBD is measured by CB, or its equal, CA, into 
half BD: then the area, or measure of the two triangles, or sectors, 
is CA, multiplied by the half of AB, plus the half of BD, and 
so on for all the sectors that compose the circle ; therefore, the 
area of the circle is measured hy the product of the radius into half 
the circumference. Q. £!, D. 

THEOREM 2. 

Circun^erences of circles are to one another as their radU, and their 
areas are to one another as the squares of their radU. 

Let CA be the radius of a circle (see last figure), and Ca the 
radius of another circle. Conceive them to be placed upon each 
other so as to have the same center. 
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Let AB be a certain definite portion of the circumference of the 
larger circle, so that m times A£ will represent that eircimiference* 

* But whatever part AB is of the greater circumference, the same 
part ah is of the smaller; for the two circles have the same number 
of degrees, and of course susceptible of division into the same 
nimiber of sectors. But by proportional triangles we have, 

CA: Ca::AB:ab 

Multiply the last couplet by m (th. 4, b. 2), and we have, 

OA : Ca : : mAB : mab 

That is, as the radita of one circle is to the radius of the ether ^ so 
is the circumference of the one to the circumference of the other, 

Q. E. D. 

To prove the second part of the theorem, represent the larger 
circle by C7, and the smaller by c; and whatever part the sector 
CAB is of the circle C7, the sector Oab is the same part of the 
circle c. 

That is, . C : c : : GAB : Oab 

But, • . CAB :Oab:: ( CAy : ( Cay (th. 22, b. 2) 

Therefore, . C\e : : {CAy : {Cay (th. 6, b. 2) 

C. ^' J>' 

Scholium. 1. Circles are to one another as the squares of their 
diameters ; for if squares be described about any two circles, such 
squares will be squares on the diameters of the circles. But each 
circle is the same proportional part of its circumscribed square ; 
and as like parts of things have the same proportion to each other 
as the wholes (th. 4, b. 2); therefore, circles are to one another as 
the squares of their diameters. 

Scholium 2. As the circumference of every drcle, great or 
small, is assumed to contain 360 degrees, if we conceive the cir- 
cumference to be divided into 360 equal parts, and one such part 
represented by AB, on one circle, or ah on the other, AB and ab 
wUl be very near straight lines, and the length of such a line as 
AB will be greater or less according to the radios of the circle ; 
but its ahsdute length cannot be determined until we know the 
absolute rdaHon between the diameter of a circle and its 
circimiference. 
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To measore &e ctrcumfepence <tf « circle, <», to diMovsr exutiy 
hov muiy times, and part of ft time, it is greater thaa its di&meta', 
is a problem of >ome difficulty, and requires patience and care ; 
and it can oclj- be done approximately; for as far aa investlgatitma 
harg extended, tlie cu'cam&rence of a circle i* ma>mmeniw«il« 
with its diameter. 

To ocqmre a very clear and dis- 
tinct idea of the ratio between the 
diameter and circumference of a 
circle, the pupU must commence 
with first Bp|voximBti<HiB, and pro- 
ceed mth great deliberation. 

Conc«ve a drcle described on the 

nuUns CA, and m it deeoribe a tegnlar polygon of six sides 
(problem S6), and each side will be equal to the radius CA; hence 
tiie whole ^mnufer <tf tUa polygon most be six times the radima, 
or three times the diameter. Let CA bisect bd ma. Produce et 
and ed, and through the point A, c^w J)S pandlel to db; DB 
will then be a side of a regular polygon di six »des, described 
about the circle, and we can compute the length of this line, DB, 
as follows : The two triangles, Chd, and CBB, are equiangular,' 
by construction ; therefore, 

G<3.:ib::CA: DB. 

Now, let us assume CA, or cd, or the radius of the urcle, equal 
unity; then dl=^\, and the precediag proportion becomes 
C» \\:\\:DB 

In the lig^t ang^e triangle Cad, we hare, 

Cfa»-t-<wi'==Ca» (tt. 36, b. I) 

That is, . . Ob^+^s], because Cd=\, and ai^\ 

By redaction, . Ca=^J%, which ralne of Ca, put in 

fte proportion, we have, 

_ S 

^,^3 : 1 : : 1 : i)B, or DB'^-- 

But the whol^ jierimeter of the circumscribing polygon is six 

times DB; that is, six times -=, 

J' 
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Tkms we hwr^ tbowiiy fibut when the radiuB of » ^cle is I, the 

perimeter of an inscribed polygon of six sides, is . 6.000000 

And of a sixnilar circumscribed polygon, is • . 6.9282032 

Bnty if we call Uie diameter 1, the perimeter 

of the inscribed polygon of six equal sides 

will be, 3.0000000 

And of the cireumseribed, will be * . . . 3.4641016 

As we would avoid all metaphyseal rerbiage in science, and 
come to the point at once, we lay it down tts nn axiom, that 
when the radius of a circle is 1, and of course the diameter 2, the 
mctiUnfereace is grMUt than 6, and less than 6.9282032 ; and if 
the diameter is 1, &e circamference must be greater than 3, and 
less than 3.4641016 ; and this we may call the first approximation 
to the ratio between the diameter and circumference of a circle. 

Bchdiwm 2. As the area of a circle is numerically equal to the 
radius multiplied by half the circumference (th. 2, b. 6), therefore, 
if we represent the radius by i2, and half the circumference by jt, 
and the area of the circle by a, then we shall have this equation : 

Bti^a 

If we now make i^»l, this equation gives n^a; that is, whxn 
1^ ToMuB of a circle ie lythe half cirat$nference i» mimericaUy equd 
to the area. We will, therefore, seek the area of a circle whose 
radius is unity; and that area, if found, will be numerically the 
hidf circumference, and by inspecting the last figure, we perceive 
that it is perfectly axiomatic (the whole is greater than a part), 
that the area of the sector CbAd, is greater than the triangle 
Cbd, and less than the triangle CBD; and the area of the whole 
circle is greater than one polygon, and less than the other. Find^ 
ing the area of a circle, orjtnding a equare which shall be equal to a 
eirde of given diameter, is known as the celebraUd problem of squaring 
the eirde, 

THEOREM S. 

Given, the area of a regular inscribed pdygctn, and the area of a 
similar circumscribed polygon, tofnd the areas of a regular inscribed 
and cvreufMCrvbed polygdn of douUte the number of sides. 
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Let be the center of the circle ; AB a 
side of the given inscribed polygon ; EF 
parallel to AB, a side of the circumscribed 
polygon. 

If AM be joined, and AR and BQ h^ 
drawn as tangents, at A and B, ^if will be 
a side of an inscribed polygon of double the 
number of sides; and AB=BM (scholium 2, th. 18, b. 3), 
BQ=QM, and AB+BJl£=BQ=: ihe side of the circumscribed 
polygon of double the number of sides. 

The As ABO and BMC, are equal, for AO=<JM. CB is 
common to both triangles, and AB=^BM, tangents from the same 
point, B; therefore, CB bisects the angle ECM. 

Now, as the same construction, and the same reasoning would 
take place at every one of the equal sectors of the circle, it is suf- 
ficient to consider one of them, and whatever is true of that arc, 
would be true of every one, and true for the whole circle, and its 
polygons. 

To avcnd confusion, let p represent the area of the given 
inscribed polygon, and P the area of the similar circumscribed 
polygon. Also let p' represent the area of an inscribed polygon 
of double the number of sides, and P^ the circumscribed polygon 
of double the number of sides. 

As the As ACD and ACM have the common vertex A, they 
are to each other as their bases, CD to CM; they are also to each 
other as the polygons of which they form part. 

Hence, . . p i p' : : CD : CM (1) 

Ka AD and EM are parallel, we have» 

CA .CEw CD\ CM (2) 

But, because of the common vertex, M, the two As, CAM and 
CEM, are to each other as CA to CE, But the As are like parts 
of the polygons p' ; and P we have. 

Therefore, . p' \P\\ CA\CE (3) 

That is, . . p' \P\.CD\ CM (4) (th. 17, b. 2) 

By comparing (1) and (4), we have, 



Pi'.pip', or y=^i>Xi> 
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That is, the area of j>' is a mean proportional between P and|». 
The two As, RMC and ERO, having the same vertex, C7, are 
to each other as their bases, MR to ME. 

But, because CR bisects the angle ECM^ (th. 23, b. 2) 



CE 

CA or CM 

CM 

P 



MR : RE:: CM 
But, . . CM: CE : : CD 
That is, . RMC : ERC : : CD 

Or, . RMC : ERC : : p 

By composition, (th. 8, b. 2), 
2(RMC) : (RMC+ERC) : 
But 2 times RMC is r, and (i^if C7+jrjKC7) is P 
Therefore, . . P' : P : : 2p : p+p' 

2pP 



2p:p+p' 



Or, 



P'^ 



i^+i*' 



Now, jP is known, because ZpP is known ; and J5>4"1>' is also 
known, as p' has been previously determined. Hence, by means 
of P andp, we can determine P' and^'. Q. E, D. 

Schdium. By inspecting the figure in the scholium to theorem 2, 
we perceive, that if we double the number of sides of the inscribed 
polygon, we shall more nearly fill up the circle ; and if we double the 
number of sides of the circumscribed polygons, we shall more nearly 
pare them down to the surface of the circle. 

Hence, by continually increasing the sides of the polygons, as indi- 
cated by the last theorem, we can find two polygons which shall difier 
from each other by the smallest conceivable quantity; but the surface 
of the circle is always between the two polygons ; and thus the sur* 
face of the circle can be determined to any assignable degree of 
exactness. 

By taking the figure in the scholium to theorem 2, b. 6, we perceive 
that the area of an inscribed polygon of six sides, to radius unity 
must be . . Cay^day^Q 

Which is . . W^> because da=^ 

And, . . . Ca^+da^Cd^^\ 

Or, ... Ca=isj3 

Hence, . . . iV^XiX^sf 73==?, which corresponds 

with Pf in the last theorem. 
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The ai«t of tbtft ciMiu&Mribii^r polf^an k meftsared hf 

€A X 1>A X«=6l>A=s8I> J?. 

But . . . Caidbw CA : DB. (Ih. l*r, b. 2.) 

— 2 

That is, . . ^JS : 1 : : i : DB^ m BI>=-= 

S _ 
Therefore, • . 3i>B= /^ — ^ V^* which corresponds with the 

last theorem. 

Having, now, the area of an inscribed and eircumscribed polygon 
of six sides, by applying the last theorem we caa readily determine the 
area of an inscribed and a circumscribed polygon of 12 sides. 

Thus, . . y=V?P»=^/iV3X2^'8=3 

p.^Jg^^^XfV3X2^^_18^^^^__12^ _ 24-12 ,3 
P'+P 3+fV3 3+1^3 2+^/3 '^^ 

Now let p' and P' be the given polygons, and find others of double 
the number of sides, and tiios continue until the ii^scribed and circmn- 
s^bed so nearly coincide, as to determine a very approximate area of 
the circle. 

In this manner we formed the following table : 



Number of ridfls. 


Inscribed polygons. 

0^ 


Ciicomfcribsd polygoaa. 


6 

12 
94 


3= 

* 

6 


: 2.59807621 

3.0000000 

: 3.1058286 
3.1326287 


2^3= 
12 


=3.46410161 


2+V3" 


=9.23 IvvViM 

3.1596602 
3.1460868 


48 


V2+V3 




96 




3.1393554 




3.1427106 


192 




3.1410328 




3.1418712 


384 




3.1414519 




3.1416616 


768 




3.1415568 




3.1416092 


1636 




3.1415829 




3.1415963 


3072 




3.1415895 




3.1415929 


6144 




3.1415912 




3.1415927 



. Thus we have found, that when the radius of a circle is 1, ^e semi- 
circumference must be more than 3.1415912, and less than 3.1415927 ; 
and this is as accurate as can be determined with the small number of 



dadmala hsre nesd. To ba intnv aecarate wa matt have more dacjinai 
plac«a, and go through a very tediaa machaiucd (i[feratioii ; but tbia u 
not necessarf, for the reautt it well known, and ia 3.141592653535897 
plus other decimal placca to the lOOth, without termiDBtion. Thia wu 
discovered through the aid of an infinite eeriea in the differential and 
integral calculus. 

The number 3.U16 is the one generally used in practice, as it ia 
much more convenient than a greater number of decimals, and it ia 
eufSciently accurate for all ordinary purposes. 

In analytical expressions it bas become a genef&l custom witli 
mathematiciana to represent this number b; the Greek letter it, and, 
therefore, when any diameter of a circle is represented by'D, the cir- 
cumference of the same circle must be rcD. If the radius of a circle 
is represented by R, the circumference must be represented by 2ttR- 

As a farther discipline of mind, and for more practical utility, as 
applicable to trigonometry, we give another method of determining Uie 
circumference of a circle, when tine diameter is given. It is evident 
that when we take a email arc, the chord and the are are nearly of the 
•ame length ; but the arc ia greater than the chord, for the chord is a 
etraight line, and the arc is cwved. But if we take the half of any 
email arc, and draw two chords in place of one, Huch chords taken 
together, will be much nearer to, and more nearly equal in length to 
the arc than the one chord of the undivided arc would be. 

Now, if we can divide the circumference into several Ihoasand equal 
parts, and can find the length of a chord corresponding to one of these 
iwrts, the aum of ali these equal chords will be it^nit^ near the cir- 
cumference of the circle ; and the length of such a small chord we can 
find, prooided we can Srtt know the chord of any definite arc, and Irom 
that deduce the chord of any definite portion of that arc ; and tJiis is 
ahown in the following theorem. 

THEOREM 4. 
Given, the chord of any arc, to determine the ehotd of half that arc. 

Let AB represent a given chord. 
Bisect the arc AB in D, and join AB. 
From C, the ceifter of the circle, draw 
CO perpendicular to AD; and from D, 
draw DF perpendicular to AS. 

Frtm AB vx are to determine AD. 
The two Abj CAh and AFD, are equi- 
angular ; for the angle FAD, at Ae circumference, ia measur--^ iy 



as GEOMETRY. 

half the arc BD; and nCA, at the centeri is measured by half of an 
equal arc, AD. The right angle, F= the right angle CnA; therefore. 

As . . DA : AF : t CA i Cfn. 

In the triangle CnA, let C7i==y, nA=:x, and CA=1. 
Then AD=2x; and put AB=C; then AF=iC. 
By this notation the preceding proportion becomes 

^ ,. ^ 

2x : iC : : 1 : y. Hence, y=jz 

But in the right angled triangle CnA, we have 

By taking the value of y^, from the proportion, and reducing, we have 
the quadratic 

By adding 4 to both members (se'e Alg. Art. 99), and extracting 
square root, we have 



Therefore, .... %cs=j2 — j^ ^72 

As So; is the value of AD, the expression (2 — J 4 — C')' is the 
value of the chord of the half of any arc, when C represents the 
value of the chord of the whole arc. We must take the minus sign to 
the part represented by J 4 — C^, as the plus sign would give increas- 
ing, and not decreasing values. 

If we represent the chord of a given arc by C, and the chord of half 

that arc by C^, and the chord of half that arc by C^, and the chord of 

half that arc again by C3, d&c., &c.,we shall have the following series 

of equations : 

C= the first chord 

(3— >Ai=^?)*=c, 

(2— V4=^J)4=^8 
d&c.=d&c. 

To apply these equations, we observe that in any circle the chord of 
60^ is equal to the radius (cor. to prob. 26), and if the radius is assumed 
as unity, we have, 

C = chord of 60° =1.000000000 aid. 

ins. pol. of 6 sides. 

(2— 74IIC* )*= ^1 = c^ord of 30° = .6176880902 sid. 

ins. pol. of 12 sides. 



(2— ,^/*— Cf)*=C.= chordi)f 16° = .3610533842 eid. 

ins. pol. of 24 sides. 

{a— V4^C;)*=0,= ch(wdof 1° SO' = .1308062683 Sid. 

ins. pol. of 48 Bides. 

(3_^4-_Cj)*=:C^= chord of 3° 46' . = .0664381666 Bid. 

ina. pol. of 96 sides. 

(3 — J4— Cj)''=C,= cliordof 1" 63' 30" = .0327234633 lid. 

ins. pot. of 193 sides. 

(3—J4—CI )*=C',= chord of 66' 16" s= .0163622792- aid. 

ins. pol. of 384 sidea. 

(a— ^"4— Oj)*=:C,= chordof 38' 7" 22'"= .0081813080 aid. 
ina. pol. of 768 sides. 

(a_^4— Cj )*=Cj= chord of 14' 3" 46i"'= .0040906113 aid. 
ins. pol. of 1636 sidea. 

(a— ^4 — C\ )is=C,™ chord of 7' &c. = .0020463068 aid. 

ins. pol. of 3073 sides. 

Hence, .0020463068X3073=6.3831814896, ia the perimeter of an 
inscribed polygon of 3073 sides when the radius ia 1, or diameter 2. 
When the diameter ia 1, the perimeter is 3.1416607498, which is a 
a little, and but a little, lesa than the circumference, as determined by 
more extended computationa. 

Although not neceaaary for practical application, tin fallowing 
beautiful theorem for the analytical tri-section of an arc will not be 
unacceptable. 



THEOREM 5. 

Given, the chord of any arc, to determine the chord 0/ or. 

Let AE be the given chord, and conceive iu 
arc divided into three equal parts, as represented 
by AS, BD, and DE. 

Through the center draw BCG, and join AB. 
The two As. CAB and ABF, are equiangular; 
for die angle FAB, being at the circumference, 
is measured by half the arc BE, which is equal 
to AS, and the angle BCA, at the center.'iB 
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measured by the arc AB; therefore, the angle FAB=BCA^ but the 
angle CBA or FBA^ is common to both triangles; therefore, the third 
angle, CAB, of the one triangle, is equal to the third angle, AFB, 
of the other (th. 11, b. 1, cor. 3), and the two triangles are equiangular 
and similar. 

But the A CBA is isosceles; therefore, the A AFB is also 
isosceles^ and AB=AF, and we have the followiBg* firoportioiis : 

CA:AB::AB:BP 

Now let A£=^ AB^^^ CA^l. Then AF&ko;, and £jr±=e— di, 

and the proportion becomes, 

1 : a? : : a? : BF. Hence i?F=a?5 

Also, . . . .FC?=3— «» 

As AE and GB are two chords that intersect each other at the 

point F, we have, 

GFxFBz=AFxFE (th. 17, b. 3) 

That is, . . (2-nr2)jpa--jp(c— a:) 

Or, .... a:' — 3ar=— c 

« 

If we suppose the arc AF to be 60 degrees, thenc=l, and the 
equation becomes x^ — 3 a ? iuj I ; a cubic equation, easily resolved by 
Homer's method ( Robinson's Algebra, Umyersity Edition, Art^ 193), 
giving a;=. 3472964-) the chord of 20^. This again may be taken for 
the value of c, and a second solution will give the chord of 6^ 40', and 
so on, trisecting as many times as we please. 

If the pupil has carefully studied the foregoing principles, he has 
the foundation of all geometrical knowledge; but to acquire indepen- 
dence and confidence, it is necessary to receive such discipliae of 
mind as the following exercises furnish. 

Some of the examples are mere problems, some are theorerafiy and 
some a combination of both. Care l^fui been taken in their selection, 
that they should be appropriate ; not very severe, not such as to try 
the powers of a professed geometrician, nor such as would b9 too 
trifling to engage serious attention. 

EXERCISES IN GEOMETRICAL INVESTIGATION. 

1. From two given points, to draw two equal straight lines, which 
riiall meiet in the same point, in a line given in position. 

2. From two given points on the same side of a line, given in 
position to draw two linea which shall »eet in that line, and make 
equal angles with it. 

3; Tf f]t«r epoifit withoat* circle, two sttaight lines be djrtom to 
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the eoBcave part jnf the circomfereaMf makiag eqtt«l vogl^ wifk the 
line joiniDg die Base point and tbe center* the parte of tiiese jUiiea 
which are intercepted within the circle, are «quaL 

4. If ^ cirde be described on the jnadini <i^ another circle, any 
straight line drawn froas the point where they meet, to the outer cir« 
cinnferenee, is Maected hy the inaedor one, 

5. From two given points on the same side of a line given in posi* 
tion, to draw two straight lines which shall contain a given angle, and 
be terminated in that Hne. 

6. If; from any point witiioat a dbrcle, lines be drawn touching it, 
the angle contained by the tangents is double the angle contained by 
the line joining the points of contact, and the diameter drawn through 
one of tiiem« 

7. U, from any two points in the circumlereoee of a circle, there be 
cbrawn two^trai^ lines to a pc^nt, in a tangent, to that circle, t^y 
will make the greatest angle when drawn to the point of contact. 

8. From a given point within a given circle, to draw a straight line 
which tAttSL make, with the circumference, an angle, less than any 
angle made by any other line drawn from that point. 

9. If two circles cut each other, the greatest line that can be drawn 
through the point of intersection, is that which is parallel to the line 
joining their centers. 

10. If, from any point within an equilateral triangle, perpendiculars 
be drawn to the sides, they are, together, equal to a perpendicular 
drawn from any of the angles to the opposite side. 

11. If the points of bisection of the sides of a given triangle be 
joined, the triangle, so fonned, will be one-fourth of the given triangle. 

12. The difference of the angles at the base of any triangle, is double 
the angle contained by a line drawn from the vertex perpendicular to 
the base, and another bisecting the angle at the vertex. 

13. If, from the three angles of a triangle, lines be drawn to the 
points of' bisection of the opposite sides, these lines intersect each 
other in the same point. 

14. The three stnught lines which bisect the three angles of a tri- 
angle, meet in the same point. 

15. The two triangles, formed by drawing straight lines from any 
point within a parallelogram to the extremities of two opposite sides, 
are, together, half the parallelogram. 

16. The figure formed by joining the points of bisection of the sides 
of a trapezium, is a parallelogram. 

17. If squares be described on three sides of a right angled triangle. 
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and the extremities of the adjacent sides be joined, the triangles so 
formed, are equal to the given triangle, and to each other. 

18. If squares be described on the hypotenuse and sides of a right 
angled triangle, and the extremities of the sides of the former, and the 
adjacent sides of the others, be joined, the sum of the squares of the 
lines joining them, will be equal to five times the square of the 
liypotenuse. 

19. The vertical angle of an oblique-angled triangle, inscribed in a 
circle, is greater or less than a right angle, by the angle contained 
between the base, and the diameter drawn from the extremity of 
the base. 

20. If the base of any triangle be bisected by the diameter of its 
circumscribing circle, and, from the extremity of that diameter, a per- 
pendicular be let fall upon the longer side, it will divide that side into 
segments, one of which will be equal to half the sum, and the other 
to half the difierence of the sides. 

21. A straight line drawn from the vertex of an equilateral triangle, 
inscribed in a circle, to any point in the opposite circumference, is 
equal to the two lines together, which are drawn from the extremities 
of the base to the same point. 

22. The straight line bisecting any angle of a triangle inscribed in 
a given circle, cuts the circumference in a point, which is equidistant 
from the extremities of the sides opposite to the bisected angle, and 
from the center of a circle inscribed in the triangle. 

23. If, from the center of a circle, a line be drawn to any point in 
the chord of an arc, the square of that line, together with the rectangle 
contained by the segments of the chord, will be equal to the square 
described on the radius. 

24. If two points be taken in the diameter of a circle, equidistant 
from the center, the sum of the squares of the two lines drawn from 
these points to any point in the circumference, will be always the same. 

25. If, on the diameter of a semicircle, two equal circles be described, 
and in the space included by the three circumferences, a circle be in- 
scribed, its diameter will be half the diameter of either of the equal 
circles. 

26. If a perpendicular be drawn from the vertical angle of any 
triangle to the base, the difierence of the squares of the sides is equal 
to the difierence of the squares of the segments of the base. 

27. The square described on the side of an equilateral triangle, is 
equal to three times the square of the radius of the circumscribing 
circle. 
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28. The sum of the sides of an isosceles triangle, is less than the 
sum of any other triangle on the same base and between the same 
parallels. - 

29. In any triangle, given one angle, a side adjacent to the given 
angle, and the difference of the other two sides, to construct the 
triangle. 

30. In any triangle, given the base, the sum of the other two sides, 
and the angle opposite the base, to construct the triangle. 

31. In any triangle, given the base, the angle opposite to the base, 
and the difference of the other two sides, to construct the triangle. 

PROBLEMS REQUIRING THE AID OF ALGEBRA 

FOR THEIR SOLUTION. 

No definite rules can be given for the solution or construction of 
the following problems; and the pupil can have no other resources 
tiian hie own natural tact, and the application of his analytical and 
geometrical knowledge thus far obtained ; and if that knowledge is 
sound and practical, the pupil will have but little difficulty; but if his 
geometrical acquirements are superficial and fragmentary, the difficul- 
ties may be insurmountable : hence, the ease or the difficulty which 
we experience in resolving such problems, is the test of an efficient or 
inefficient knowledge of theoretical geometry. 

When a problem is proposed requiring the aid of Algebra, draw the 
figure representing the several parts, both known and unknown. Rep- 
resent the known parts by the first letters of the alphabet, and the 
unknown iCUd required parts by the final letters, Slc; and use whatever 
truths or conditions are available to obtain a sufficient number of 
equations, and the solution of such equations will give the unknown 
and required parts the same as in common Algebra. 

But as we are unable to teach by more general precept, we give the 
solutions of a few examples, as a guide to the student. 

The first two are specimens of the most simple and easy; the last 
two or three are specimens of the most difficult and complex, or such 
as might not be readily resolved, in case solutions were not given. 

It might be proper to observe that different persons might draw 
different figures to the more complex problems, and make different 
equations and give different solutions ; but the best solutions are 
always the most simple. 

PROBLEM 1. 

.. Given, the hypotenuse^ and the sum of the other two tides of a right 
angkd tricmglei to determine the triangle. 
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Let AJ!C be tb« A- PaitCSm*,AIh=x,A<^^. 
■ud CA-{^BesM. Tben, 1:17 t given condition we 

■ ■ x-^y=t 
And. . «'-fj('=A* (th. 36, b. 1) 

From these two equalions & Bohition is easily ob- 
tuned, giving. 

If i=6,and»=7,a3=4or»,andy=3or4. •« i o 

N. B. In place of putting' to represent one side, and y tfae other, 

we might put (se+y) to represent the greater side, and (i — y) the leseer 
h" 

aide; then, . . x'-\-g'=-^> and 2x=i=«, Iul 

PROBLEM 2. 
Given, Oe bate axd perjimdiaUar of a truatgk, to fimd tin ride (^ it* 
iiucribed square. 

Let ABC he the A- AB^b, the 
base, CDs=p, die perpendicular. 

Draw £F^>aralleI to AB, and suppoM 
it equal to EG, a aide of the reijuired 
square; and put EF=3. 
Then, bjr proportional Ae wo have, 
CI : EF :: 6D : AB 
That ia, p—a : x : : f : b 

bp 
Hence, . ?p— &r=jw; or, x=^::^ 

Th<U is, the lide 0/ the inscribed square it equal to the product of the box 
and cdtilxak, divided tnj their mm. 

PROBLEM 3- 

la a triangk, having given the tides about the verlical angie, and the 
line bisecting thai angle afid terminating in the bate, tofini the bate. 

Let ABC be the A, and let a circle be cii^ 
cumscribed about it. Divide the arc AEB into 
two equal parts at the point E, and join EC. 
This line bisects the vertical angle (th. 9, b. 3, 
acholium). Join BE. 

Put AD=x, DB=y, A C=:a, CS=b, Ci)-=c, 
and DE=iD. The two A*. ADC and EBC, 
■re equiangular; from which we have, 

w+c : A : : a : e; or, c»-l-e'=i* (}} 
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But, ■■ EC and AB tre two diordi that Intenect «adi otber jm a 
circle, we have, .... cbi ^— jq r (Qi. 17, h. 8) 

TheKfore, .... ay-|-c'=^ (2) 

But, aa CD bisects tiie vertical angle, we hare, 
a:b::x:y <th. 23, b. 9) 

Or. . . . x=f (3) ^ ■ 






And, 

Now, ai X aed y «m detendned, the baM is detemioed. 

N. B. Observe that eiivation (2) is tbeorem 20. book 3. 



PROBLEU 4. 

7b ietermiiu a triangU, from the box, Ike line biieetinff Ihe fxrUeat 
ttngk, mid lAe diameter of the eireanucrSnng drde. 

Describe the cirde on the given diumeter, 
AB, and divide it io two parts, in the point D, 
so that ADy.DB shall be equal to the square 
of. one half die given base. 

Through D draw EDG at right anglea to 
AB, and EQ will be the given base of the 

Put . ADr=3i, DBx=m, AB=d, DG=b. 

Then, ii+m=d, and nmsi' ; and these two equations will deter- 
mine n and m; and therefore, n and m we shall consider as known. 

Now, suppose EHG to be the required A, and join HIB and HA. 
The two As, AHB, DBI, are equiangular, and therefore, we have, 
AB : HB : : IB : DB. 

But HI is a given line, that we will represent by c; and if we put 
IB^io, we shall have //B=e-f-w; then the above jwoportion becomes, 
d : c+w ; ; « : m 

Now, w can be determined by a quadratic equation; and therefore, 
IB is a known line. 

In the right angled A DSI, the hypoteouse IB, and base DB, are 
known; therefore, DI is known (th. 3S, b. 1); and if DI is known, 
EI and IG are known. 
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. Lastly, let EH=X9 HChssy, and put EIs=p, and IChsq. 
Then, by theorem 20, book 3, pq'\'C*zssxi/ . (1) 
But, X : y : :p : q (th. 25, b. 2) 

Or, «=^ (2) 

And, from equations (1) and (2) we can determine x and y, the aides 
of the A; &nd thus the determination has been attained, carefully and 
easily, step by step. 

PROBLEM 5. 

Three eqad circles touch each other extemaUy, and thus itichte one acre 
of ground; what is the diameter in rods of each of these circles ? 

Draw three equal circles to touch each other 
externally, and join the three centers, thus 
forming a triangle. The lines joining the 
centers will pass through the points of con- 
tact (th. 7, b. 3). 

Let R represent the radius of these equal 
circles ; then it is obvious that each side of this 
A is equal to 212. The triangle is therefore 
equilateral, and it incloses the given area, and three equal sectors. 

As each sector is a third of two right angles, the three sectors are, 
together, equal to a semicircle; but the area of a semicircle, whose 

radius is R, is expressed by —^ (th. 3, b. 6, and th. 1, b. 6); and the 

ftR^ 

area of the whole triangle must be -sr+l^O; but the area of the 

A is also equal to R multiplied by the perpendicular altitude, which 
inRjY, 

Therefore, . liV3-"T"+^^ 

Or, . li«(2V3— ^)=320 

320 3.20 
Rt=^—= =: =992.248 

2^/3—3.1415926 0.3225 
Hence,. i2=3 1.48-4- rods for the result. 



PROBLEM 6. 

In a right angled triangle, having given the base and fiie sum of the 
perpendicular and hypotenuse, to find these two sides. 
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PROBLEM 7. 

CHvefif the hose and aUHHide of a triangle, to divide U info three equal 
parts, h/ lines pardOd to ike base, 

PROBLEM 8. 

Jn any equHateral A> ffiven the length of (he three perpendiculars drawn 
from any point within, to the three sides, to determine the sides, 

PROBLEM 9. 

In a right angled triangle, having given the base "(3), and the difference 
between the hypotenuse and perpendicular (I), to find both these two sides. 

PROBLEM 10. 

In a right angled triangle, having given the hypotenuse (5), and the dif- 
ference between the base and perpendicular (1), to determine both these two 
sides, 

PROBLEM 11. 

Having given, the area or measure of the space of a rectangle inscribed 
in a given triangle, to determine the sides of the rectangle, 

PROBLEM 12. 

In a triangle, having given the ratio of the two sides, together with both 
the segments of the base, made by a perpendicular from the vertical angle, to 
determine the sides of the triangle. 

PROBLEM 18. 

In a triangle, having given the base, the sum of the oilier two sides, and 
the length of a line drawn from the vertical angle to the middle of the base, 
to find the sides of the triemgle. 

PROBLEM 14. 

To determine a right angled triangle; having given the lengths of two 
lines drawn from the acute angles to the middle of the opposite sides, 

PROBLEM 15. 

Tb determine a right angled triangle; having given the perimeter, and the 
radius of its inscribed circle. 

PROBLEM 16. 

To determine a triangle; having given the base, tie perpendicular, and 
the ratio of the two sides. 

PROBLEM 17. 

To determine a right angled triangle; having given the hypotenuse, and 
the side of the inscribed square. 



r 
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PROBLEM 18. 

n ddemme ike radii of three equtd eirdm, tnter&di m u gkm circle^ 
to Umch each other, and also the cirGumfermee €f the gimn eMe. 

PROBLEM It. 

In aright angled triangle, having given ^ ferimeter^ or sum €f aU (hfi 
sides, and th^ perpendicular let fall from Mc right angle on the hypotenuse, 
to determine the triangle; that is^ its ndes. 

PROBLEM 18. 

7b determine a right angled triangle; hamng given the hgpotetmse and 
the difference of two lines, iraumjrom th^ ^ movte angles to the center of 
the inscribed circle, 

PROBLEM Jl. 

To determine a triangle; having given the base, the perpendicular, and 
the differemx of the two other Mes. 

PROBLEM Jt. 

7b determine a triangle; having given the base, the perpendicular, and 
the rectangle, or product of the two sides. 

PROBLEM 2S. 

7b determine a triangle; having given the lengths of three lines drawn 
from the three angles to the middle of the opposite sides. 

PROBLEM J4. 

In a triangle, having given all Vie three sides, to find the radius of the 
inscribed circle, 

PROBLEM 26. 

7b determine a right angled triangU; having given the side of the in- 
Kribed square, and the radius of the inscribed eirde. 

PROBLEM 86. 

To determine a triangle, and the radius of the inscribed cirde; having 

given the lengths of three Unes drawn from the three an^ to the omter of 
that circle, 

PROBLEM J7. 

7b ddermine a right angled triangle; having given ihe hfUpfOenvfie, and 
the radius of the inscribed circle. 
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dS IBK INXBRSEOTION OF. PL^AKKS. 

DEFINITIONS. 

I'hb HtH definilioii of book 1, defines a plane. It is a superfices, 
it has length and breadth, but no thickness. 

The surface of still water, the side of a sheet of paper, maj 
give a person some idea of a plane. 

A cunred surface ii^ not a plane ; al&oi^^h we sonietiines say, 
" the plane of the earth's surface." 

1. If anp two poinU^ he taken m a pkate, and^ a straijsfhi Hne join 
the poifUSy emy point in thai line is in the pUme* 

2. If any point in sueh a Hne shotdd be either aboTe or below 
the sur£ace, such a si^feoe would not be a plane. 

3. A straight line is perpendicular to a plane, when it malces 
fight angks with every sfeifaight line irhieh it meets in that; plane* 

4« Two planes are perpendicular to each other when any straight 
line drawn in one of the planes, perpendicular t<> their common 
section, is perpendicular to the other plane. 

5. If two planes cut each other, and from any point in the line of 
their common section, two straight lines be drawn, at right angles 
to that Sne, one in the one plane, atu! the other iii the other plane, 
thei angle contained by these two lines iis the angle made by the 
planes. 

6. A straight line is parallel to a plane when it does not meet the 
plane, though produced erer so Ikr. 

7. Planes are parallel to each other wheft they do not meet, 

fiiough produced ever so far: 

8. A solid angle is <me which is formed by the meeting, in ome 

foxsktf of moro than two plane angles, which are not in the saase 
planr with each otlttfr. 
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THEOREM 1. 
If any three Hrcaght lines meet <me another, they are in one plane. 

For conceive a plane passing through ^C7 
to revolve about that line till it pass through 
the point E, Then because the points S 
and G are in that plane, the line EO is in 
it ; and for the same reason, the line EB 
is in it ; and BO is in it, by hypothesis. 
Hence the lines AB, CD, and ^C7 are all in 
one plane. 

Cor, Any two straight lines which meet each other, are in one 
plane ; and any three points whatever, are in one plane! 

THEOREM J. 

.If itoo planes cut one another, the line of their common section is 
a straight line. 

For let B and i>, any two pomts in the line 
of their common section, be joined by the 
straight Hne BD ; then because the points 
B and D are both in the plane AE, the whole 
line BD is in that plane ; and for the same 
reason BD is in the plane CF. The straight line BD is therefore 
common to both planes ; and it is therefore the line of their 
common section. 

PROPOSITION 8. THEOREM. 

Jf a straight line stand at right angles to each of two other straight 
lines at their point of intersection, it wiU he at right wngles to the plana 
of those lines. 

Let AB stand at right angles to EF and 
CD, at their point of intersection A. Tlien, 
AB will he' at rigid angles to any other line drawn 
through A in the plane, passing through EF, 
CD, and, of course, at right angles to the plane 
itself. (Def. 3.) 

Through A, draw any line, A &, in the plane 
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SF CD, and from any ptnnt &, draw QB parallel to AJ>. Take 
EF=A3, and join /*& and pTi>duc« it to D. Because SQ ia 
parallel to AD, we have 

FR:EA::FQ: GD 

But, ia tliia proportion, tlie first couplet is a ratio of equality ; 
therefore the last couplet is alao a ratio of equality, 

That is, FG= GD. or the line FD ia bisected in 0. 

Join BD, BG, and BF. 

Kow. in tlie triangle AFD, as the base FD is bisected in G, 
we have, . AF'-\-AD^=iA6'-\-iOF-' (I) (th. 39b.l.) 

Also, as DFis the base of the A BDF, we have by the same 
theorem, . BF'+BD^=%Ba*+iQF^ (2) 

By subtracting (1) from (2) and oheerving that BF^ — AF'' 
=AB', because BAF 'isa, right angle ; and BD'—AD'=AB', 
because BAD is a right angle, and we shall then haTe, 
AB'+AB'=iB0'—iAG* 

Diriding by i, and transposing AG\ and we have, 
AB'+AG'=BG' 
. This last equation shows that BAG is a right angle. But AG 
is any line drawn through A, in the plane JBF, CD, therefore AD 
is at right angles to any line m the plane, and, of coarse, at right 
angles to the plane itself. Q. E. D. 

PROPOSITION I. PROBLEM AND THEOREM. 

To draw a strtoffhl Ime perpendicular to a plane, fiom a given point 
aboue it. 

Let My be the plane, and A the point 
above it. Take, DO, any line on the 
plane, and draw AC at right angles to it. 

From the point C, draw CB on the 
plane, at right angles to the line DC. 

Lastly, from A, draw AB at right an- 
gles to the line £C, and join BD. ABC 

M a right angle hy construction, and now if we eon prove thai ABD 
w alto a right angle, then AB is at right anglet to the plane, iy tt# 
iiat prcpotition. 
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Becauae ABC is a right aj^e, 'vre have, 

AE^-\^BO^^AC^ 

To both members of this equation, add DC^ and we havie^, 

A&+{BC^'\'DO^)=zAC^-\-DC^ 

Because BCD is a right angle, BC^-^-DC^^BD^f and because 
4 CD is a right angle, AC^+DC^=zAJ)\ and taking these latter 
values in the last equation^ we have, 

AB^+BJ)^zziAl>^ ; which shows that ABD 
is a right angle, and proves our proposition. ^ E, D. 

PROPOSITION 5. THEOREM. 

TvDo straight lines, kmnnff the same mdinatwn to a plane, f»ketker 
perpendicular or Mique, areparaUel to one another. 

This proposition is axiomatic from our definition of parallel lines ; 
for a stationary plane can have but one position, and the same in- 
clination from any fixed position, must, of course, give parallel 
Mnes ; but, for the sake of perspicuity, we will give the following 
86 a demcmstration. 

Let MN" be a plane, and AB and CD lines 
having the same inclination to it. 

Then AB and CD are parallel. 

If the lines do not meet the plane, produce 
them until they do meet it in B and 2). 
Join the points B and D, by the line BD, and produce it to JB. 

The angle CI>Es=ABD, otherwise the two lines would not have 
the same inclinatien to th^ plane. But when one line, as BJS, cuts 
two others, as AB CD, making the exterior angle, Ci>^, equal to 
the interior and opposite angle on the same side, ABM, ^e& the 
two lines, ^^ and CD, are paralleL (Converse of th. 6, b. 1). 

Q. JE. D. 

k 
PROPOSITION 6. THEOREM. 

J^ tttfo straight lines he drawn in any posiiion through paraUd 
planes, they vnU be cut proportionally by. the planes. 
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Conesrra dirae pimata ta be pErallel, m 
represented in the figure, and take ajij points, 
A and £, in Ihe first and third planes, and 
join A5,.«hicli pastes Arou^ the aeoond 
plane at £!. 

Also, take any other two points, as Cand 
D, in tbe first and third planes, and jwi 
CJ>, the Ime paning through the second 
pdme dX, F. 

Join the two fines by the diagonal AD, which passes tlirougli 
tie second pl«ie »t ff. Join SD, E9, QF, and AC. We art 
nafatoAmetluit, AE : SB : : CF \ FD 

For the aalce of pwafucuity, put A Q^X, «a.i GD^ Y. 

As the planes are puallel, BD is pEwallel EOi then, in the two 
triangles A£I> and. ASG. we have, {th. 17 b. 8). 
AE:EB::X:T 

Also, as the leases sre puallel, QF'a parallel to AG, and we 
hare, . . GF: FD : iJC : Y 

By comparing the proporlionB, and apjdying theorem e, book 2, 
we have, . . AE : EB : : CF: F2>. Q. E. D. 



PROPOSITION 7. THEOREM. 

J^ a ttraifiil Ime be perpendiadar to « jiImk, att platata patMit^ 
Arcuffh that Zme ■mil 6e perpendicular to the Jir^TMtUkmed plane. 

Let JtfJVbo a plane, naA AS pei^ten- 
dionlar to it. Let EG be say o<Jier 
plane, passing tbrongh AB ; this plane 
w31 be pei^iendicnlar to JCVi 

1>t BD be the common intersection 
<^ the two pleneB, and frcm the point B, 
draw BE at right angles to BB. 

Tlien, as AB ia perpendicular to the plane MN, it la perpendic- 
ular to every line in that plane, pas^ng through B (d^. 1, b. 6); 
therefore, ABE is a right bngle. Bat the angle ABE (def. 6, 
b. 6), meaaures the inclination of the two jdanes ; therefore, the 
plane CB is perpendicular to the plane MN, and thus we can show 



10 
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that any other plane, passing through AB^ will be perpendicular 
to MN; therefore, &c. Q. JS. D. 

PROPOSITION 8. THEOREM. 

Ffcm the samepoini in a plane, hU one perpendicuUar can he erected 
from the plane. 

Let MN" be a plane, and B a point in it, 
and, if possible, let two perpendiculars, BA 
and BC,he erected. 

Let BD be drawn on the plane MNl coin- 
ciding in direction with the plane passing 
through these two perpendiculars. 

Now, as a perpendicular to a plane is at right angles to every 
line that can be drawn on the plane, through the foot of the per- 
pendicular, therefore, ABJD is a right angle, also CBJ) is a right 
angle. 

Hence, ABD=s CBD; the greater equal to the less, which is 
absurd ; therefore, BG must coincide with BA, and be one and 
the same line ; therefore, from the same point, <&c. Q. E. 2>. 

PROPOSITION ». THEOREM. 

J^ two planes are perpendicular to a third plane, the common inter- 
eectUm of the two planes wUl be perpendicular to the third plane. 

'•■ . Let CB and BD be two planes, both per- 
pendicular to the third plane, MN, and let B 
be the common point to all three of the planes. ' 
From B, draw BA at right angles to FB ; 
BA will be in the plane BD^ From B, draw also a perpendicular 
to GB, this will be BA ; or, there may be two perpendiculars 
erected from the same point, which is impossible ; therefore, BA 
is a common section to the two planes J? (7 and CD, and it is at 
right angles to the two lines jSj^and BQ, on the plane MN'. AB 
is therefore perpendicular to that plane. (Prop. 3, b. 6). Q. E, D, 

PROPOSITION 10. THEOREM. 

jy a solid angle he formed by ^ree plane angles, the sum of any 
two if them is greater than the third. 
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Let Oie three angles, SAJ>, BAC, BAO, 
iana the aolid angle A. The sum of any two 
of these is greater than the third. When 
these angles are all equal, it is evident that the 
sum of any two is greater than the third, and the propoaitjon 
needs demonstration cmly vhen one of them, as BAV, is greater 
than either of the others ; we are then to prove that it is less than 
their sum. 

On the line AB, take any pcont, B, and draw any line, as BDt, 
From the same point, B, mtdie the angle ABC=ABD, and join 
DC. From the point A, and on the plane BAG, draw the angle 
BAB=BAJ>. Now the two plane triangles BAD and BAE, 
have a common ude, AB, and the angles adjacent equal (th. 14, 
b. 1); therefore, the two As are, in all respects, equal; and 
AD=AE, and BD=BC. 

In the triangle ^i>C, BC<iBD-\-DC 

But, . ■ . . BE=BD 

By subtraction, . . EG<ipC 

In the two triangles, DAG and EAG, DA=AE, and -4C ia 
common, but EC la less than CD; therefore, the angle DA C, tfp- 
posite DG, is greater than the angle EAC, opposite EC. (Con- 
verse of ea.A, b. 1). 

That is, . DACyEAG 

But, . . . DAB=BAE 

ByaddidM, DAG-\-DAE:::^BAC. (Ax. 2). Q. E. D. 



PROPOSITION 11. THEOREM. 

The ttim of fxny plane (oigUe fomwag any tolid angle, it 
leti than/our right angles. 

Let the planes which form the solid angle 
at A, be cut by another plane, which we may . 
call the plane of the base, BGDE. Take 
any point, a, m this plane, and join «£, aC, 
aD, aE, &c., thus making as many triangles 
on the plane of the base, as there are trian- 
^lar planes forming the solid angle A. But 
as the sum of the angles of every A i' two 
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riglit angles, tbe sun of all the ang^ of the As wfaich have tiLeii 
Tertez in ^, is equal to the sum of all a&glei of lite As which 
have their Teiiez in a. But the angles BOA-^-ACD, are, to- 
gether, greater than tlw uiglea BCa^aCD, or SCD, by the last 
proposition. That \b, the sum <£ all the angtes at the baiea of 
the As which have thdr veitcK in vd, is greater than the smn of 
All Hix ui^es at t^ bases of the As vhicdi have th^ vertex in a. 
Therefore, the sum of all the angles at a, is greater than tlie sum 
»f all the angles at A, bat the snin of all the angles at a, Is cqnal 
to four i%ht angles ; tberelbre. the Bum of all the angles at A, ia 
leas than foor nght anghs. Q. E. B. 



PEOPOSITION IJ. THEOHEM. 

If tux solid anglet are formed hf Ihret pltme cmglet respet^vdy 
tqual io each other, the planes which contain the eqwU caighs will he 
equally indiTted to each other. 

Let the angle ASC^^BTF, 
the angle ASB=DTS. and the 
and the angle BSG^STF/ 
dien will the inclination of the 
planes, ASC, ASB, be equal 
to that of the planes J)Tf, 
DTE. 

Having taken SB at pleasure, draw B perpendicular to the 
plane ASC; from the point 0, at which that perpendicular meets 
the plane, dra« OA, 00, peipendicular to SA, SC; join AB, 
BO; next take TE==SB; draw EP perpendicular to the plane 
i^fif; from the point P, draw PI>, PF, perpendicular to TJ), 
TF; lastly, jran BE, EP. 

The trifw^ SAB, is right angled at A, and the triangle THE. 
at 2>; and since the angle A8B=J)TE, we have SBAt=T£J). 
Idkewise, SB=.TB; therefore, the triangle SAB is equal to the 
IriBJ^le TBE; hence, SA^TD, and AB=J>E. Io like manne*- 
it maybe ahown that, SC=TF, and BO=EF. That granted, 
the quadrilateral SAOC, is equal to the quadrilateral TDPF; 
&rc place the angle ASC, upon its equal DTF"; because SA=TD, 
and St;=TF, the point A will fell on Z), and the point C on F; 
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and, at the same time, A 0, which is perpendicular to SA, will 
fkll on PJ), which is perpendicular to TD, and, in like manner, 
00 on PF; wherefore, the point will fall on the point P, and 
^ will be equal to DP, But the trian^es A OB, DPH, are 
light angled at and P; the hypotenuse ABsr^DH, and the 
side A 0=DP; hence, those triangles are equal ; hence, the an- 
gle OAB=^PDE. Tke angle QAB is the intimation of the two 
planes ASB, ASC; the angle PDJSJ, is that of the two planes 
DTE, J>TF; consequently, those two inclinations are equal to 
each other. Hence, Jff^ two solid angles are formed, ike, 

SAdmm. The angles whbh form the solid uigles at S and T, 
may be of such relative magnitudes, that the perpendiculars, B 
and wSjP, may not lall within the bases, ASO and DTF; bat they 
will always either &11 on the bases or on the planes of the bases 
{produced, end O will have the saime relative situation to A, S, and 
€^, as P has to A T, and F. But, la caie that O and P lafi 
0& &e plaaes of Ibe bases produced, the angles BOO and EFP, 
would be obtuse angles ; but the demonstration of the problem 
woidd not be TariM in &e leaift. 
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SOLID GEOMETRY. 

Thb object of Solid Geometry is to estimate and compare the 
surfaces and magnitudes of solid bodies ; and', like Plane Geometry, 
it must rest on definitions and axioms. 

-To the definitions already given, vre add the following, as being 
exclusively applicable to Solid Geometry. 

Surfaces are measured by sqteare uniis; so solids are measured 
by cube uniis, 

1 . A Cube is a solid, bounded by six equal square sur- 
faces, forming eight equal solid angles. 

All other solids are referred to a unit of this figure 
for measurement. 

2. A Prism is a solid, whose ends are parallel^ equal, and form 
equiangular plane figures; and its sides, connecting these ends, 
are parallelograms. 

3. A prism takes particular names according to the figure of its 
base or ends, whether triangular, square, rectangular, pentagonal, 
hexagonal, &;c. 

4. A right or upright prism, is that which has the planes of 
the sides perpendicular to the planes of the ends or base. 

6. A Parallelopipedon is a prism bounded by six 
parallelograms, erery opposite two of which are equal, 
alike, and parallel. 

6. A rectangular parallelopipedon, is that whose bounding 
planes are all rectangles, which are perpendicular to each other. 

A rectangular parallelopipedon becomes a cube when all its planes 
are equal. 

7. A Cylinder is a round prism, having circles for its 
ends ; and is conceived to be formed by the rotation of 
a right line about the circumferences of two equal and 
parallel circles, always parallel to the axis. 

$. The axis of a cylmder, is the right line joining the 
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centers of the two parallel circles, about which the figure is 
described. 

9. X PTramid is a solid, vhose base is any rig^ lined 
plane figure, and its sides triangles, having all their ver- 
tices meeting together in a point above the base, called 
the Tertex of the pyramid. 

10. A pyramid, like the prism, takes particular names 
from the figure of the base. 

11. A Cone is a convex pyramid, having a circular 
base, and is concdved to be generated by the rotation of 
a right Ime about the circumference of a circle, one end 
of which is fixed at a point above the plane of that 
circle. 

12. The axis of a cone is the right line joining the vertex, or 
fixed point, and the center of the circle about which the figure is 
described. 

13. Similar cones and cylinders, are such as have their altitudes 
and the diameters of their bases proportional. 

14. A Sphere is a solid, having but one surface, which is in 
every part equally convex ; and every point on such a surface is 
equally distant from acertain point within, called the center. 

15. A sphere may be conceived as having been generated by the 
revolution of a semicircle about its aiis. 

The diameter of such a semicircle is the diameter of the sphere; 
and the center of the semicircle is the center of the sphere. 

16. The altitude of any solid is the perpendicular distance be- 
tween the parallel planes, one of which is the base of the solid, 
and the other is a plane, parallel with the plane of the base, pass- 
ing through the vertex of the solid. 

17. The area of the sur&ce is measured by the product of its 
la»glh and breadth (as explained by scholium on page 32); and 
these dimensions are always conceived to be exactly at right 
angles with each other. 

18. In a similar manner, solids are measured by the product of 
their lenfflh, breadtk, and hight, when all their dimensions are at 
right angles with each other. 

The product of the lengUi and breadth of a solid, is the measure 
of the twfaee of its base. 
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L«t JP, a tlie -tranexed Sgare, 
represent the measuring unit, and 
AF ihe recUmgular lolid to be 



A. Bide of P, n one unit in ^^^1 

length, one in breadth, and one i^^H 

in bight ; one incb, one foot, tma HlHi 

yard, or aay other unit that may be taken. 

Hien. IXlXles], thevnifcuie. 

Now, if (he base of the solid, AO, k, aa here repreBe&ted, 6 
units in length and 2 in breadth, then it is obrions that (fix 2*= 10). 
10 imits, eqnal to P, can be placed on the base oi AC, and no 
more ; and as each of them will occupy a unit of altitude, thei«- 
fore, S vnilt of altitude irill contain SO soHd n&its, S unit* of dli- 
tade, 30 solid units, and so on ; or, in general terms, the mmter 
i/ iguare untit in the iase, mviUplUd In/ the linear unitt in perpmdie- 
tUar altitude, mil gio* tkt lolid uniti in onj' redatifnilar toUd.* 

THEOREU 1. 

Two pwatlehpipedoni on the fatue 6<ue, and of the »a»M altitude, 
the one reetanffular, the other oiligue, the cppoiite mdei <f uhieh Hm 
in the tame planes, wOl he egvtd in tciidity. 

Let A0 be the rectangular par- 
allelopipedon on the haae AC, and 
AL the the oblique parallelopipedon, 
on Ihe same base, AO, and of the 
same altitude, namely, the perpen- 
dicular distance between tbe pM*- 
allel planes A and £L, and the 
side AF, 10. the same plane with AK, and die side DQ, in ihe same 
plane with DL. Then *Be are to ihow, that the oblique parallelopEp- 
edon ABCDMIKL, ie equivalent to the rectangolar panillek^- 
edon, AO, 

■ Tbis Jb one of thoae idmple uid primary tmths that admit of no demoo- 
■tntioD ; foi DO other truths more simple sad elemealary than itaelf can ba 
brou(;ht to bear upon It ; hence we ennndato it bi a deGnltloa. 

AU elfbrta to prove n prapoaition which h perfectly obrioaa, are Ter; BliMt- 
iafactory to the mlad, and olwayi tend mare to couhue than lo elucidate. 
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Afi llie vsim of the two «0)i<iU are in the same plane, £F£- is 

«ne right line ; SF^IK, because each is equal to AB, From the 

whole line EK^ subtract, successively, EF and IK; thus showing 

that EI^FK. But BF^AE^ and the angle BFK^ the angle 

AEI; therefore, the A BFJ^=^/\ AEL The parallelogram DE 

«s: QF^ and the parallelogram EM=FL; and all the angles at F 

forming the solid angles at that point, are respectively equal to the 

like angles at E. 
Hence, the two prisms, CBFCfLE" ^d DAEBOId'I are equal; for 

ihey are bounded by equal planes equally inclined to each other; 

or, one prism can be conceived to be taken up and placed into the 

pame space occupied by the other; and magnitudes that fill the 

^ame space, are equal. 

Kow, from the whcde solid, take the prism OB — K, and the 

upright solid, ^ 6^, is left ; and from the whole solid take the prism 

J)E — I, and the oblique solid, AL, is left. Hence, by (ax. 3) the 

rectangular^ parallelopipedon AG^ la equivalent to the oblique 

piarallelopipedon AZ, on the same base and altitude. Q. E, D. 

Cw. The measure of the solid A G, is the base, ABOD^ into the 
perpendicular, AE (def. 18, solid ge.); consequently, the measure 
of die solid, ALj is also the same base, multiplied by the same 
perpendicular. 

Scholium, If EF and IK are in the same line ; that is, the 
aides. ^.F. and AK in the same plane ; but the angles AEH and 
BFO not right angles, then neither parallelopipedon is rectangular; 
but they are proved equal in exactly the same manner; that is, by 
proving the two prisms equal, and subtracting each in succession 
from the whole solid. 

Hmee^ twa Migue paralldopipedom, on the same base^ o»d of the 
same alOHide, whose opposUe sides are between the same planes, are 
equal in solidify. 



PROBLEM 3. 

Any oblique paraUdqpipedon is equivalent to a rectangular parallel'' 

opipedon on the same base and altitude. 
11 
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Let A6f.be any oblique paraUelo|Hp' 
edon, and AL a rectangular parallelo- 
|Hpedon, on the same base, JDB, and 
between the same parallel plEuies, £D 
and 3F. Then tut are to ihow, thoi they 
are equivalent. 

Produce SG and IM; and because 
they are in the same horizontal plane, and not parallel, they vill 
meet in some point, Q. Also produce FS and KL, and thus form 
the parallelogram NP. Ifow conceive another parallelopipedon to 
stand on the base DB, and its upper base occupying the parallel- 
ogram NP=DB. Now, by scholium to theorem 1. book 7, the 
solid, ^C7, ia equal to this imaginary ax^, AP. But (th. \, b. 7), 
the rectangular solid, AL, is also equal to this imogmary eoUd, 
AP. Therefore, the solid ^(? Is = to the rect^gular solid, AL. 
(Ax). q.E.D. 

Cor. Henee, every paraileli^ipedon, in whatever direction or degree 
it w inditied, is meatund by the pndiut of iia baee into tit perjien- 
dicular altitude. 

TH E OREH 3. 
ParcUlelopipedone on the lame, or on equal bases, are to one another 
as their perpendicular alHtudea; and parallelopipedont having equal 
altitudes, are to one another as their bases. 

Let P aaAp represent two parallelopipedons, whose bases are B 
and £, and altitudes A and a. 

Then, by the last theorem, the measure of J' is £A, and the 
measure of p is ba. But, all magnitudes are proportdonat to their 
numerical measures ; that is, . . P ip^BA : ba 

~ Now, in case A=a, we hare (th. 4, b. 2), P : p^B : a 
In case B=b, then we have, . , . P : p^A : a 

Q.E.D. 
THEOREM 4. 
SimSar paralleliynpedons are to one another as the cubes of ift«f 
Uke dimensions.* 

" This theorem is trae iot at! aimilsr eolidi. 
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Let P and p represent two parallelq)ipedoDs, as in theorom 3; 
and let I and n represent the leng;th and breadth of the base of 
P, and h its altitude. 

Also, let V and n' represent ttie length and breadth of p, and h' 
its altitude. 

Hence, by cor. to th. 2, b. 7, P=lnh, aai. p=l'n'h' . 

That is, . . P : p=lnh : rn'h'* 

But, by reason of the similarity of the solids. 



And, 



A:A'= 



Multiplying these proportions together, term by term, (th. b. 2), 
we have, . . Ink : I'n'h'^vf : n'* 

That U, . . P: p=n' : n" (th. 6, b. 2) 

By a little difierent arrangement of tlie proportions, 
we have, P : p=P '■ I" 

Or, . . . P ■.p=h*:h'* Q.£.D. 

THEOREM S. 

Any parailelopipedon may be divided inio Uoo equal prisma, hy a 
diagonal plane pa»sing through itt oppotile edges. 

The parallelopipedon may be conceived 
to be composed of a great multitude of ex- 
tremely thin parallelograms, all equal to one 
another; and the diagonal Hf divides the 
parallelogram HCf into two equal piula (th. 
82,cor.b. 1); and the line ^^, passing down 
through all the parallelograms, &om HG to 
A 0, divides each and all of them into two equal parts ; that is, 
the diagonal plane, HFBD, divides the parallelopipedon into two 
equal parts, each of which is a prism. Q. E. D. 

Otherwise, the two prisms may be. proved to be bounded by 
equal planes and equal angles ; therefore, they are magoitudes that 
exactly fill equal spaces, and are therefore equal. Q. E. D. 
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Cor. The solidity of a prism is therefore the triangular base, 
I>BOt multiplied by ita altitude, the perpendieular distance between 
the planes A C and EG; or, it may be found by the product of the 
baae» MGCJ), and half the perpendicular distance between the 
planes GD and JEB. 

THEOREM t. 

All prisms of equal hcaes and aUUudes are equal in soUdky, t^at- 
ever be the figures of the bases. 

It is of no consequence what shape a base may be, for it is 
greater or less, according to the number of square units that may 
be contained in it ; hence, the base of a triangular prism may be 
considered a square, or rectangular prism, contaming the same 
number of square units as the triangular base ; that is, any prism 
may be considered a rectangular parallelopipedon, whose base is 
the same in area as the base of the prism ; but the solidity of a 
parallelopipedon is measured by the area of its base by its altitude 
(def. IS) ; and therefore, a prism of the *same area of base and 
altitude, has the same measure. Q. U. D. 



THEOREM 7. 

AU svnUar solids are to one another as the cubes </ their Wee 
dwiensions* 

By theorem 4, of this book, this proposition is prored kne 
for all similar parallelopipedons ; and by theorem 5, all similar 
parallelopipedons may be divided into two equal parts, thus 
orming similar prisms. But the halves of things are in the 
same proportion as their wholes ; therefore, all similar prisms are 
to one another as the cubes of their like dimensions* 

^milar pyramids and similar cones are but the some like parts 
of siniilar prisms ; and, like parts of wholes, are in the same pro- 
portion as the wholes themselves ; therefore, our theorem is true 
for pyramids and cones. 

Spheres are like proportional parts of their circumscribing cyl- 
inders ; and our theorem is true for similar cylinders ; \t is, there- 
fore, true for spheres. 
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In abort, alt Bunilar Bdids, howerer imgukr (he shape, are but 
like parts of some mathemstict^ figure that nuy inclose tbem ; and 
aa tlie tlioorein is fame for the matheiaiUical figures, it is true Ibr 
an; of their like parts ; it is, therefore, tme for all similar solids 
whatever. ©. B. D. 

THEOREM 8. 

^ a pyramid beadhy a plane -wkkh m parcdld wUA tit bam, tit 
tttlion Ihus/ormed will be strnUar to the hate, and iU arta vUl bt to 
the area of the last as the tqwre of its perpendierdar digtaTtu Jrom 
the vertex, is to the * juore of the perpen4icidar altitude of the pyramid. 

Let Jf.iV and mn be two par- 
allel pl^es, between which 
fltaads any pyramid whose 
base is P, and rert^z G, and 
perpencUcular altitude EF. 

On any one of the edges, ae 
GA, take any pinnt a, and 
draw ai parallel to AB; and 

from b draw be parallel to £0. Then, by reason of the paraOelB 
(th. 10, b. 1), the angle abc=sABO. In this manner we may go 
round the whole section, whatever be the number of udes : and 
every angle in the secldon will be equal to its corresponding angle of 
the base ; that is, the two figores are equisngolar, and similar ; and 
as every line of the section is parallel to its corresponding line in the 
base, therefore, if the base is a plane, the section will be a parallel 
{dine. Produce a line from this plane to the perpendicular at B. 

Bnt equiangular plane figures are to one another as the squares 
of their like sides (th. S3, b. S); that is, 
P : p=AB^ : ab' 

But, . AS' : (aby^SA' : ffa' (th's. 17 and 10, b. 8) 

And, .. OA': Ga'=GE^ : 0e' 

And. . GS': ^Ge''=F£!' : FB" 

Multiplying all these proportions together, and at the same time 
rejecting all the common factors that would otherwise appear in 
t^ anteoedoitl and consequents, we have, 
P zpt^FS'': FS* 
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By changing means for eitremes, we have, 

p : P=FS* : F£' Q- JE. J). 

Cor. As the Bection made by the cutting plane is always similar 
to the basei it followB that when the base is a polygon of a great 
number of sides, the section will be a polygon of the same number 
of Mdea ; and when the base is a circle, the section will be a 
circle, and so on. 

THEOREM 9. 

Iftaopyraimd», standing between (wo parallel planes, Ueutbya third 
paralUl plane, the mpediw teetioat vnll be to tack Mer as their baeei. 

Let two pyramids stand as 
represented in the figure, and 
from any point, Jf, in the per- 
pendicular, paas a plane par- 
allel to the plane MK By 
the laat theorem, each sec- 
tion of these pyramids is a 
similar figure to its base. 

By theorem 6, book 6, the parallel plane that forms these sec* 
tions, cuts all lines between the planes M2faad ran, proportionally. 

Therefore, . gr : gS=Ge : QE 

And, . . Ge : QE=FH:F E 

Hence, . . ffr: gR=FH: FE 

By squaring this last pKiportion, we hare, 
gr' : ffIP=FS' : FE' 

But, . . gr*: gJP=Ts' : BS' 

By the appUcation of theorem 6, book S, to these last two pro- 
pordons, we have, Fff' : FE'^rt" : SS* 

But, . . ■ p: P=FM* : FE' (th. 8, b. 7) 

And, . . n': IiS'=g : Q (th.b. 6) 

Multiplying these three proportions together, term by term, re- 
jecting common factors in antecedents and consequents, we have, 
p : P=g -.Q g.E. D. 

Cor, On the supposUion that P=Q, there results p=q. 

THEOREM 10. 
Ang two pyramids having egual bases, and eiiwUed between tie same 
twopamlld planes, or having egual aUUudee, are egual. 
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Take Qie Bome figure as fm- the lut theoAm, mpposing the 
bases, P and Q, equal, and conceive the perpendicular SF, to be 
divided by a great multitude of parallel planes, equidistant from 
each other, and all parallel to llie plane MN'. By the last theorem, 
these planes will divide each pyramid into the same number of 
equal parallel sections, of which the two pyramids may be con- 
sidered as composed ; and, as the sums of equals are equal, there- 
fore, the two pyramids are equal. $. E. D. 

THEOREM II. 

Every triangular pyramid it a third part of Ike irianfftilar prism, 
having the tame base and the tame allitude. 

Let FABC be a tnangular pyramid; 
ABCSEF a triangular prism of the same 
base and the same alljtude : the pyramid 
will be equal to a Ibird of the prism. 

Cut off the pyramid FABC Irom the 
prism, by a section made along the plane 

FAC; there will remiun die solid FACDE, 

which may be considered as a quadrangular 
pyramid, whose vertex is F, and whose base is the parallelogram 
ACDE. Draw the diagonal CE; and extend the plane FCE. 
which will cut the quadrangular pyramid into two triangular ones, 
FACE, FCDE. These two triangular pyramids have for their 
common altitude, the perpendicular let fell from F on the plane 
ACDE. They have equal bases, the triangles ACE, GDE, 
being halves of the same parallelogram ; hence, the two pyramids, 
FACE, FCDE, are equivalent {th, 10, b. 7), But the pyramid 
"^FCDE, and the pyramid FABC, have equal bases, ABC, DEF; 
they have, also, the same altitude, namely, the distance of the 
parallel planes ABC, DEF; hence these two pyramids are equi- 
valent. Now, the pyramid FCDE has already been proved equi- 
valent to FACE; consequently, the three pyrunids, FABC, 
FCDE, FA CE, which compose tbe prism ABD, are all equivalent. 
Hence, the pyramid, FABC is the third part of the prism ABD, 
which has the same base, and the same altitude. Q. E. D. 

Cdt, The solidity of a triangular pyramid is equal to a third 
part of the product of its base by its altitude. 
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The pitei^ding demoiistraiioii is brief, direet^ and all that edidd 
be desired, piorided the learner has a clear conception of the 
figure as represented on paper ; but as we know that this is not 
generally the case, we give the following method. 

Let ABCDEF be any rectangular par- 
allelopipedon, and put AD^Oy ABs^b, and 
AF^h. Produce AF to G^ makmg F0 
=sAF. Draw 6^0 to meet AB, produced 
in Jf. As FO is parallel to AB, and AG 
double of AF, therefore, AM is double of 
AB. Join GF, and produce it to meet AD9 
in I; then, by like reasoning, we shall find AI the double of AD, 
Join Gff, and produce it to meet the plane of BD, in Q. 

The whole figure now comprises two pyramids ; one, whose base 
is AQ; the other similar one has FIT for its base, and the vertex 
of both. Is G. 

The whole figure also comprises the parallelopipedon A^i which 
is measured by (abh), two prisms, and two equal and similar pyra- 
mids. One prism has J) CFJ for its base, and DF, for its altitude ; 
the other has BMLC for its base, and BO^DE, for its altitude. 

As each of these bases, DK and BL, is equal Uy AC, hence, 
the solidity of these two prisms is expressed by (oM); and the 
parallelopipedon, and two prisms together, are measured by Stahh; 
and, in addition to these, we have two equal pyramids of unkviowii 
solidity; therefore, let each one be represented by ar. 

Now, the whole pjnramid, whose base is A Q, and vertex G, is 
expressed by (2a5A+2a:). 

But the pyramid, whose base is Fff, and vertex G, is expressed 
by (x). 

As these two pyramids are similar, they are to each other as the 
cubes of their like dimensions ; that is, they are to each other as 
the cube of GA to the cube of GF. But GA is the double of 
GF, by construction. Therefore, GA* : GF*=zQ : 1 

Hence, .... (iahk-^-Zx) : ic=8 : 1 
Product of extremes and means gives, Bzs=:2abh'\-^ 
Therefore, x=i(abh) 

'this last equation shows that the solidity of any pyramid is dne'» 
third of any rectangular solid of the same base and altitude. 
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Cor. This meunre of Oiq pyramid ib tnn, wbatever he the 
figure of its base; and when the base is a circle, the pyramid il 
called a cone ; hence, the solidity of a cone is one third of its cir< 
cnmscribuig cylinder. 

THEOREM 12. 

Jj^ a pyramid htCulby aptam parailel U> Ht bate, iht tolidiiy of 
tht/rutttim ihat remaini i^ler the tmall pyramid it taken aum/, it 
equal to three pyromidt of the tatiu altHude at the _firuttian; one hav- 
ing f<n- ilt bate, the bate of the fmatum;' another, the tqiper bate; and 
the third, a bate which is the mean proportional betmen ffie upper and 
loteer bates of ths frustum. 

(The figure has been previonsly described in theorem 8.) 

Now, by the last theorem, the solidity of the whole pyramid is 
ezpressed by — ^ , and that of the small pyramid is ^ ' 

The difference of these magnitudes measures the frustum ; 

To make this expression cor- 
respond with the enumeration 
of this theorem, we most ban- 
ish FE and Fff, aM oblun 
their difference. 

By th. 8, book ?, we have, 

FF:FE=JP:^~p (1) 

From this proportion we 

have, FE=sX — ^ — , which, substituted in the above ezpresn<A, 

{FH)PJp p{F3) ^, . , 
gives, . ^- — '-J±L^ r^ ' =s the frustrum ; 
3Vi> _^ _ 

Or, . (JFW)W^r^)= the frustrum. 
S,Jp 

From proportion (I), FE—FB : FE^^P-^r^p : Jp (8) 
But {FE—FS) is the altitude of the frustum, which we will 
dengnate by a. 



Then, from proportion (2), FH= ^ ^- — 
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This ralue of FH^ substituted iu the last ezpresedon for the 
frustrum, gives, _ _ 

«f^^i:^) = the frustum. 
By actual division, we have. 



a 



«(-P+ JPp-^p)^ *h© frustrum ; 

Or, . iaP'\-iaJPp+i(y[>= the frustrum. 

Here we jQnd expressions for three different pyramids, which, 
together, are equal to the frustum ; one has P for its base, another 
p, and the third sJPp, which is the mean proportional between the 
two bases, P and j?; therefore, a frustrum is equal, &c. Q. E. D. 

Cor. In case P=p, the frustum becomes a prism, and the above 
expression for the three pyramids becomes aP, which is the proper 
expression for the solidity of a prism. 

THEOREM 13. 

The convex surface of any regular pyramid is equal to the perimeter 
of its base, muliipled by half its slant hight. 

Bisect the side AB in H, and join SH, 
Since the pyramid is regular, the side SAB 
is an isosceles triangle ; consequently, SH 
is perpendicular to AB; hence, SH is the 
altitude of the triangle, and also the slant 
hight of the pyramid. For the same reason, 
each side of the pyramid is an isosceles tri- 
angle, whose altitude is the slant hight of 
the pyramid. 

Now, the area of the triangle SAB, is 
equal to ABX^SH; and the area of all the triangles which 
compose the convex surface of the pyramid, is equal to the smn of 
their bases. (AB+BC+ CD+DH+UF+AF) X iSH 

But the sum of these bases, AB, BO, <fec., forms the perimeter 
of the pyramid's base ; and the common altitude, SH, is the slant 
hight of the pyramid. Therefore, the convex surface of any regular 
pyranddj is equal to the perimeter of its base multiplied by half Us 
slant hiyht. 
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THEOREU 14- 

The convex twface nf a Jrustum (jf a refftdar ptframtd, t» egual to 
Hu tum <if the perimeter ^ the tim itaes imdHpUed by half the tlcait 
hight. 

Conceive a te^ar fhisttun of a pyramiS to 
exist, as represented in the figure ; then each 
&ce will be a regular trapezoid, whose surfoce 
is measured by the half sum of its pwallel 
sides (th, 31, b. 1), multiplied by the' perpen- 
dicular distance between them, which is the 
slant hight of the finstom. 

Let 8 represent a ^de of tbe lower base, 
and f a side of the upper base, and a the slant 
hight ; then the surface of one &ce is measured 

There are just as many of these surfaces as the frustum has 

sides. Let m represent the number of sides ; then the whole sur- 

&ce must be ^{m,S-\-mt). But [mS-\-me), is the perimeter of 

I is one-half of tlie slant bight. Therefore, 

cles be described round the bases of the 
1 in the last figure ; and conceive the number 
toly increased ; then S and » will be indefi- 
idefinitely great ; but however small S and 
(ponding number to m being as much in- 
on (miS+m*) will still represent the perime- 
Bnt, when 8 and * are indefinitely small, 
that is, the distances from the axis of the 
frustum from its edges being constant, the perimeter, m8, will 
become the perimeter of the circle of which OA is the radius; 
and flu will be the perimeter of the circle of which DH is the ra- 
dius ; that is, mS=iM{A 0), and ma=iA{DB); and by addition, 
mS+>M=i>i{A 0+J>3) 
But, in this case, ^a becomes ^AD, one-half the edge of t^e 
frustum ; and the frustum of the pyramid becomes the frustum of 
a toM, and its surface is measured by 

iADX.irt(AO+I)£); hence. 
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3%e convex surface tf a fnatmn <f a ame, ie equal to kdf Us 
Met, mulHpled hy ike sum of the circun^erenees cf its two bases. 

The above expression is the same as 

If HTB Uike the middle point, P, between and jS, and draw 
Pit parallel to OA and ffD, 
Then, • . . i>Q+i>g ^pjy^ ^jj^j^^ iiibititirted, 

gives • . • . ADXZhPM 

Thai is, the convex surface <f ihe/rustum qf a cone, is eqwdto Us 
side, muUiplied 2$r the cireun^erenee rf a circle which is exactly midway 
between its two bases, 

THEOREM 15. 

^ aiNy tegular semH-polygon be revolved about its flUrit, Uie surface 
thus described, wiU be measured by the product of its axis into the cir- 
eumference of Us inscribed cirde. 

If the semi-polygon, DABK, &o., revolve 
on its axis, DE, the sides AB, BK, &c., will 
each describe frustums of cones ; and, for in- 
vestigation, let us take the side AB. 

From the middle point, O, draw GI perpen- 
dicular to JOE. Join OC, and draw AT parallel 
U>DE. 

By the scholium to the preceding theorem, 
the surface described by AB is measured by 
ABy. cir. 01, which is equal to AT, or EL 
cicGC, 

Th^ is, . JffLXlH GO^ABx^ii GI 

The two triangles, ABT and CGI, are similar. As CG is per- 
dendicular to AB, the two angles CGI and IGA, are equal to a 
right angle. The acute angles of the A ABT are also equal to a 
right angle. 

That is, . ^CGI+^IGA^^BAT-^-^ABT 

But, . . , j^IOA^ j^jBr(th,6,b.l) 

By subtraction, . j CGIxs^ ^BAT 
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Now^ as these two triangles have each a right angle, they are 
equiangular and similap; 
Therefore, . OQ : GI^AB : AT^EL 

Hence, . . HL*CG^AB*GI 

Multiplying both members of this eqiiati<m by 2^, we have, 

Thus we find that the suFface described by the side AB^ is mea- 
sured by the product of ML mto the otroumfbrenoe of the inscribed 
fircle ; and in the same manner we may proYe that the sur&ce 
<tescribed by the side AJ>, is measured by JP-B into the circum- 
ferenee of the same circle, and so on of erery othcir side ; and the 
sur&ee described by ail the sides taken together) is equal to 
(DJff+BL^LG, &o.)t multipHed into the circumference of the 
inscribed circle ; that is, the surface described by the whole poly- 
gon, is equal to DJS, the axis of the polygon, into the ciroumf^renee 
of its inscribed circle. Q. E, JD^ 

THEOREM 16. 

The convex surface of a sphere is equal to the product of its dia- 
meter into its circumference. 

The last theorem is true, whatever be the number of sides of 
the polygon ; and now suppose the number to be indefinitely great ; 
then the sides of the polygon will coincide with the circumference 
of the circle, and CG becomes CA, and the surface described by 
the sides of the polygon, is now the surface of the sphere, which 
is measured by the diameter DE, mxdtiplied into the circumference 
of the curcle 2^C^. Q. K D. 

Cor. 1 . If we represent the radius of a sphere by M, its circum- 
ference is ZrtB, and its diamet^ 2M; therefore, its eonrez surface 
is 4ftB^. The surface of a plane circle, whose radius is M, is rtBlf; 
therefore, the surface of a sphere is 4 times a plane circle of the same 
diameter. 

Cor. 2. The surface of a segment is equal to the drcnmference 
of the sphere, multiplied by the thickness of the segment 

Cor. 3. In the same sphere, or in equal spheres, the aur faoe s of 
difi^eot segments are to each other as their altitudes. 
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THEOREM 17. 



The solidity of a sphere is eqwd to the product of Us surfiue into 
a third of its radius. 

Let us suppose a sphere to be composed of a great multitude of 
regular pyramids, whose bases are portions of the surface of the 
sphere, and their common vertex the center of the sphere ; then the 
altitudes of all such pyramids is the radius of the sphere. 

The solidity of one of these pyramids is its base multiplied by 
i of its altitude (th. 10, b. 7); and the solidity of all of these 
together, will be the siun of all the bases multiplied into ^ of the 
common altitude. But the sum of all the bases, is the surface of 
the sphere ; and the common altitude is the radius of the sphere ; 
therefore, the solidity of a sphere is equal to its surface multiplied 
By one third of its radius. Q. E, D. 

Let jR s= the radius of the sphere ; then (cor. 1, th. 15, b. 7), 
AftS? is its surface ; hence, its solidity must be 

Cor. If r represent the radius of any other sphere, its solidity 
will be ^Hi^ ; and, by dividing by the constant factors, f ;t, these 
two solids are to each other as i2* to t^, a result corresponding to 
theorem 7, book 7. 
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The soUdUy of a sphere is two-thirds the solidity of its circumscrib- 
ing cylinder. 

Let B be the radius of the base of an upright cylinder ; then, 
ftS? will be the area of the base (th. 1, b. 5); but the altitude of 
a cylinder which will just inclose a cube, must be StR; and the 
solidity of such a cylinder must be Znl^ (def. 18, b. 7). By the 
last theorem, the solidity of a sphere, whose radius is i2, is f k^. 

Therefore, the cylinder is to. the sphere as 2^i2* to 1^72* 

Or, as 2 to f 

Or, as 1 to f 

Q. E. D. 
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We gire another method of demoustratmg this truth, merely for 
the beauty of the demonstration. 

Let AK be Hie diameter of a aemicirde, and 
also the side of a parallelogram whose width is 
tbe radius of the semicircle. 

Join the center of the semicircle to either ex- 
tremity of the paralldogram, as OB, CL. i^Tow 
conceive the parallelogram to revolve on^J^. 
and it will describe a cylinder; tlie semicircle 
will describe a sphere, and the triangle ABO 
will describe a cone. 

1x1 AO, take any pmnt, D, and draw J)H par- 

allel to AB, and join CO. Then, as OA=iAB, GD=X)S. In 
the right angled triangle CD 0, we have, 

CI>^-\-I>G'=CO' (I) 

But, . . . BJ>'=J)JS\ and CO*=DM' 

Substituting these values in equation (1), and we have, 
J}S''+1}0'=J>H' (2) 

Multiply every term of this equation by «, 

Then, . .Hl>E^+Hl)0^=>tDH' 

Now, the first term of this equation, is tbe measure of the sur- 
foce of a plane circle, whose radius is BE; the second term is tbe 
measure of a plane circle, whose radius is I> 0; and the second 
member is the measure of tbe surface of a plane circle, whose radius 
is Dff. Let each of these surfaces be conceived to be of the same 
exiremely minute thickness ; then the first term is a section of a cone, 
the second term is a corresponding section of a sphere, and these two 
sections are, tog^her, equal to the corresponding section of the 
cylinder ; and this is true for all sections parallel to OS, which 
compose the cone, the sphere, and the cylinder ; therefore, the 
cone and sphere, together, are equal to the cylinder; but the cotie 
described by the triangle ABC, is ^ of the cylinder described by 
AR (tb. 10, b. 7); therefore, the corresponding section of the 
sphere, is the remaining two-thirdi, and the whole sphere is two- 
thirds of tlie whole cylinder described by the parallelogram AL. 
Q. E. D. 
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II^EMIHTART PRINCIPLES OF PLANE 

TRIGONOMETRY. 

TuooKOMaTBT in its literal and restricted sense, has for its objeot» 
the measure of triangles. When the triangles are on planes, it is 
plane trigonometry, and when the triangles are on, or ooneeired to 
^ portions of a sphere, it is spherical trigonometry, la a more 
enlarged sense, however, this science is the application of the prin- 
ciples of geometry, and numerically connects one part of a magni- 
tude with another, or numerically compares di£ferent magnitudes. 

As the sides and angles of triangles are quantities of different 
kinds, they cannot be compared with each other ; but the rdaiion 
may be discovered by means of other complete triangles, to which 
the triangle under investigation can be compared. 

Such other triangles are numerically expressed in Table II, and 
all of them are conceived to have one common point, the center of 
a circle, and as all possible angles can be formed by two straight 
lines drawn from the center of a circle, no angle of a triangle can 
exist whose measure cannot be found in the table of trigonometrical 
lines. 

The measure of an angle is the arc of a circle, intercepted be- 
tween the two lines which form the angle — ^the center of the arc 
always being at the pointjsrhere the two lines meet. 

The are is measured by degrees, mintUes, and seconds, there being 
360 degrees to the whole circle, 60 minutes in one degree, and 60 
seconds in one minute. Degrees, minutes, and seconds, are desigr 
nated by °, ', ". Thus ?7*» 14' 21", is read 27 degrees, H min- 
utes, and 21 seconds. 

All circles contain the same number of degrees, but the greater 
the radii the greater is the absolute length of a degree ; the cir- 
cumference of a carriage wheel, the circumference of the earth, or 
the still greater and indefinite circumference of the heavens, have 
the same number of degrees ; yet the same number of degrees in 
eaeh and every circle is precisely the same angle in amount or 
measure. 
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At triasglea do ncA oontua eirclw, m otm no( Btea^ore triai^ei 
by circular arcB ; we must meaaure them by other triatu/Ut, that u,, 
by ttraipit linsi, ixawa in and about a circle. 

SatHi stnugbt lines are called tngonomeUiaal lines, and take par- 
ticular namea, as described by the folltmng 

DEFINITIONS. 

1. The eine of an wglet or tn are, ii a line ilTEtim from one end 
of an arc, perpendicular to a diameter dravo; throvgh tbo other end. 
Thus,£/'i8tlieuneo[thearovl£,an(f<(&ooftbearc^i>jE'. SJl 
ia the Bine of the arc BD, it is alvf tbe cQaioe pf the ar<i AS, and 
SF, is the codne of tbe aro BJ). 

If. B. The compUmeBi of an arc is what it 
irants of 90° ; the su^j^emtta of an arc is 
what it what it wanta of 1 80°. 

2. The cotint of an arc is the perpendicu- 
lar distance from the center of tite circle to 
the sine of the arc, or it is the same in mag- 
nitude as the sine of the oomplement of the 

arc. Thus, CF, is the coane of the arc AB; but CF=KB, the 
ame of BD. 

3. The tanged of an arc is a line tonohing the circle in ono 
extremity of the arc, continued from tlience, to meet a line drawn 
through the other extremity. 

Thus, AR is the tangent to the arc AB, and DL is the tangent 
of the arc DB, or the cotangent of the arc AB. 

N. B. The CO, it lui a coniraetwn of the ward complement. 

4. The tecatU of an arc, is a line drawn from tbe center of the 
circle to the extremity of its tangent. Thus, CIT is the secant of 
the arc AB, or of its supplement BJ}S. 

B. The cosecatU of an arc, is the secant oS the complement. 
Thus, OL, the secant of BD, is the cosecant of AB. 

6. The versed sine of an arc is the difference between the cosine 
imd &% radius ; that is, AF is the Tersed sine of the arc AB, and 
J>ir Is the versed sine of tbe arc BD. 

For tlie sake of brevity these technical tenna are contracted thus i 
(at ane AB, we write tin.AB, for cosine AB, we write cot.AB, 
tat tangent AB, we write UmAB, kt, 
12 
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From the preceding definitions we deduce the following obyioiu 
consequences : 

1st, That when the arc AB, becomes so small as to call it 
nothing, its sine tangent and versed sine are also nothing, and its 
secant and cosine are each equal to radius. 

2d, The sine and versed sme of a quadrant are each equal to the 
radius ; its cosine is zero, and its secant and tangent are infinite. 

3d, The chord of an arc is twice the sine of half the arc. Thus, 
the chord BG, is double of the sine BF. 

4ih, The sine and cosine of any arc form the two sides of a 
right angled triangle, which has a radius for its hypotenuse. Thus, 
OF, and FB, are the two sides of the right angled triangle CFB, 

Also, the radius and the tangent always form the two sides of a 
right angled triangle which has the secant of the arc for its hypo- 
tenuse. This we observe from the right angled triangle CAff, 

To express these relations analytically, we write 

sm.»+cos.'s=iP ( 1 ) 

i2'-ftan.'=sec.^ (2) 

From the two equiangular triangles CFB, CAff, we have 

aF:FB=:^CA:Aff 

R fiin 

That is, . COS. : sin.^i2 : tan. tan.= ' (3) 

COS. ^ ' 

Also, . CF: CB^ CA : CH 

That is, . cos : B^B : sec. cos. aec.=B^ (4) 

The two equiangular triangles CAff, CDL. give 

CA:Aff=DL:J)C 
That is, . B: tan.^acot : B tan. cot^B^ (5) 

Also, . CF\FB=^DL\BC 

That is, • cos. : sin.=cot : i2 cos. J^^sin. cot. (6) 
By observing (4) and (5), we find that 

COS. sec.^tan. cot. (7) 

Or, . cos. : tan.=cot. : sec. 

The raJ^ between the various trigonometrical lines are always the 
same for the same arc, whatever be the length of the radius ; and 
therefore, we may assume radius of any length to suit our conven- 
ience ; and the preceding equations will be more concise, and more 
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readily applied, by makiiig radiiu equal uni^. This sappomtion 



8in.'+COB.'=I (I) 

i+taii.'=flec.' (8) 

tan.»=— (3) «w.= — (4) 

COS. ' ' sec. * ' 

tan,=—r (6) coB.=sin. cot. (6) 

The center of Qie circle is conudered tlie absolute eero point, and 
the different directions from this point are designated hy the different 
signs ■\- and — . On the light of C, toward A, is commonly 
marked plus (4')i then the other direction, toward S, is necessarily 
minus ( — ), Above AE]s called (-1-), below that line ( — ). 

If we conceive an arc to commence at A, and increase conlin- 
uonsly around the whole circle in the direction of A£D, then Hm 
following table will show the mutatitms of the signs. 

1st quadrant + + + + + + + 

2d" +___ — + + 

3d" __ + + __ + 

4tli" _ + _ — -1- — + 

PROPOSITION 1. 

The ehord of 60° atid Ihe tangenl 45" are each equal to radiut; 
Ota $ine of 30° the vtried sine ^ 60° and tkt eoune of 60° are each 
egwd to half the naKui. 

(The first tmth is proved in problem 16, book 1). 

On C—, as radius, describe a quadrant; take AD^^S", AB 
=60°, and ^^=90°, then 5^=30°. 

Jan AB, OB, and draw Bn, perpendicular to CA. Draw Bm, 
parallel to AC. Make the angle GAn=9(y', and draw CDB. 

In the A ABC, the angle JCB=60° 
by hypothesis ; therefore, &i& sum of the 
other two angles is (I80~«0)=120'. But 
CB= CA, hence the angle GBA= the angle 
CAB,{ih. 16 b. 1), and as the sum of the two 
is 120°, each one must be 60° ; therefore, 
each of the angles of triangle ABC, is^60° 
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and the sides opposite to equfd angles are equal ; t}iat if » AB, ibe 
chord of 60^, is equal to CA, the radius. 

In the A CAJI, the angle CAffis a right angle ; and by hypoth- 
esis, A CH, is half a right angle ; therefore, ARC, is also half a right 
angle ; consequently, AM=AC, the tangent of 45®= the radius. 

By th. 15, book 1, cor. On=^nA; that is, tlie cosine and versed 
sine of 60® are each equal to the half of the radius. As Bn and 
JEC are perpendicular to AG, they are parallel, and Bm is made 
paiallel to On; therefi»re, Bm^Ck^ or the sine 30®, is the half of 
radius. 

PROPOSITION J. 

driven the sins and cosine i>f two arcs to find the sine and cosine of 
the sum, and d^erence of the same arc^ expressed by the sines and co^ 
sines of the separaie arcs. 

Let O be the center of the circle, CD, the 
greater ar« which we shall designate by a, 
and DF, a less are, that if e designate by h. 

Then by the definitions of sines and co- 
sines, DOmsi^m.a; GO=cos.a; FI=^8m.b; 
GlaBcoa.b, We are to find FM, which is 
=sin.(a+5); GM=cos.(a-^b); 
j^P=sin.(a — b); GPr=zcosJ[a — b). 

Because IN" is parallel to DO, the two As GJD 0, GIN, are 
equiangular and similar. Also, the A FBI, is similar to GIN; 
for the angle FIG, is a right angle ; so is SIN; m^, from these 
two equals take away the eommoa angle HIL, leaving the angle 
jPZETsss gin. The angles at H and N, are right angles ; ther^fta-e, 
the A FBI, is equiangular, and siioilar to the A GWt and, of 
course, to the A GD 0; and the »de BI, is homologous to IN, 
and DO. 

Again, as FI^IE, and IIT, parallel to FM, 
FB^IK, and BI=KB. 

By similar triangles we have 

GD:DO^GI:IN. 

The* in, . ^ : sin.a=:cos.6 : /iK or i2r==^'^_^^^'^ 

B 

Also, . GDiGO^FIiFB 



V () /' ^ 



That is. 

Also, 

That is, 
AUo, 
That is, 
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C0s.a $10.5 



B:coB.a=8ixi,h:FH', or FMss 

R : co8.a=co6.5 : Q^N", or ftSTss 
QDiDO^FIim 
It : ^in.as=sin.5 : Z!?, or XS=^ 



E 
cos.a C0S.& 

sin.a sin.( 



* 



By addiAg the first a,nd second pf ttiese equations, we hare 

, , _. sin.a cos.5+cos.a sin,5 
. sm. (a+5)^ 



That 18, 



R 



By subtracting the second from the first, we have 

, ■ _ . sin.a C0S.5 — cos.a sin.6 
sm. (a — o)= 5 

By subtracting Ihe fourth from the third, we have 

GJ^'-^IJI= GM=^cos,(a+b) for the first mQm]b^r. 

cos.a cos.5 — sin.a sin.^ 



H^nce, 



cos. («+&)= 



R 



(A) 



By adding the third and fourth, we have 

a]sr+m= on+n-p^^ 6^p=:cos.(a-^) 

„ r TV cos.a cos. 54-sin.a sin.5 
Hence, . cos. (a — o)== ~ 

Collecting the^i^ four ei^pressions, and eonsidering the radittf 

unity, we have 

sin.(a4"^)= sin.a cos.6-|-cos.a sin.5 
sin.ra— 5)=sin.a cos.5---cos.a sin.6 
cos.(a+5)==cos.a cos.6 — sin.a sin.ft 
cos.(a— ^)=cos.a cos.A-|-sin.a sin.^ (10) 

Formula {A)y acconiplishes the objects of the proposition, and 
from these equations many useful and important deductions can be 
made. The following, are the most essential : 

By adding (7) to (8), we have (11); subtracting (8) from (7), 
gives (12). Also, (9)+(10) gives (13); (9) taken from (10) 
gives (14). 




(5) 



sin.(a+5)+sin.(a — ^)=2sin,a cos ft 
sin.(a-f-5)— sin.(a — ftj=2cos.a sin. ft 

cos.(a+ft>+^^''-(^* — ft^=2cos.a co8.ft 
cos.(a— ft)— cos.(a+ft)==2sin. a sin.6 
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If we put a+6=-4, and a — b=B, then (11) becomes ^15), 
(12) becomes (16), 13 becomes (17), and (14) becomes (18). 

A~B 



(0) 



sin.-4+sin.-ff=28in. [ — ~ — j cos. / — - — j (15) 
an.A — sm.i^ss2cos. ( — - — J sn. I — ^ - j (16) 



2 / \ 2 

co8.-4+cos.J5s=2cos. I — - — J cos, ( — — - - J 

2^ 



fA+JB\ lA—B 

C08.B — cos.jiss28in. { ^^^-—^ ) sin. [ — ^ j 



2 
A—B 



sm. 



(17) 
(18) 



If we diyide (16) by (16), (observing that =tan. and 

COS. 
COBk 1 

~--!a=scot.s=- — as we learn by equations (6) and (6) trigonome- 
sm« tan* 



try), we shall hare 



A+B\ 



&n.A'^-sm,B 



™-(— g— ; COS 



A^^ 



•(^-) 



tan. 



/A+B\ 



{ 



iaa.A-^.£ coa.(:^±l\ sm. l±zi\ tan.( 



; 



Whence, 



A+£ 



A—B\ 
i ' } 

A—B 



(19) 



— - — j :tan. ( — - — j 



2 / \ 2 

or in words. The nan <f the sines of any two arcs is to the dtfer- 
ence of the same sines, as the tangetA of the half sum of tlie same cores 
is to the Umgent qf half their difference. 

By operating in the same way with the different equations in for- 
mula ( (7), we find. 



w 



C0S.-4+C0S 
sin.-4+sin.j5 



;|=tan. ( 



2 
A--B 



COS.J? 008.^ \ 2 / 

sin.ul — sin . J? _ / A — B \ 

cos.-4+cos.^~ \ 2 / 

ein.-4 — sin.jB _ / A-^-B \ 

CQSnB — cos.^l" ' \ ""2 / 



coSt^+cos.jB 



COS. 



tan. 



2 



(20) 
(21) 
(22) 
(23) 

(24) 
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These equations are all true, whatever be the value of the arcs 
designated by A and £; we may thereibre, assign any possible 
value to either of them> and if in equations (20), (21) and (24), 
wt make Bs* 0, we shall have, 

« 

sixi.A ^ A 1 .^. 



1+C0S.-4 2 cot^-4 

sin.^ A \ , V 

■^^^'-.-=7::z-rA (26) 



1— ^os.^ 2 tan.-^^ 

l+cos-4 cot.-J-4 1 . . 

1 — ^cos«J[~tan.^-4"~tan»^^-4 ^ ' 

If we now turn back to formula {A)^ and divide equation (7) by 

sin* 
(9), and (8) by (10), observing at the same time, that — ^stam 

cos* 

we shall have, 

, , _ . sin a cos.J+cos.a sin.6 

tan.( a+Dj = r — -; r -^ 

^ ^ cos.a cos.o — sm*a sm.o 

, _ . sin.a cos*5 — oos*a sin.6 

tan.(a — o)= rr"-- -"^ 

^ ' cos*a cos.oH-sm*a sm.o 

By ^viding the numerators and denominators of the second 

members of these equations by (cos.a cos*5), we find, 

sin.a COS.& cos.a »n«^ 

II I ■! III! ■! I I ■ I » 

X I , X cos.a C0S.5 cos.a cos*6 tan.a+tan.^ .-^^ 

tan.(a+^)= ^ r — = — — -i=; — : : — i. (28) 

^ ^ cos*a cos.o sm.a sm.o 1 — ^tan.atan.o ^ ^ 

cos.a cos*6 cos.acos.5 

sin.a C0S.5 cos.a sin.5 

,. cos.a cos.^ cos.a cos.5 tan.a — ^tan*5 ,^^. 

tan.(a— ft)= r — -. r- T=rr: : — , (29) 

^ ^ cos.a cos.o sm.a sm.o 1+tan.otan.o ^ 

cos.a C0S.5 cos*a cos.6 

If in equation (1 1)» formula (^), we make a=^, we shall have, 

sin.2a=2sin.a cos.a (30) 
Making the same hypothesis in equation (13), gives, 

cos.2a4-l=2cos^a *(31) 

The same hypothesis reduces equation (14), to 

1— coB.2a=2sinla (32) 

The same hypothesis reduces equation (28), to 

2tan.a .__. 

tan.2a«— -— a- (33) 

I — ^tan^.a ^ ' 
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Beenrring again to formula (£), we have, by transposing 

* 8in.(a-f-&)=c2sin.a cosA— 8in.(a— J) 
sin.(a+i)=2co8.a 8in.6+8in.(a— ^) 
If in the first of these expressions ire make a=:SO^, Ssin.a wiH 
equal radius, or, unity ; and 2cos.a will also equal unity ; these ex- 
pressions then become, sin.(30*'+*)=cos.5— Bin.(30°— *) (36) 
And . . sm.(60°+5)=sm.6+8in.(eO*»— *) (37) 

The sines may be easily continued to 60®, by equation (36), 
when the sines and cosines of all arcs below 30® have been com- 
puted ; then, by equation (37), the sines can' be readily run up to^O®. 

The foregoing equations might haye been obtained fftemietrically, 
but not so easily and concisely. Howerer, we shall take occaaiou 
to show, how a few of them can be deduced directly from geome- 
trical principles; thereby, giving hints to the ingenious stndeni 
who may wish to carry the like inyestigation to a greater length. 

ON THE CONSTRUCTION OF TABLES OF 
SINES, TANGENTS, &c. 

To explain this, we refer at once to Table II, which contains bga- 
rithmic sines, and tangents, and also natural sines and cosines. The 
natural sines are made to the radius of unity; and, of course, any par- 
ticular sine is a decimal fraction, expressed by natural numbers. 'The 
logarithm of any natural sine, with its index increased by 10, will give 
the logarithmic sine. Thus, the natural sine of 3^ is .052336 
The logarithm of this decimal is . . . — ^2.718800 

To which add 10. 

The logarithmic sine of 3^ is, therefore, . . 8.718800 

In this manner we may find the logarithmic sine of any other arc, 
when we have the natural sine of the same arc. 

If the natural sines and logarithmic sines were on the same radius, 
the logarithm of the natural sine would be the logarithmic sine, at once, 
without any increase of the index. 

The radius for the logarithmic sines, is arbitrarily taken so large 
that the index of its logarithm is 10. It might have been more or less ; 
but, by common consent, it is settled at this value ; so that the sines 
of the smallest arcs ever used shall not have a negative index. 

In our preceding equations, sin.a, cos.a, &c., referred to natural 
nnes; and by such equations we determine their values in natural num- « 
bers ; and these numbers are put in the table, as seen in table 2, under 
the heads of nat» sinet and not, cosine. 
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-To commence eomputati<m, we must knvvr the sine or cosine of ioone 
known arc ; and we do know the sine and cosine of 30^. The sine of 
30® is i (prop, l^trig.), and, hence, co8.230°=l — J (eq. (1) trig.)| 
or, COS. 30<=*=:J^3. Now put A=30<=*, and equation (36) gives 

sine 16<^===^t=i^?==iV2^^^^=.2688l9 

Again, put A=16®. Its sine is found ; and its cosine, from thence, 
can he computed as above ; and^then equation" (35) will give us the sine 
of 7® 30'; and in this manner, after twelve successive bisections, tiie 
sine of 62" 44"' 3'' 46" will be obtained. 

But all sines under 1' may be considered as coinciding with tiie arc, 
and varying with it ; hence, the arc or sine of one minute can be found 
from this by proportion ; and this sine, multiplied by the number of 
minutes in a whole circle, will give the circumference of the circle to 
great exactness. 

But, by theorems 3 and 4, book 6, the semicircumference of a circle 
whose radius is unity, is 3.14169266; this, divided by 10800, the num- 
ber of minutes in 180®, will give .0002908882 for the length of the sine 
or arc of one minute. The logarithm of this number, with its index 
increased by 10, gives 6.463726, the log. sign of 1', which is found in 
the table. 

Having the sine and cosine of 1', we can find the sine and cosine of 
2' by equation (30); 

That is, . . sin4Sa=:2 sinui cos.a 

Or, . . . sin.2'=2 sin.l'cos.l' 

For the sine of 3', and every succeeding minute, we apply equation 
(11), making a=2', and b=V; 
That is, . . sin.3'=2 Bin.2' cos.l — sin.l' 

Having the sine of 3', we obtain the sine of 4' by the application of 

the same equation ; that is, by making a==3', and ^=1; 

Then, . . . sin.4'=2 sin.3' cos.l — sin.2' 

sin.5'=2 8in.4' cos.l — sin.3' &c., &c. 

When the sine of any arc is known, its cosine is readily determined 
by the. following formula, which is, in substance, equation (1), 
trigonometry. . . cos.=,y(l-|-8in.)(l — sin.) 

When the sine and cosine of any arc are known, the sine and cosine 
of its double, is found from equation (30); and thus, from equations 
(30), (11), and (1), the sines and cosines- of all arcs can be determined. 

When the sine and cosine of an arc has been determined through a 

series of operations, the'Sccura<nr of the results should -be tested by 
13 K 
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^nstioA (IS) or (U), or by ieme other tq^n^Hm ia A ^pomkw^ of fofHer 
bperatioiis; and if the two reealts «gree» ikeiy my be regeried «« 
fteearate. 

One independent method will be feimd by applying thearem 69 book 
5. In that theorem we find the chord of 20^ is .347296 ; the natural 
sine, then, of 10^, is .173648. Taken, the ehord of 20®, and trisecting 
the arc by the same problem, we find the chord of 6® 40' to be .11628; 
and, of course, the natural sine of 3® 20' is .05814; and thus, by 
auccessive trisections we can obtain the sines, and of coiurae the cosines 
of certain arcs ; and when we arrive at very small aros, we caB com- 
pute their increase or decrease by direct proportion.* 

Now, if the sine of an arc computed through successive trieectiQiis, 
agrees with the sine of the same arc computed through successive 
bisections, we must, of course, regard the result as accurate. 

When we have the sines and cosines of an arc, the tangent and co- 
tangent are found by (3) Un.»^l^' (•) efA,m£^t; aad the 

cos, sin. 

pa 
Mdast is found by equation (4); thet is, sec.as 

COS. 

For example, the logarithmic sine of 6®, is 9.0 19235, and its cosine 
i.997614. From these it is required to find the tangent, cotangent, 
and secant. 

A sin. 19.019235 

Cos. .subtract 9.997614 



Tan. is 
A COS. 
Sin. . 

Cotan. is 

Cos. . 
Secant is 



9.021621 

19.997614 

subtract 9.019235 

10.978379 

20.000000 

subtract 9.997674 

10.002326 



* Thus, from theorem 4, book 5, wo find tho chord of 28^ T 30"' to bo 
.008181208 ; aad wishing to take away T 30''\ we do it by proportion^ as 
foUows. The sine of 1' or 60'' is .0002908882. 

Therefore, . 60 : 7ia.0002908882 

Or, . . .8:1 =.0002908883 : .000036461 

The chord of 28' T SO'" la . . .008181208 
of r 30'" is . .000036461 

of28' Id . . .008144747 

Tba natural aino of 14' fo . j004d72373 

N«ii wsiMybailvaordoaUeUiiliriM by oqwitioflL (30). 
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The Mcints and cortcantf of v<x xre notyimi in our table, beesusd 
they are very little used in pr&ctice ; and if any pttrticulu secant ii 
required, it can be determined by subtracting tfae cosine from 30 ; and 
the coaecant can be found by anbtrsctinf the aine from 90. 



PROPOSITION S. 
A «qr r^Af angUd pUate Avon^, tee mty kme tht jWloMnif 



Ist Ai the hypotenuse i» to nther side, so U the radius to ^ tine 
of the twiglt opposiie to Slat tide, 

id. At one side it to the other side, so is the rvdius to the tangent 
t^ the mij/ie acHaetKt to the firal-m*niimed side. 

3d. At one side it to the hypotemue, so is radius to tha secant of 
the OMgle adjacent U> thai side. 

Let CAB represent any right 
angled triangle, right angled at A. 
AB and AC are called the sides 
of the A. and CB ie called tiie 
hypotenuae. _^_^ 

(Here, and In all caieg hereafter, ire sbdl reprcaent the anghs of a triangle 
by Iba laige MtcN A, B, C, ud tb» ride* ^aaito to Ouin, by tfaa anaU leOen 
•.*.«■) 

From either acute angle, ai C, talu any distaoce, as VI>, gnaitr 
or lem than CB, and describe the arc BE. This arc measures 
tbe angle C. Tron D, draw DF parallel to BA; and from £, 
draw E6, alao paraUel to BA or DF. 

By the definitions of sines, tangents, and seoants, DF is tbe sine 
of the angle C ; S& is the twgent, GG the secant, aad CF the 
coaiae. 
Sow, by pvoportioitBl inxu^e* we have, 

CB : BA^CD : DF oT,*-.c=^It: aa.C\ 

CA : AB^CJE : EO or, b : e=R : tan.C ^ Q. E. D. 

CA ; GB=CE : Off or, fi ; tt=R : sec.Cj 

S^uMmr. It the hypoleiHise of a triai^^ is made radius, one 
iMo ia t&e dna of the aagis ofiposite to it. and the other side is the 
cosine of the same angle. TUa is obvioue from the trianj^e CDF. 
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PROPOSITION 4- 

In any irianfflt, tht tmet o/Uu angln are to ont tmother <u t^ 
tidet oppoaiie to them. 

Let ABC be anytri- I 
uigle. From the points I 
^and£, asceuters, witli I 
any radius, describe the I 
AToa measuriDg these an- I 
gles, and draw^a, CD, | 
and mn, perpendicular to AB. 

Then, . . ^^siu.^, m»=sin.£ 

By the similar As> Apa and AOD, ve have, 

_R ; sin.^=6 : CD; or, R{CD)=b wa.A (1) 

By the similar As Bmn and BCD, we haye, 

R : sin.£=a : GB; or, R{CD)=a&ai.B (2) 
By equating the second members of equations (1) and (2), 
bmi.A=a ta.a3. 

Hence, . un.^ : sin.f^a :b \ O R n 

Or, . . a: £=siu A : sin. B) 

Schoiium 1. When either angle is 90°, its dne is radius. 

Sehalivm i. When CB is less \haa.AC, and die angle B, acute, 
the triangle is represented by ACB. When the angle B becomes 
B", it is obtuse, and tbe triangle is ACB"; but the prdporticu is 
equally true with either triangle; for the angle CB'D=CBA, 
and the doe of CB'D is the same as the sine of AB'C. In prac- 
tice we can determine which of these triangles is proposed by tiie 
side AB, being greater or less than AC; or, by the angle at the 
Tertex C, being large as ACB, or small as ACB'. 

In tbe solitary cose in which A C, CB, and the angle A, are ffvea, 
and CB less than AC, we can determine both of the As ACB 
and A CB"; and then we surely have the right one. 

PROPOSITION a. 
^ fromany angltof a triangle, a perpeiidicuiar be let fall on tfu 
oppotUe aide, or base, the tangenU ^ Ike tefftiuntt qf tf< angU are to 
one anot&er ae the se^menU cf Ike base. 
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Let ABC be the triimgle. Let &11 the 
perpendiculaj CD, on the side AB. 

Take any riidius, a& Gn, and describe 
the arc which measures the angle C, 
From «, draw gttp parallel to AB. Then 
it is obvious that np is the tangent of the 
angle DCB, and «; is the tangent of the angle AOD. 

Now, by reason of the parallels AB and qp, we have, 
qn : np=AD : 3B 

That is, tan.4GZ) : tm.DCB=AD : I>B Q. E. D. 

PROPOSITION «. 

ff a perpendicular be let fall from any aitffte i^ a IrUatffle to He op- 
potite tide or bate, IhU lose is to the sum of the other two tidet, aa the 
difference of the sides is to the difference of the iefftnents of the base. 
(See figure to proposition 6.) 

Let AB be the base, and from (7, as a center, with the shorter 
aide as radios, describe the circle, cutting AB m O, AC m F, and 
produce AC Xo E. 

It is obvious that AB is the sum of the sides A C and CB, and 
AF is their difference. 

Also, AD is one segment of the base ma^ bj the perpendicular, 
and BD=DQ is the other; therefore, the difference of the seg- 
ments is ACf. 

A8.il is apointwithoutacircle/by theorem 18, books, we have, 
AExAF=ABy.AO 

Hence, . AB : AE=AF : AG Q.F.D. 

PROPOSITION 7. 
The svm of any two sides of a triangle, is to their diff'erenee', at 
the lar^eni of the half sum of the angles opposite to these tides, to 
the tartgetd of half their difference. 
Let ABO be any plane triangle. Then, 
by proposition 4, trigonometry, we have, 

CB:^C=Bin. ^ : sm-B 
Hence, 
CB+AO: OS— .dC=sin.^+sin..B : «n.J— sm.i (th. 9 b. «) 
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But lu. ( ^^^ )•'"•{ ^i^ ) =™-l+"i«-B : «iii.^— «h J 
(.,.(l),trig.) 

CcHnparing the hro latter proportjons (Ik. 6, b. S), we h«Te, 
CB+AO : CS—AO^ tan. ( ~^ ) : tan. f 1^=:^ ) Q. X. D. 



PB0P08ITI0N 8. 



Given Iha Ores tidet of any plant triaoffle, to Jtnd tome rdatia 


which Hiey musl beariotAt nna aad eona« 


■ of the nspecHve angles. 


hat ABC be the 




tmiigle,andletth$ 








either upon, or 




without the base. 








figures ; and by 




recurring to theorem 38, book 1, we Bball find 


2a 


(1) 


Now, by propoBition 3, trigonometry, w 


e h.ye. 



iJ: 003.(7=6: CD 
Therefore, . C2>=— =_ (S) 

Equating these two values of QI>, and reducing, we have, 

In lhi« expression we ohaerre that the part of the numerator 
which has the minus sign, is the side opposite to the angle ; and 
that the deDcaoioalor is twice the rectangle of the sides adjacent 
to the angle. From these observations we at once draw the fol- 
lowing expresuons for the cosine A, and cosine B. 
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As these erpressfons are not ednrei^ent fbr lognrRbfide cotxipv* 
tation, we modify them as follows : ' 

If we put 2a=-4, in equation (31), we hare, 

C0S.-4+ 1 =2 COS.* ^A 

In the preceding expression (n)^ if we consider radius^ unity; 
and add 1 to both members, we shall have^ 

COS.^-f-lssl-i — 



Therefore, 2cos.'^^aB 






9bc 

Considering (d+c ) as one quantity, and observing that we have 

the difference of two squares, therefore 

(5+c)2— a«=(i+c+a){6+o*-«); but (*+«—«) =^b+c+ar-ta 

Tj a irA C^+c+a)(i+c+«^2a) 
Hence, . % cos/ ^A^^ ^-^ s 

/ 5+c+a \ / h-\'C-\'a 



Or, . . COa.* -JjilaBa. 



\ 2 



Hb-te-\-a \ 



i^iM_ 



he 

By putting — - — =sf , and extracting square root, the £nal 
result for radius unity, is 



cos.j^A^^d— 



cos. 



i$—a) 
be 
For any other radius we mus t write, 

^'^^^V be 
By mference, cos.l^tsr-yf -^ ^ 

Also, . • C0S.|C7=-y| ^-r 

In every triangle, the smn of the three angles most equal 180°; and 
if one of the angles is small, the other two must be comparatively 
targe; if two of them are small, the third one muat be large. The 
greater angle is always opposite ^e greater side ; hence, by merely 
inspecting the given sides, any pers^ can decide at once which is the 
greater angle ; and of the three preceding equations, that one should 
be taken which applies to the greater angle, whether that be the par- 
ticular angle required or not; because the equations bring out the 
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Mnnet to the angles ; and the eosinea, to very small area yary ao alowly, 
that it may be impossible to decide, with sufficient numerical accuracy, 
to what particular arc the cosine belongs. For instance, the cosine 
9.999099, carried to the table, applies to several arcs ; and, of course, 
we should not know which one to take ; but this difficulty does not exist 
when the angle is large ; therefore, compute the largest angle first, 
and then compute the other angles by proposition 4. 

But we can deduce an expression for the sine of any of the angles, 
as wellvas the cosine. It is done as follows : 

EQUATIONS FOR THE SINES OF THE ANGLES. 
Resuming equation (m), and considering radius, unity, we have, 

cos. C7=s — 

Subtracting each member of this equation from 1, giyes 

Making 2a=(7, in equation (32), then a=:j^C, 

And . . 1— cos.(7=2sin.2|(7 " (2) 

Equating the right hand members of (1) and (2), 

2 8m.'*C= 

_{c+b — a)(€+a — b) 
2ad 

Or, . . . sin.'^C7=s — 

But. . f±*=?^£±|±?_« and f±?=:*=f±f±* 

2 2 2 2 

Put . — - — -^ss, as before ; then. 



By taking equation (p), and operating in die same manner, we 



hare . . . 8m.i^=^(*-^)(^) 
From (n) . . sin.|.4=J^*"^K*~') 

^ CO 
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The preceding results are for radius unity; for any other 
radius, we must multiply by the number of 'imits'in such radius. 
For the radius of the tables, we write R; and if we put it undel* 
the radical sign, we must write iif'; hence, for the sines corres- 
ponding with our logarithmic table, we must write the equations 

thus, . . . sin. j^A=:yJ — V f ^V* g j. 



sm.*J^=^/— ^ ^-^ ^ 

ac 



iin.^B^yj' 



A large angle should not be determined by these equations, for 
the same reason that a small angle should not be determined from 
an equation expressing the cosine. 

In practice, the equations for cosine are more generally used, 
because more easily applied. 

In the preceding pages we have gone over the whole ground of 
theoretical plane trigonometry, although several particulars might 
have been enlarged upon, and more equations in relation to the 
combinations of the trigonometricsd lines, might have been given ; 
^ut enough has been given to solve every possible case that can arise 
in the practical application of the science ; but to show more clearly 
the beauty and spirit of this science, and to redeem a promise, we 
give the following geometrical demonstrations of the truths expressed 
in some of the preceding equations. 

From C as the center, with CA as the radius, describe a circle. 
Take any arc, AB, and call it A; AD a less arc, and call it B; then 
BD is the difference of the two arcs, and must be designated by 
{A—B); AGh=^AB; therefore, D€h=A+B; JEG=8m.A; 
(See fig. p. 164.) jEn=an.B; G'»=sm.-4+sin.jB/ 

Bn==8m,A — sin.jS. 
i^=w2>= (7jSr=cos.-5; mw=cos.-4/ 

Therefore, -^+»i«=cos.^+cos.J?=i^«y 
mD — mn=cos.-B— cos.-4=ni)/ 

i)(7=2sin.(4^) 

Because NF^AD; AB-^NF^A-^B; 

Therefore, . 180*— (^+-B)=arc /!5/ 
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Or, . . . 90=-(^-)=iarcJ^B/ 

' Bat the chord FB, u Amu the sine of 4- arc FB. 

That is, FB=2mi. ( 90° "^+-° ) =2«b. ( 1^±^ ) 

The angle nGm=BFD. becaoie 
both are measured by one half of tiie 

arc BD; that is, by ( ~? \ mdthe 

two triangles 6^iJ, and fhB are similar. 
The angle Glh, is measured by 

In the triangle /Bff, Fn is drawn from an angle perpendiculnr 
to flic opposite side ; therefore, by Proposition 6, we have. 

On : nB=taD. OFn : tan.JS/b 
Thatis.sin.^+sm.£:sia.4-*in.£=tan. ( ^^^ \ :tan. / ^~? \ 
This is equation (19). 
In the triangle 6nl>, we have 

fAaM" •.DG=mi.nDO: On; sin.»D(?f=cos.nffiJ 
That is, 1 : 2rin. ( ^ ) =cos. ( -J-^ ) : sin.^+an.B 

Or, . sin.^+sin.5=fsin.(^+^)cos.(^) 
same aseqnation (15). 
In the triangle FtiB, we have, 

8in.90 : FB=aa.BFn : &i 
That is, 1 : tcos: ( ^^ ) =sin. ( ^=? ) : sin.^-ein.B 

Or, . . sin.^-sm.5=2«)s.(^t^)sm.(-i^) 
same aseqnalion (16). 

In the triangle FBn, we taye, 

sin.eO : J'J5=cos.£/'n : Fa 
That U. I : 8C0S. ( ^^ ) =cos. ( ^? ):eos.^+cos.£ 
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Or, co9^+co9.jB=2eos. I T" 1 cos. I — - — 1 same as equa- 
tion (17). 
In tlie triangle €fnJ>, we bave, 

aa.3Q° : &D=Bia.tiOI> :nD 

That ia, . 1 : Sein. [ ■■ \ asin. | — s— ) : cos,5 — coi.^, 

same aaequatian(18). 

In the triangle FCfn, ve hare, 

ua.GFn: 0n=coB.GFn:J!h 

ThatU, nn. — — : iia.^-|-«in..ff="C(iB. — ^- :coH.j4+«>a.5 
Or, (Bin.^+sin.5)coa. ( ^^ ) =(coa. J+cob.S)™. ( ^^ ) 

*"• • • -^ j-L^ B = TXp"**"- — 5~ J 



ooB..A-|-ooa..5 A+B 

COS.— — 

Mune as e<piatian (20). 

We give a few more geometrical demonstrations from the fallow- 
ing figure: 
Let the arc AD^A; then i)(7=sio-4; C(?=oo8..i; 
I>I=am.iJ; ^i>=S8iu.^.a; CI=<x».iA; 
CI=D 0; I>B=^iJ> 0«r8caa.^A 

^e angle DBA, is measured by half 
A2); that is, by \A. 

Also, . ADCf=DBA=iA. 

Now in the triangle BJDO, we have, 
rinJ}B& : J)0=sm.90' : BD 

llMt ia, sm-^X : ■in.Xs 1 : laos.^A 

Or, . ■in^aZsin.J.^cos.^..^ 

nme •■ «qnadim (30). 

In the SBBte triangle 

sm-go" : BD=aa.BDG: BO; m.SDG=coaJ>£C/; 

That is, . l:2coH4.4=cos.i.d: 1-|-co8.j1 

Or, . »cos'.i.<i=l+coH.u4, 8an» a«eqaatiOT(34). 
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In the triangle D&A, we hxre, 

sinM" ■.AD=aa.OBA : QA 
That is, . 1 : 2^4^=81114^ : 1 — cos.^ 
Or, . Ssin.'^^fl^-cos.^, same as equation (35). 

B; rimilar triangles, we hare, 

BA:AI>=^AD:AQ 
That is, . 2 : Ssin^'^sSBiii.^^ : versed uii^ 
Or, . Tersed i\D..A=A'ixa.?^A. 



APPLICATION OF THE PRINCIPLES OF 
TRIGONOMETIIT. 

Everj triangle consistB of aix pails; three sides, and three angles ; 
and to detennine all the parts, three of them muat be given, and at 
least one of l&eie jwrte riMst £e a liiie, because two triangles may have 
equal angles, and their sides be very different in respect \a magnitude 

In right angled plane triangles, the right angle is always given ; and 
if two other parts, and om a ndt, be given, it will be Buffident for the 
complete determination of all tbe other parts. 

Before the invention of logaritbrna, the nmnerical computations for 
the parts of a triangle were all made by arithmetical proportion, as in 
the rule of three, through the help of natural sines and cosines ; but 
the operations, in many cases, were extremely laborious. For mere 
curiosity, we wOl use natural sinea to aoke the following triangle. 

Givm, the hypoteiwse of a right angled triat^le, 840.4 feet, and one of 
Oie Mique angles, 38° 16', lofind lie otfier parti. 

The two oblique anglea, together, make 90° (th. 11, b. 1, cor. 4); 
therefore, the other angle is 51° 44'. 
Ah 1 ;38° \&'=AC : CB 

But the natural sine of 38°, 16' is 
.ei93aandAC=840.4. 

Therefore, 1 : .61932=840.4 : CB 
840.4 

347728 
347738 
496466 
CB=630.47«638 
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For the aide AB^ we have the following proportion : 

1 :co8.38«16'=sAC:AJ? 
That is, . . 1 : .78513=840.4 : AB 

8404 

314052 
314052 
628104 

AJ?=:659.823252 

Before we go into logarithmic computation, it is important to say a 
word or two in relation to the nature of logarithms. 

Logarithms are eaijHmerUiai numbers ; and Algebra teaches us, that the 
addition of the exponents of like quantities multiplies the quantities, 
and the subtraction of the exponents divides the quantities. 

Hence, by logarUhnu, toe perform muUiplication by addUiont and division 
by mibtraciUm. 

EXPLANATION OE THE TABLES. 

. For the computation of logarithms, we refer at once to Algebra; 
here we shall point out the manner of finding them in the tables, and 
some of their uses. The logarithm of 1, is 0; of 10, is 1.00000; of 
100, is 2.00000, &c. Hence, the logarithm of any number between 1 
and 10, must be a decimal; between 10 and 100, must be I and a 
decimal; between 100 and 1000, must be 2 and a decimal. The whole 
number belonging to a logarithm, is called its index. The index is 
never put in the tables (except from 1 to 100, and need not be put 
there), because we always know what it is. It is always one less than 
the number of digits in the whole number. Thus, the number 3754 
has 3 for the index to its logarithm, because the number consists of 
4 digits ; that is, the logarithm is 3, and some decimal. 

The number 347.921 has 2 for the index of its logarithm, because 
the number is between 347 and 348, and 2 is the index for the loga- 
rithms of all numbers over 100, and less than 1000. 

All numbers consisting of the same figures, whether integral, firac* 
tional, or mixed, have- logarithms consisting of the same decimal part. 
The logarithms would differ only in their indices. 

Thus, . the number 7956. has 3.900695 for its log. 

the number 795^6 has 2.900695 ,« 

the number 79.56 has 1.900695 " 

the number 7.956 has 0.900695 << 

the number .7956 has —1.900695 ** 

* 

the number .07956 has —2.900695 *< 
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From this we perceive that we maet Uke llie logtritbm out of the 
table for a mixed number or a depimal^ the eame as if the figures 
expressed an entire number ; and thea» to prefix the index, we nust 
consider the veUve of the number. 

The decimal part of a logarithm is always positive ; but the index 
becomes negative when the number is a decimal ; and the smaller the 
decimal, the greater the negative index. 

To prefix the index to a decimal, count tiie decimal point as 1, and 
every cipher as 1, up to the fest significant figure, and this is the 
negative index. 

For example, find the logarithm of the decimal .0000831. 

Num. 0000831 log 6.919601 

The point is counted one, and eech of the eiphera k eoonled one; 
UtOr^re the index is mtmit j^ve. 

The smaller the decimal, tiie greater the negative index ; iMid whoA 
the decimal becomes 0, the logarithm is negativdy ityinite. 

Hence, the logarithmic sine of 0° is ne^oHvdy infinite^ however great 
the radius. 

The logarithm of any sumber consisting of four figures, or less, is 
taken out of the table directly, and witiraut the least difficulty. 

Hius, to find the logarithm of the number 8735, we find 873, at the 
aide of the table, and run down the column marked 5 at the top, and 
we find opposite the former, and under Ihe latter, .571126, for the deci- 
mal part of the logarithm. 

Hence, the logarithm of 3725 is 3.571126 
the logarithm of 37250 is 4.571126 
the logarithm of 37.25 is 1.571126, &c. 

Find the logarithm of the number 834785» 

l%is number is so lai)ge that we caanot toii it in the tiUe, but we 
eaii find the nnn^Mrs 8847 and 8348. The kgaritfame of then num- 
bers are the same aa tiM logiariikhitis of the nuffibere 894700 and 884800» 
eaeept tiie indices. 

884700 log* 5.921530 
884800 log. 5.921582 



100 52 

Now, our proposed number, 884785, is between the two preceding 
numbers ; and, of course, its logarithm Bee between the two preceding 
logarithms ; mid; witlitout tother comment, we may proportion to it 
thus, 100 : 85=52 : 44.2 

Or, . I. : .85aa92 : 44.2 
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To Um logtriOuB . 6.9:21^0 
Add * 44 

Hence, the loganthm c^ 834785 is. 6.(^21674 
the logarithm of 8.34786 k 0.921574 

From this we draw the foUowiag rule to find the l6^. of tay number 
wmsietiiig of more than four plaees oi figuree. 

' Rttle. — Ttffe otU ihe logarithm cf^fmir superior fiaces, direcGyfrwn 
the taUey and take tJte difference hetween this hgariAm and &ie next greater 
logarithm in the taik. Multiph/ this difference by ihe inferior places qf 
figures in the number, as a decimal. 

Example. Find the logarithm of 357.32514. 

" the logarithm of 3573. decimal part is .553033 
The difTerence between this and the next greater in the table, ift 12d. 
The figures not included in the above logarithm, are 

.2514 
Multiply by . . 122 

5028 
5028 
2514 

30.6708 
This result shows that 31 should be added to the decimal part of the 
logarithm already found ; that is, the logarithm of the proposed number, 

357.12514 is 2.553064 
The logarithtai of 357325.14 is 5.553064 
We will<now give the converse of this problem ; that is, we give the 
decimal part of a logarithm, .553064, to find the figures corresponding. 
The next less logarithm in the table, is .553033, corresponding to 
the figure 3573. The difibrence between our given logarithm and the 
one next less in the table, is 31; and the difierence between two con- 
secutive logarithms in this part of the table, is 122. Now divide 31 bv 
122, and write the quotient after the number 3573. 
That is, . . . 122)31. (254 

244 

660 
610 



600 

488 

The figures, then, are 3573254, which coitresponds to the decimal 
kfBrithm .55S064 ; and the valoe of tfaeee figure* wiD> of coittae, 
dt]^d on dM iadex t» te logititbai. 
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From ttaSi we draw thQ following rale to find the number correspond- 
ing to a given logaridimi 

Rule. — If the given logarUhm isnotinihe table, find (he one next Jess, 
and take out the four figures corresponding; and if more than four figures 
are required, take, the deference between (he given logatithm and (he next less 
in (he table, and divide (hat d^erence by the d^ertnce of (he two eomeeutive 
logarithms in (he tcUtiU, (he one less, the o(her greater (han the given loga- 
rithm; and the figures arising in (he quotient, as many as may he required^ 
m%ut be annexed to (he former figures taken from (he table. 

EXAMPLES. 

1. Given, the logarithm 3.743210, to find its corresponding number 
true to (hree places of decimals. Ans, 6636.182 

2. Given, the logarithm 2.633366, to find its corresponding number 
true to two places of decimals. Ans* 429.89 

3.. Given, the logarithm — 3.291742, to find its corresponding 
number. An«. -.0019677 

TABLE II. 

This table contains logarithmic sines and tangents, and natural sines 
and cosines. We shall confine our explanations to the logarithmic 
sines and cosines. 

The sine of every degree and minute of the quadrant is given, 
directly, in the table, commencing at 0^, and extending to 46°, at the 
head of the table ; and from 46° to 90°, at the foot of the table, 
increasing backward. 

The same column that is marked sine, at the top, is marked cosine 
at the bottom ; and the reason for this is apparent to any one who has 
examined the definitions of sines. 

The difference of two consecutive logarithms is given, corresponding' 
to ten seconds. Removing the decimal point one figure, will give the 
difference for one second ; and if we multiply this difference by any 
proposed number of seconds, we shall have a difference corresponding 
to that number of seconds, above the logarithm, corresponding to the 
preceding degree and minute. 

For example, find the sine of 19° 17' 22". 

The sine of 19° 17', taken durectly from the table, is 9.618829 

The difference for 10" is 60.2; for 1", is 6.02X22 . 133 

Hence, 19° ,17' 22" sine is . . . . . 9.618962 
From this it will be perceived that there is no difiicnlty in obtaining 
the sine or tangent, cosine or cotangent, of any angle greater than 30'. 
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OonrerBelj. Giv«n l3ie logarithmic Bine 9J06S419, to find its eorre»< 
ponding arc. The sine next less in the table, is 9.98S404, and gives 
the arc 73^ 48'. The difference between this and the given sine, is 8, 
and the difference for I'^is .61 ; therefore, the number of seconds cor- 
responding to 8, mofft be discovered by dividing 8 by the decimal .61, 
which gives 13. H«IIC8, the arc sought i» 73^ 48' 13". 

These operaticms are too obvious to require a rule. When the arc 
is very small, such arcs as are sometimes required in astronomy, it is 
necessary to be very accurate ; and for that reason we omitted the 
difference for seconds for all arcs under 30'. Assiuning that the sines 
and tangents of arcs under 30' vary in 1^ same proportion as the arcs 
themselves, we can find the sine or tangent of any very small arc to 
great aeenracy, as follows : 

The ame of 1', w esniweaved in the Uble, is * • 6*463726 

Divide this by 60 ; that is, subtract kgarithm • . 1.778161 

The logarithmic sine of 1"« therefore, is . . • 4.686575 
Now, for the sine of 17", add the logarithm of 17 . 1.230449 

Logarithmic sine of 17", is 6.916024 

In the aame manner we may find the sine of any other small arc. 

For example, find the sine of 14' 21^"; that is^ 861"5 

To logarithmic sine of 1", is, .... . 4.686675 

Add logariAm of 861.6 ^ 2.935255 

Logarithmic eSne of 14' 21^' i. . . . . 7^20830 

Without further preliminaries, we may now preceed to practical 




2. In a ri^ angled triangle, ji J9C»giva& 
the basa, ABp 1214» and the angle ^ 51° 40' 
30", to find the other parts. 

To find BC 

As radius . Id.OOOOOO 

: tan.A5l«> 40' 80" 10.102119 

:: AB 1214 . 8.064210 

: BC 1535.8 . 8.166338 

N. B. When the first term of a logarithmic proportion is radiue, 
the resulting logarithm is found by adding the second and third loga- 
rithms, rejecting 10 in the index, which is dividing by the first term. 

In all cases we add the second and third logarithms together; which, 

in logarithms, is multiplying these terms together; and from that sum 
14 L 
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we subtract the first logarithm, whatever it may be, which is dividing 

by the first term. 

To find AC. 

As sin. C, or cos. A 61<^ 30' 40" . 9.7924T7 

: AB 1214 3.084219 

Radius . . 10.000000 






: AC 1967.7 3.291742 

To find this resulting logarithm, we subtracted the first logarithm 
firom the second, conceiving its index to be 13. 

Let ABC represent any plane triangle, right angled at B. 
1.- Given AC ISM, and the angle A 49^ 12' 20"; required the other 
parts 1 Ans. The angle C 40<^ 47' 40", BC 64.46, and AB 47.87. 

2. Given AB 469.34, and the angle A61<=^ 26' 17'', to find the other 
parts 1 Ans. The angle C 38^' 33' 43", BC 688.6, and A C 762.9. 

3. Given AB 493, and the angle C 20^ 14'; required the remaining 
parts 1 Ans. The angle A 69^ 46', BC 1338, and AC 1426. 

4. Let A^=331:; the angle A=s:49^ 14'; what are the other parts ? 

Ans. AC 606.9, BC 383.9, and the angle C 40° 46'. 

6. If AC=46, and the angle C^=^Vt^ 22', what are the remaining, 
parts ? Ans. AB 27.31, BC 36.76, and the angle A 62<=> 38'. 

6. Given A C 4264.3, and the angle A 66° 29' 13", to find the remain- 
ing parte. Ans. AB 2364.4, BC 3666.4, and the angle C 33° 30' 47". 

7. If AB=42.2, and the angle A=31° 12' 49", what are tiie other 
parte 1 Ans. AC 61.68, BC 26.78, and the angle C 68° 47' 11". 

8. If AB=8372.1, and BC=&694.73, what are the other parte 1 

Ans. AC 8400.9, the angle C 86° 16', and the angle A 4° 46'. 

9. If AB be 63.4, and AC be 86.72, what are the other parte ? 

Ans. BCbl.t, the angle C 47° 42', and the angle A 42° 18'. 

10. GKven AC 7269, and AB 3162, to find the other parts. 

Ans. BC 6646, the angle C 26° 47' 7", and the angle A 64° 12' 63". 

11. Given AC 4824, uid BC 2412, to find the other parte. 

Ans. The angle A 30° 00', the angle B 60° 00', and AB 4178. 
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OBLIftUE ANGLED TRI60N0METET- 

EXAMPLE 1- 

In die triangle ABC, given jiB=37e, the 
Angle A=48° V, and the angle £=40° 14', 
to find the other parts. 

Ab the Bum of the three angles of ereiy 
triangle is alwaje 180°, the third angle, C, 
muHtbe 1800—88° n'=91° 43'. 

To find AC. 

Ab siD.91° 43' . 9.99980S 

: AB 376 . 3.576186 

:: sin.AB 40° 14' . 9.B10I67 

13.385365 

: AC 343 . 3.ae6660 

Obienre, that tlie aine of 91° 43' is the eame as the coaine of 1° 4 

To find BC. 

Ab Bin.9]° 43' . 9.999806 

; AB 376 . 3.576188 

;: eiD.jl4e° 3' . 9.871414 



EXAMPLE 2. 

In a fkme triangU, given tteo tides, and an angle oppotile one of tiem, 
to determine Ae other parte. 

Let AI>=1751. feet, one of the 
pven sides. The angle i)=3I° 17' 
19", and the side oppoeil«, 1367.5. 
Prom these data, we are required to 
find the other aide, and the other two 

In thia case we do not know whether 
AC or AE represents 1367.6, because 

A C^AE, If we take A C for the other given side, then DC is the 
other required side, and J!>AC is the vertical angle. If we lAke AE 
f<v the other given side, tlien DE Ib the required aide, and DAE if the 
vertical angle ; but in «uch cases we determine both trianglea. 
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Tojlnd (he angle E^C. 

(Prop. 4.) A« AC«=A£=!267.6 log. 3.099608 
: D 31<^ 17' 19" Bin. 9.716460 

:: AD 1761 . log. 3.243286 

ghmC; 46^18' .^ . Rill. 9.869938 
From 180^ takt 49^ 18', and the remainder is the angle DCA 
min^ 49'. 
Th« tngto DAChsUCE^D (th. 11, b. 1); that Is, 

1>AO«:460 18'— 31<^ 17' l9"=16o 0' 41" 
The angles D and £, taken from 180«>, give DAE^102^ 24' 41". 

njlndDC. 

As ain.D 31« 17' 19' log. 9.716460 
: AC 1267.6 . log. 8.099608 
:: 8iH.I>ACl6<^0'4l"log. 9.413317 





}2,6 12896 


: DCe9l$S6 


2,797a«^ 


JbJMDJB. 




As 8in.Z> 81° 17' 17" 


9.7164«) 


: AOiaHW.d 


3.099608 


:: sin.lO)^' 34' 41' . 


9.9897^0 




13.089238 



: 2>£29644» , 3.P73778 

N. B. To make the triangle possible, A C must not be less than 
AB, the sine of the angle i>, when DA Is made radius. 

EXAMPLE 8. 
III «i|r fkm irimgUf ^Smi twp fi^ and ike imUvded angle, to find 

Let AJDnsltdl (sM last figure), Z>iSb^64^, and th« included inagif 
|>»^1«' 17' 19". We are requix^ to find JP-E, the angle DAE, wi 
•jigle B. Obsenre !&«lt the angle E must be less than the angle DAE9 
)>eean8e It ki opposite i. less side. 

Prom .... 180** 

Take D . , . . 31° 17' 19" 

' 8iim of the other ivo as^es «a,48^ 4Sf 41^ (th. 11, l»* 1) 
iflum .... «3^^ei^S0" 
By propoaitioB 7, 
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DE+DA : BS~~OA^ Xaa.H" 21' 80" ; Un-i^DAE—E) 
ThUU, 

4HS.6 : 618.6= tui.l4f> 21' 30" i ^Oj*£— E) 
Twi.74'' S!' SW" H>.WaT78 

613.6 . 2.787815 

13.340693 
4116.6 lof. (mA.) 3.6I44W 

}(DjIE— B) ttn.S80 1' 36" 9.726170 
Bat the half Bum and half difitorence of mj two quutitiM are equal 
to the greater of the two ; and die half mm, lew tbe half diSbivnce, 
ia equal the tasa. 

Therefore, to 74° 21' 20" 



DAE-=109^ «' 

E= 46 19 


66" 
44 


TbJSnd AE. 




Ai Bln.fi MP 19' 44" 
; DA 1761 . 

:: ain.I> 31° 17' 19" 


9.S59S93 
841439Sfl 
9.7l64fi0 


: AE 1»7JJ . . . 


».9i»749 
3.09ftlS9 


EXAMPI.E i 





GnwB th* &ree fiifet (f a jiirM triangle to find Oe an^ 
Given AC=1761, CB=1267.6, AB=a364.6 
If we take the fonnula for cosines, we wilt 
compute the greatest angle, which ia C. To 
correapond with the formula, 

coa.4e=,?/*^^D we iKMH 
take 0=1267, k=1761, and c=2364.6 
Th* h^lf ■">» of these ia, 5=2686.6 ■ #— c=82a 
S? . 30.000000 

1=9686.9 S.4391B? 

>-«=9n . 2.607866 

Numerator, log. §6,937043 
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R^ 


. 20.000d00 


8^=2686.6 


3.429187 


f— c=323 


2.607866 



Numerator, log. 26.937043 
a 1267.6 3.099608 
b 1761. 3.243286 

Denominator, log. 6.342794 6.343694 

2)19.694249 

JC=: 61® ir 10" COS. 9.797124 
C^102 22 20 

The remaining angles may now be found by problem 4. 

We give the following examples for practical exercises : 
Let ABC represent any oblique angled triangle. 

1. Given AB 697, the angle A Sl^' 30'. 10", and the angle B 40° 
30' 44'', to find the other parts. 

Ans, AC 634, BC 813, and the angle C 67<> 69' 4". 

2. If AC=720.8, the angle ils=70o 6' 22", and the angle JJ=69<» 
36' 36", required the other parts. 

Ans, AB 643.2, BC 786.8, and the angle C 60<^ 19' 6". 

3. Given BC 980.1, the angle A 7® 26' 26", and the angle B 1069 
2' 23", to find the other parts. 

Ans, AB 7284, AC 7613.3, and the angle C 66® 61' 11". 

4. Given AB 896.2, BC 328.4, and the angle C 113® 46' 20", to 
find the other parts. 

Ans. AC 712, the angle A 19® 35' 48", and the angle B 46® 38' 62". 

, 6. Given AC 4627, BC 6169, and the angle A 70® 26' 12", to find 

the other parts. 

Ans. AB 4328, the angle B 67® 29' 68", and the angle C 62® 4' 62". 

6. Given AB 793.8, BC 481.6, and AC 600.0, to find the angles. 
Ans. The angle A 36® 16' 32", the angle B 36® 49' 18", and the 

angle C 107® 66' 10". 

7. Given AB 100.3, BC 100.3, and AC 100.3, to find the angles. 

Am. The angle A 60®, the angle B 60®, and the angle C 60^. 

8. Given AB 92.6, BC 46.3, and AC 71.2, to find the angles. 
An*. The angle A 29® 17' 22", the ^ngle B 48® 47' 31", and the 

angle C 101® 66' 8". 
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9. Given AB 4963, BC 6124, and AC 5621, to find the angles. 
Ans. The angle A 67° 30' 28", the angle B 67°^ 42' 36", and the 
angle jC 64«> 46' 66". 

10. Given AB 728.1, BC 614.7, and AC 683.8, to find the angles. 
Ans, The angle A 649 32' 62", the angle B 60^ 40' 68", and the 

angle C 74° 46' 10". 

11. Given AB 96.74, BC 83.29, and AC 111.42, to find the angles. 
Ans. The angle A 46° 30' 46", the angle B 76® 3' 45", and the angle 

C 67«> 25' 30". 

12. Given AB 363.4, BC 148.4, and the angle B 102® 18' 27", to 
find the other parts. 

Ans. The angle A 20° 9' 17", the angle B 102® 18' 27", and the 
angle C 67® 32' 16". 

. 13. Given AB 632, BC 494, and the angle A 20® 16', to find the 
other parts, C heing acute. 

Ans. The angle C 26® 18' 19", the angle B 133® 26' 41", and AC 
1036.86. 

14. Given AB 53.9, AC 46® 21', and th& angle B 58.16, to find the 
other parts. 

Ans. The angle A 38® 58', the angle C 82® 46, and BC 34,16. 

15. Given AB 2163, BC 1672, and the angle C 112® 18' 22", to 
find the other parts. 

Ans. A C 877.2, the angle B 22® 2' 16", and the angle A 46® 39' 22". 

16. Given AB 496, BC 496, and the angle B 38® 16', to find the 
other parts. 

Ans. AC 325a, the angle A 70® 62' and the angle C70® 52'. 

17. Given AB 428, the angle C 49® 16', and (AC+JBC) 918, to 
find tlie other parts, the angle B heing ohtuse. 

. Ans. The angle A 38® 44' 48", the angle B 91® 59' 12", A C 564.49, 
and BC 353.6. 

18. Given AC 126, the angle A 29® 46', and (AB^BC) 43, to find 
the other parts. 

Ans. The angle A 55® 61' 32", the angle C 94® 22' 28", AB 253.54, 
and BC 210.54. 

19. Given AB 1269, AC 1837, and the angle A 53^ 16' 20", to find 
the other parts. 

Ans. The angle B 83° 23' 47", the angle C^dP 19' 53", and BC 
1482.16. 
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APPLICATION OF TRIGONOMETRY TO MEA- 
SURING THE HIGHT AND DISTANCES OF 

VISIBLE OBJECTS. 

In this useful application of trigonometry, a base line is always sup- 
posed to be measured, or given in length ; and by means of a quadrant 
sextant, circle, theodolite, or some other instrument for measuring 
angles, such angles are measured as connected with the base Hne, 
and the objects whose hights or distances it is proposed to determine» 
enable /US to compute, from the principles of trigonometry, what those 
hights or distances are. 

Sometimes, particularly in marine surveying, horizontal angles are 
determined by the compass; but the varying effect of snrronnding 
bodies on the needle, even in situations little removed from each other, 
and the general oonstructioii oi the inslsniment itpelf, render it unfit to 
be applied in the determination of angles where anything like predsioa 
is requhPid. 

The following examples present sufficient variety to guide the itiident 
in determining what will be the most eligiid^ nsode of proceedix^ in 
any case that is likely to occur in practice. 

EXAMPLE 1. 

Being desirous of finding the distance between tiro dirtant ohjectflt 
C and A I measnred a hase AB, of .S84 yards, on the same konmital 
plane with the objects C and D. At A, I found the angle DABsk4S^ 
12', and CAB=i89^ 18'; at B the angle ABC was 46° 14', and ABD 
87^ 4'. It is required from these data to compute Uie distance between 
C and 2>. 

From the angle CAB, take the angle DAB; the 
reminder, 41^ 6'» is the angle CAD, To the angle 
DBA, add the angle DAB, and 44° 44', the supple- 
ment of the sum, is the angle ADB, In the same 
way the angle A CB, which is the supplement of 
the sum of CAB and CBA, is found to be 44° 28'. 

Hence, in tiie triangles ABC and ABD, we 
have 

As sin. ACS 4A^1S8f 9.845405 

: AB 384 yards . . 2.584331 
:: sin. AjBC 46° 14' . 9.8686a;5 

12.442996 

: AC 395.9 yards . . 2.597561 
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Aa liB. APB 44*^ 44' 9.S474S4 

: AB 384jaTds . . |}.»B4331 

:: un. ABD 87° 4' . . 9.999431 

i a.S8376a 

: AD 644.9 yards . 3.736308 

Then, in the triangle CAD, we have given the sides CA and AD, 

and the included aagU CAD, to fin<l CD; to compute which we 

proceed thus : 

The BuppIemoBt of the angle OAD ii the nub of the angles ACD, 
and ADC; 
Hence, . ^^'"+•^^^=69° «', and, by proporUon we have. 



\aAD+AC . 940.8 
; AD~AC . . 1«» 
^,^^^ACD+ADC ^^^ 


a.937497 
a. 173186 

. |0.«610« 


: tan. ^^^^^^^^^ « 5, 


13.599394 
fl.M67»7 


the angle .A C2> sum 98 91 
the angle 4i}e iiff. 46 S3 




Ah sin. ADC 46° 8B' 
: AC 396.9 y««l». . 
r: ma.CAD 41"*' 


9.860932 
3.697686 
9.817813 




19.416998 


; CD »K.6 yard! . 


3.664476 


eXAHPLE S. 



To determine the altitude of a lightkouae, I obBerved the clfv^tion 9f 
Hi tvf tWr^a Jha Jitvel sand «a tba teuiwae, to be 16° S3' 16", and 
nwaitfiBg ^ijectij from jt, along tlt« rand 688 yarde, I then fovsd ilk 
;ri«v»tion te be 9° 66' 36"; lequired tke hig^t of the lightfaouea. 

Let CD represent the bight of the lighthouse 
then the lerel of the sand, oad let £ be 4)4 
first station, and A the second ; then the angle 
OBD ia 16° 33' 18", and tbB angle CAS 
iB9°66'36"; thwefore,the»ng)«4C£,wlild» . 
it tb* di^ence of the angles CBD and CAB, 
i«6''«r'«". 
15 
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Hence, 



An sm.ACB 6^ 35' 62" . 8.989201 
: A£ 638 . . 2.804821 

: : sin. angle A 9° 66' 26" 9.237107 





12.041928 


: 5C 1129.06 yards 


3.062727 


As radius .... 


10.000000 


: BC 1129.06 


3.062727 


:: Bm.CBD 16<* 32' 18" . 


9.427946 


i 


12.480672 


: DA 802.46 yards 


2.480672 



EXAMPLE 3. 

Coming ftom sea, at the point D,I observed two lieadlands, A and B, 
and inland, at C, a steeple, which appeared between the headlands. 
I found, from a map, that the headlands were 6.36 from each other ; 
that the distance from A to the steeple was 2.8 miles, and from B 
to the steeple 3.47 miles ; and I found with a sextant, that the aiigle 
ADC was 12° 16', and the angle BDC 16° 30% Required my distance 
from each -of the headlands, and from the steeple. 

CONSTBVCTIOir. 

The angle between the two headlands is the 
sum of 16° 30' and 12° 16', or 27° 46'. Take 
the double, 66° 30'. Conceive AB to be the 
chord of a circle, and the segment on one side 
of it to be 66° 30 ; and, of course, the other will 
be 304° 30'. The point D will be somewhere in 
the circumference of this circle. Consider that 
point as determined, and join CD» 

In the triangle ABC we have all the sides, and, of course, we can 
find all the angles ; and if the angle ACB is less than (180° — (27* 
46') )=162° 16', then the cijcle cuts the line CD, in a point E, and 
C is without the circle. 

Join AE, BE, AD, and DB. AEBD is a quadrilateral in a circle, 
and AEB+ADB=:180°. 

The angle ADE= the angle ABE, because both are measured by 
half the arc AE, Also, EDB=zEAB, for a similar reason. 

Now, in the triangle AEB, its side AB, and all its angles, are^ 
known ; and from thence AE can be computed. Then, having the 
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two Bides AC and AE of the triangle AEC, and the included angle 
CAEi we can find the angle AEC, and, of course, its supplement, 
AED, l^ien, in the triangle AED we have the side AE, and the 
two angles AED and ADEy from which we can find AD, 
The computation, at length, is as follows : 

7b find AE. 



angle EAB 16^ 30' As 


sin.AEB 162'' 


16' 


. 9.668027 


angle EBA 12 


16 : 


AB 6.36 . 


• 


. .728364 


27 


46 :: 


Bm.ABE 120 16' 


• 9.326700 


180 





. 




10.866064 


angle AEB 162 


16 : AE 2.438 . 
To find Hie angU BAC. 


. 


. .387027 








BC 3.47 










AB 6.36 


log. .728364 








AC 2.80 


log. .447168 








2)11.62 


1.176612 








6.81 


log. .764176 






• 


BC 2.34 


log. .369216 
20 

21.133392 

2)ld.967880 




* 




17» 41' 68" 


COS. 9.978940 






angle BAC 


36 23 66 








angle EAB 


16 30 






\. 


angle EAC 


. 19 63 66 
180 






' 


2)160 6 4 


• 








80 3 2 


AEC+ACE 







To find ike angles AEC and ACE. 

AbAC+AE 6.238 .71916&. 

: AC—AE .362 ^1.668709 

AEC+ACE 

:: tan. ^ ^80° 3' 2" 10.766928 



AEC^ACE 
tan. = 21 30 12 



10.314637 
9.696472 



IW 
wBOglB AE€ 



ELEMENTS OF 



angle ACEorACD 58 32 60 diff. 
angle CD A 12 15 



70 47 50 supplement 109° 12' 10" angle CAD 

35 23 56 angle CAB 





73 48 14 


7b jiftd AD. 




A« sin. AI>C 12^ 15' 


9.826700 


: AC 2.8 . 


.447158 


:: sin. A CD 58««2'50'' 


9.930985 




10.378143 


: AD 11.26 miles . 


1.051443 



EXAMPLE 4. 

The elevation of a spire at one station was 23® 50' 17", and the 
horizontal angle at this station, between the spire and another station, 
was 93® 4' 20". The horizontal angle at the latter station, between 
the spire and the first station, was 54® 28' 36", and the distance between 
the two stations, 416 feet. Required the hight of the spire. 

Let CD be the spire, A the first station, and B 
the second ; then the ▼ertical angle CAD is 23® 
50' 17"; and as the horizontal angles CAB and 
CBA are 93® 4' 20", and 54® 28' 36" respectively, 
the angle A CB, the supplement of their sum, is 
32® 27' 4". . 

TbJindAC. 




As sin.J3CA32®2r 3'* 
: side AB 416 
:: Bin.AJ3C 54® 28' 36 



tt 



; MeAC^l 

Tb find DC. 

As radius . 
: side AC 631 
:: tan.Z>AC23®50'I7" 

; DC 21B.8 . 



9.729634 
S.619093 
9.910560 

12.529653 

d.800019 



IOjOOOOOO 
2.800019 
9.645270 

9.445289 
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Bf tha mppliution of the fonrth 
otanple t* can compute the dif- 
fvent elerationi of different plinM, 
provided tlie fsme object ii visibl* 
from them. 

For exuuple, let JV be a promi- 
nent b«e or rock near the top of a 
moontiio, and bj obserrations taken 

at A, we con determine the perpendicalar Mn. By h'be obierrationi 
we can determine the perpendicular Mm. The (Kfference between 
theM two perpendiculan, is nm, or the difibrence in the elavatioo 
between the two pointa A and B. But if the dlatancea between A 
and n, or B and m, are coniiderable, or more than two or three miles, 
oorrectiona must be made for the convex!^ of the earth ; bnt for let* 
diatancei nich correctlonB are not neceeeary. 



Required the hight of a wall whose angle of elevation is observed, 
at the diBtanco of 463 feet, to be 16° 21' 1 Am. 135.8 feet. 

3. The angle of elevation of a hill is, near its bottom, 31° 18', and 
314 yards farther off, 36° IS'. Required the perpendicular hif^t of the 
hUl, aad the distance of the perpe&dicular from the first station. 

Am. The hight of the hil! is 560.2, and the distance of the perpen- 
dicular from the first atatiaiE, is 929.6. 

3j, The wall of a tower which is 149.G feetiDhight,mBkes,widiallBe 
drawn from the top of it to a distant object on the horizontal plane, an 
angle of 57° 31'. What ia the distance of the object from the bottom 
of the towerl Ant, 333.3 feet 

4. From the top of a tower, whose hig'ht was 13S feet, I took the 
angles of depression of two objects which stood in a direct line from 
the bottom of the tower, and upon the same horizontal plane with it. 
The depression of the nearer object was found to be 48° 10', and 
that of the further, 18° 63'. What was the distance of each from the 
bottom of the tower 1 

Am. Distance of the oearer 123.5, and of the farther 403.8 feet. 
6. Being on the side of a river, and wishing to know the distance 
of a house on tlie other side, I measured 313 yards in a right line by 
the side of the river, and then found that the two angles, one at each 
end of this line, subtended by the other end and the house, were 31° 
16' and 66° ST'. What wu the distance between each end of the line 
uid t^e house 1 Ans. 351.7, and 1S2.8 yards. 
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6. Having measured a base of 260 yards in a straight line, close by 
one side of a river, I found that the two angles, one at each end of 
the line, subtended fty the other end and a tree close to the opposite 
bank, were 40^ and 80°. What was the breadth of the river 1 

Ans, 190.1 yards. 

7. From an eminence of 26^ feet in perpendicular hight, the angle 
of depression of the top of a steeple which stood on the same hori- 
zontal plane, was found to be 40° 3', and of the bottom 66° 18'. What 
was the hight of the steeple 1 Ant, 117.8 feet. 

8. Wanting to know the distance between two objects which were 
separated by a morass, I measured the distance from each to a point 
where I could see them both ; the distances were 1840 and 1428 yards, 
and the angle which, at that point, the objects subtended, was 36° 18' 
34"* Required their distance. Ans, 1090.85 yards. 

9. From the top of a mountain, three miles in hight, the visible hori- 
zon appeared depressed 2° 13' 27". Required the diameter of the earth, 
and the distance of the boundary of the visible horizon. 

Ans, Diameter of the earth 7958 miles, distance of the horizon 
154.54 miles. 

10. A ship, from a headland, was seen bearing north, 39° 23' east. 
After sailing 20 miles north, 47° 49' west, the same headland was 
observed to bear north, 87° 1 1' east. Required the distance of the 
headland from the ship at each station 1 

Ans. The distance at the first station was 19.09, and at the second 
26.96 miles. 

11.. The top of a tower, 100 feet above the level of the sea, was 

seen as on the surface of the sea, from the masthead of a ship, 90 feet 

above the waten The diameter of the earth being 7960 miles, what 

was the distance between the observer and the object ? 

Ans, 25.7 miles. 

12. From the top of a tower, by the seaside, of 143 feet high, it was 
observed that the angle of depression of a ship's bottom, then at anchor, 
measured 35°; what, then, was the ship's distance from the bottom of 
the wall ? Ans, 204.22 feet. 

13. Wanting to know the breadth of a river, I measured a base of 
500 yards in a straight line close by one side of it ; and at each end of 
this line I found the angles subtended by the other end and a tree close 
to the bank on the other side of the river, to be 53° and 79° 12'. What, 
then, was the perpendicular breadth of the river 1 Ans, 529.48 yards. 

14. What is the perpendicular hight of a hill, its angle of elevation, 
taken at the bottom of it, being 46°, and 200 yards further off, on a 
level with the bottom, the angle was 3l°1 Ans, 286.28 yards. 



PLANE TRIGONOMETRY. I75 

16. Wanting to know the hight of an inaccessible tower ; at the 

least distance from it, on the same horizontal plane, I took its angle of 

elevation equal to 58^; then going 300 feet directly from it, found the 

angle there to be only 32^; required its hight, and my distance from 

it at the first station. ^ < Hight 307.53. 

^^' J Distance 192.16. 

16. Two ships of war, intending to cannonade a fort, are, by the shal- 
lowness of the water, kept so far from it, that they suspect their guns 
cannot reach it with efiect. In order, therefore, to measure the dis- 
tance, they separate from each other a quarter of a mile, or 440 yards; 
then each ship observes and measures the angle which the other ship 
and fort subtends, which angles are 83^ 45' and 85° 15'. What, then, 

is the distance between each ship and the fort ? 4^. S 2292.26 1 

^^' \ 2298.05 y"^^^' 

17. A point of land was observed by a ship, at sea, to bear east-by- 
south ;* and after sailing north-east 12 miles, it was found to bear south- 
east-by-east. It is required to determine the place of that headland, 
and the ship's distance from it at the last observation ? 

Ans. 26.0728 miles. 

18. Wanting to know my distance from an inaccessible object, 0, on 

the other side of a river ; and having no instrument for taking angles, 

but only a chain or chord for measuring distances ; from each of two 

stations, A and B, which were taken at 500 yards asunder, I measured 

in a direct line from the object 0, 100 yards, viz., AC and BD, each 

equal to 16^0 yards ; also the diagonal AD measured 550 yards, and 

the diagonal BC 560. What, then, was the distance of the object 

from each station A and JB 1 ^-n. 5 -^^ 636.25. 

^^' \ BO 500.09. 

19. A navigator found, by observation, that the vertex of a certain 
mountain, which he supposed to be 45 minutes of a degree distant, had 
an altitude above the sea horison of 31' 20". Now, on the supposition 
that the earth's radius is 3956 miles, and the observer's dip was 4' 15", 
what was the hight of the mountain ? Ans. 3960 feet. 

N. B. This should be diminished by about its one-eleventh part for 
the influence of horizontal refraction. 

• That is, one point south of east. A point of the compass la 11^ 15. 
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SPHERICAL TBI60N0METEI. 

Spbsrioal Gsometrt is notliiiig m6re than the general principles 
of geoinetrj applied to the yarions sections of a sphere ; and spher- 
i<$al trigonoBsetry, is but the general principles of plan& trigenome- 
try appUed te triaagles resting on a sur&ee of a sphere, and the 
planes of the sides of the tiiangles piussing through the center of 
the sphere. 

DfiFtNITIONS. 

1. A sphere is a solid whose kur&(^ is eqnally conrex in evety 
part, and every point of the surface is equally distant from one poiAt 
within, and this point is called the center. A sphere may be eon- 
eeiyed to be generated by the revolution of a semicircle about its 
di&meter. 

If the center of the semioiii&Ie tests at the same point, the p6^- 
tion of the diameter may be in any direction or position, and the 
revolution of the semicircle lirill describe the same sphere* 

2. Ahy pkne that passes throtigh the center of tLe sphere, di-^ 
vides the solid and the surface into tWo equal parts. 

3. Any two planes that pass through the center of a sphere, in- 
tersect each other on the opposite points of the sphere, because the 
section of any two planes b a right line (th. 2, b. 6)» 

4. A great circle on a sphere, is one whose plane passes througk 
the centelp of the sphere. 

5. Evei^ ^^Ai circle hiEts poles, two points on the sphei^ diredtly 
opposite to each other and equally distant from every point OH tht 
great circle. 

The distfuice from any pole io its equator in a?^ directioh, Is otte 
fourth of the whole distance round the sphere. 

6. Any point on a sphere may be a pole to some great circle. 

7. A spherical triangle is formed by the intersection of three 
great circles on a sphere. Ck>nceive three radii drawn from the 
three angular points to the center of the sphere, thence forming a 
solid angle. The angles of the three planes which form this solid 
angle at the center, are the three angles which measure the sides 
of the triangle, and the inclination of these planes to each other 
form the angles of the triangle. 
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8. The complete maaaurc of * Bph^okl triangle, is but the 
complete measure of » solid angle at tihe center of a sphere ; and 
this solid angle is the same, whaterer be the radius of the sphere. 

9. Every great circle, or portion of a great circle on the surface 
ttt It Bpherej has its poles; conversely, every pole, or the point 
where two circles intersect, has Us equator 90* distant, and the 
pertitm of this equator between the two sides, or the two sides 
pl^ueed, measures the spherical angle at the pole. 

Th# inclination of two tangents of two arcs formed at their point 
of intersection, also measures the spherical angle. (Def. B, to b. 6). 

Id. We can always draw one, and only one great circle through 
any two points on the surface of a sphere ; for the two given pointi 
and the center of the sphere, give three points, and through three 
points only one plane can be made to pass (cor. th. 1, b. 6). 

PROPOSITION I. 
JSvtry lection of a aphtre by a plane ii a circle. 

tf Ihe plane passes thiDugh the center of the sphere, the BectioM 
ll evidently a circle, for every pobt on the surface of the sphere i> 
squally distant from the center. These sections are great circlet, 
tad all great circles on the Bame sphere are equal to each other. 

Now let the cutting plane not pass through the center, Frd» 
the center C, let fall On perpendicular 
to th6 plane ; and when a line is perpen- 
dicular to a plane, it is perpendicular 
to all lines that can be drawn in that 
plane (th> 3, b. 6); therefore, any line 
as nm in the plane, is at right angles to 
Cn. Hence nm=JCm?—Ci?. 

But nm is any line in the plane, trdta tlie point n to the anrface 
of the sphere, and this value for nm is invariable, and it is the 
radius of a circle whose center is n. 

K. B. These circles are called small circles, and are greater or 
lesB, M they are neiurr or mare remote &om the center Q. 

Small circles on a sphere, Are never ci^isidered as sides of spheri- 
cal triangles. We ^gain repeat, that sides of spherical triangles 
mvst be pordoDb of prMi uroles, and each side must be less 
thaa IW. 

M 
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PROPOSITION J. 

Any ivH> sides of a spherical triangle are together greater than tike 
third. 

Let AB,AO, and BO, be the three sides of 
the triangle, and 2) the center of the sphere. 

The arcs AB, AC, and BC^ are measured 
by the angles of the planes that form the solid 
angle at 2). But any two of these angles are 
together greater than the third (th. 10, b. 6). 

Therefore, any two sides of the triangle are together, greater than 
the third. Q. E. D. 

PROPOSITION 8. 

The sum of the three sides of any spherical triangh is less than the 
circumference of a great circle* 

Let ABC be a triangle ; the two sides 
AB, AC, produced, will meet at the point 
on the sphere which is directly opposite 
to A; and the arcs ABD, and A CD, are 
together equal to a great circle. But by 
the last proposition, BC is less than the 
two arcs BD and DC. Therefore, AB, BC, suidAC, are together 
less than ABD-^A CD; that is, less than a great circle. Q. E. D. 

PROPOSITION 4. 

Every right angled spherical triangle must have a comjplemental, 
supplem^ental, and four qwtdranial triangles in the same hemisphere. 

Let ABC, be a right angted spherical 
tiriangle, right angled at B. 

Produce the sides AB and AC, and 
they will meet at A\ the opposite point on 
the sphere. Produce BC, both ways, 90® 
from the point B,toP and P', which are 
therefore, poles to the arc AB (def. 9, 
spherics). Through A, P, and the center of the sphere, pass a 
plane cuttmg the sphere into two equal parts, forming a great circle 
on the sphere, which great circle will be represented by the plane 
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circle P'AP'A on the paper. At right angles to this plane, pass 
another plane, cutting the sphere into two equal parts ; this great 
circle is represented on the paper, by the straight line F OP*. A 
and A\ are the poles to the great circle P OP*. P and P', are the 
poles to the great circle^ ABA* 

As PC, PD and (7i), are portions of great circles on a sphere, 
CPD is a spherical triangle, and it is complemental to the given 
itriangle ABG; because CD is the complement' of AC, CP the 
complement of BC, and PD is the complement of D O, or of the an- 
gle A, Ag{un, the triangle A'B C, is supplemented to AB C, because 
A-=^A; A'C\& the supplement of AC, and^'jS is the supplement 
of AB, ACP is a spherical triangle, and one of its sides, AP, is 
a quadrant, and it is therefore called a quadrantal triangle. So also, 
are the triangles ACP, ACP*, and P'CA, quadrantal triangles. 

Cor. In erery triangle there are six elements ; three sides and 
three angles, which are sometimes called parts. 

Now, if all the parts of the triangle ABC are known, the parts 
of the complemental triangle PCD, are also known, and the sup- 
plemental triangle ABC, must be as completely known. 

When the triangle P CD is known, the triangles A CP and A PC 
are also known, for the side PD, measures the angles PA C and 
PAC, and the angle CPD, added to the right angle APD, gives 
the angle A PC, and CPA, \^ supplemental to this. Hence a 
solution of any right angled spherical triangle, is a solution to its 
complemental, supplemental, and all its quadrantal triangles. 

D^nUion. Every triangle, together with its supplemental tri- 
angle, form what is called a Lune, Thus^ the triangles ABC, and 
ABC, form a lune ; PCD and P'CD, form a lune ; PAC and 
P'A C, also form a lune. 

It is obvious, that the surface of the lune PAP'B, is to the 
sur&ce of the sphere, as the arc AB, is to the whole circumference. 

PROPOSITION 5. 

If there he three arcs of great circles whose poles are ih^ angular 
points of a spherical triangle, such arcs, if produced, vnll form 
another triangle, whose sides wiU U supplemental to the angles of the 
first triangle, and the sides of the first triangle will he supplemental to 
the angles of the second. 
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Let iiie ardi of the thr^e gr«at cdrdes be 
QHy FQ, £L, whose poles are respeetively Af 
£, and 0. Produce the three area until they 
meet m H, D, Bad F* W0 am now to show, 
that j^ is the pole to the great circle AC; J) 
the pole of the great circle £0; jP the pole to 
the great circle A£* Also, that the side HF^ 
is supplemental to the angle A; JED to the 
BSigle 0; and DF to the angle £; and also» 
that, the side AG^u supplemental to the angle E, ^c* 

Aikj pole is 90^ from any point on its great circle, and therefore* 
as ji is the pole to the great circle Gff, the point A^ is 90^ from 
the points. As (7 is the pole of the great eirde X JE^ (7is90^from 
any point in that great circle ; therefore, O is 90^ from the point 
JE> and F, being 90° from both A and C, it is the pole of the arc 
A 0. In the same manner, we may prove that i> is the pole of 
£0, and jF'the pole of A£. 

Because A is the pole of the are Gff, the are Gff measures the 
angle A (def. 9 spherics); for the same reason, FQ measures the 
angle £, and ZiT measures the angle 0. 

Because jS^ is the pole of the are AC^ FH^dO^ 
Or, • • • * J^6?+ftK=90« 

For a like reason, . « FJB+ O£[i^90'^ 

Adding these two equations, and observing that Gff^A, and 
afterward transposmg one A, we hare, 

£&+G£^+Fff^t^O^—A. 

Or, J^JPWi80*»— ^ -x 

In like manner, . , , * FD^ieO"" — £ I («) 
And, JKZ)=el80^— C J 

But the arc (180®— -4), is a supplemental arc to A, by the de- 
iinition of arcs ; therefore, the three sides of the triangle FDF, are 
supplements of the angles A, £, 0, of the triangle A£0. 

Again, as F, is the pole of the arc A C, the whole angle F, is 
measured by the whole arc ££fi 

But, .... AC+Cir=90^ 

Also, , . . ; AC+AL=:90'' 

By addition, .. . A C+A O+Cff+AL^ !»• 
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By transposition, . A0+ CE+AL^l 80'—^ 

TUtis, - . , » Lff, or JE^l^'^^AO >i 

In the saine manniBr, » . F^\dG^—AB \ (b) 

And, . . . . , i>5=l80^— JC7 J 

Tilt! bf ibe sides of the first triangte, «re snpplsmmtfll to (he 
ng^ of the second trisDgle. Q.JS.J). 

PROPOSI TION 6. 

72# $mn ^ ih$ three aru/les of any ephearkal triangU, U greats 
fikan imo ngU mgUs, wnA less than dx right angles. 

Tarn to equations (a), of the last proposition, and add them to- 
gedimr* The first member of the equation so formed will be the 
sum of three sides of a spherical triangle, which sum we may des- 
ignate by S, The other member will be 6 right angles (there 
being 2 right angles in each 180^) less the three angles A^ B, 
and 0. 

That is, . . 5=6 right angles— (^+j54- (7) 

By proposition 3» the sum JS, is less than 4 right angks; there- 
fore, to it add s, a sufficient quantity to DMke 4 right angles* 

Then, 4 right anglesaed right flaigles*--(4+^+ )+s 
Drop 4 right sidles from bo& members, and transpose (A+B^ t7 ) 
Then, . <u4+JS4-^"2 right angles+^ 

That Is, the ihiee angles of la spherioal triangle, make a greater 
sum than two right angles by the htdeifinite quantity $, which quaii^- 
tity is eaOed the tphsrical excess^ and is greater or less aocar4ing to 
the size of ithe triangle. 

Again the sum of the angles is less than 6 right angles. There 
are hut Hree aaigles to any Iriaiigle, and jio one of th^n •can eome 
up to 180^, or 2 right angles. For 4in angle is <he inefinatioil of 
two lines or two pia&es; and when two idanee incline by 180^ the 
planes are parallel, oar are m one and &e «sn»e plane ; iim^t9f% as 
neither aa^ eaa equal 2 ri^t an^ea, (tie tibireo ean eerer eq^ 
6 right-angles. Q, E. D, 

SchoUunL By merely isspeeting the figure to proposition 4, we 
perodye &at the triangle PAB^ has two right ang]^ ; one |tt A, 
the o&er at jB, besides tiie ihird vagieAPB^ 

Tba triangie P'A'O^ has 3 rig^t anglee. The triangie AUFCt 
has two of its angles, each greater than a right anfb. 
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PROPOSITION. 7. 

With the sines of the sides, and the tangent qf okb ems of a$iy 

right angled spherical triangle, two plane triangles can he formed that 

mil he similar, and similarlg situated. 
Let ABO, be a spherical triangle, right 

angled at B; and let D be the center of the 

sphere. Because the angle CBA, is a right 

angle, the plane (?2>^> is perpendicular to the 

plane DBA. From 0, let fall CH, perpendic- 

idarto the plane DBA, and as the plane CBD 

is perpendicular to the plane DBA, CH will 

lie in the plane CBD, and be perpendicular 

to the line DB, and perpendicular to all lines that can be drawn in 

the plane DBA, from the point ^(th. 3, b. 6). 

Draw HG perpendicular to DA, and join 00; 00 will lie 

wholly in the plane ODA (def. of planes), and OHO is a right 

angled triangle, right angled at H. 

We wHl now demonstrate that the angle DGC, is a right angle. 
The right angled A OHO, gires OH^+HO^^CO^ (1) 

The right angled A DOE, gives DO^+ffO^=:DB^ (2) 

By subtraction, . Off^—DO^=zCO^—DH*(3) 

By transposition, . . . C!i7'+2>J7'=(7G«'+i>^«(4) 

But the first member of the equation (4), is equal to CD^; be- 
cause ODB, is a right angled triangle ; 

Therefore, OD^^OO^+DO^ 

Hence, CD, is the hypotenuse to the right angled triangle DOO 
(th. 36, b. 1 ). 

From the point B, draw BJS at right angles to DA, and DF at 
right angles to DB, in the plane ODB extended ; the point F being 
in the line D 0. Join JSF, and as jP is in the plane ODA, and F is 
in the same plane, the line FF, is in the plane ODA. Now we are 
to show, thai the triangle GHG is similar, and simlarly situated to the 
triangle B£F. 

As ffO and BF are both at right angles to DA, they are paral- 
lel ; and as Off and Bff are both at right angles to DB, they are 
parallel; and by reason of the parallels, the angles OHO and 
FBF, are equal ; but OffO is a right angle ; therefore, FBF is 
also a right angle. 
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Now as GH and BE are parallel, and CH and BF parallel, we 
hare, DH : DB^HO : BE 

And, . . . DH : DB—HC : BF 
Therefore, . . HG i BE^HQ : BF (th. 6, b. 2) 
Or, ... HG:HC=zBE\BF 

Here, then, are two triangles, having an angle in the one equal to 
an angle in the other, and the sides about the equal angles pro* 
portional ; the two triangles are therefore equiangular (th. 20, b. 2); 
and thej are similarly situated, for their sides make equal angles 
at H and B with the same line, DB. Q. E, D, 

Scholium, By the definition of sines, cosines, and tangents, we 
perceive, that Off is the sine of the arc BO, DH is its cosine, and 
BF its tangent ; CG is the sine of the arc A C, and DH is cosine. 
Also, BE is the sine of the arc AB, and DE is the cosine of the 
same arc. With this figure we are prepared to demonstrate the 
following theorems. 

PROPOSITION 7. THEOREM 1. 

In any righi angled spherical triangle, the sine of one side is to the 
tangent of the other side, as radius is to the tangent of the angle 
adjacent to the first-mentioned side. 

Or, as the sine of one side is to the tangent of the other side, so is 
the cotangent of the angle, adjacent to the first-mentioned side, to the 
radius. 

In the right angled plane triangle EBF, we have, 

EB : BF=R : tm,BEF 

That is, . sin. e : tasi.a=E : i&n,A Q, E, D. 

A modification of this proposition demonstrates the latter part of 
the theorem. By reference to equation (6), plane trigonometry, 

we shall find that, tan.^. cot.^=i2V therefore, tan.-4=— -—j 

cot.-4 

Substituting this value for tangent A, in the preceding proposi- 
tion, and dividing the last couplet by H, we shall have. 

sm. c : tan.a=l : — — 7 

cot.-4 

Or, • . sin. c : tan.a==cot.^ : JR Q> E. D. 

Or, . . • iJ8in.csstan.a coiii (1) 
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Chr. By efaangiBg. tbe eoft9tru«lioo, dirawiog tb9 t«iig«i>t i9 4 &» 
IB place of the tangent ^ BO, kpA proceeding in a similar m^puir, 
we have, R a]3ua«taii«.(; cot, C (2) 

PROPOSITION 8. THEOREM. 2. 
Jn any riffht angled spherical triangle, the sine of the right angU i^ 
to the sine of the hypotenuse, as th£ sine of either of th^ othsr angles to 
th$ sine of the side opposite to thai cmgle. 

N. B. For the sake of perspicmty, if not of brevity, W9 vijl T^fP^ 
sent the angles of the triangle, hj A, B, C, and of the sides or arcs 
opposite to these angles by a, h, c; that is, a opposite A, &c. 

The sine of 90^, or radius, is designated by R, 

In the plane triangle CHO, we have, 

m.CffG; CGf=Bia.OGJI : Off 
That is, . . R : sin.5=sin.ui : sm.a Q. if, !>• 

Or, . . . J?8in.a=sin.& ala.A (3) 
Cor. By a change in the construction of the figure, drawing a 
tangent to AB^ dbc, we shall have, 

R : sin. 5^sin. C ; sin.c ^. j^. J). 

Or, . . . i2sin.c=?sin.d sin. C7 (4) 

Scholium, Collecting the four preceding equations drawn ffojn 
thepr^m 1 md % we havet 

( i ) R 8in.c^=:tan,a cot.^ - 

(2) i2sin.a=tan.c cot. (7 

(3) ^«in.a=sin.5sin.ui 
^4) R sin,c=sin.5 sin. C - 

These equations refer to the right angled 
triangle ABC; but the principles are true 
for any right angled spherical ^langle* 
Let us apply Ihem to the right angled tri« 
angle PDC^ the cc^plementaj tri^i^le 
to ABC. 

Making this application, equation (1) becomes, 

^fiin.(7i?=tan./'i>cot(7 («) 

(2) becomes R sin.Pi)=tan. CD cotP ' (m) 

(3) becomes Rem.FDz=^n.PCNn.C (o) 

(4) becomes RM.ODmi^mtk.PCsin.P (p) 
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Byobaerviiigiliaft sin.Ci>=eoB^<7saoosJ^, 

And that . , tanJ^i^asoot^Oasootj^, Ac; and bj 

running equations (n), (m), (o), and (^), back mto the triangle 
ABC, and we sball bare, 

(5) i2 C08.3ss00t^ cot.C\ 

(6) B cos.ilsscot.5 tame 1 

(7) i?cos.^ssco8.aai]i.C7 f 

(8) 22 co8^s=co8.a coskc J 

By obsenrii^ equation (6), ve .£nd tiiat tb« secMid member 
refera to Bides adjacent to tbe ang^e A. Tbe Bsnte nktion bolds 
in respect to tbe angle (7, and gives» 

(9) B cos. (7=cot.5 tan.a 

« 

Makbig tbe saine observations on (7)> we infer, 

(10) 22 cos. (7sscos.c sin.ui 

Obsxrvahok 1. Several of these equations can be deduced geo- 
metrically witbout tbe least difficulty. For ez^onple, talce Hie fig- 
ure to proposition 6. Observe tbe parallels in tbe plane DBA^ 
wbicb give, DB : DB^DJB : DO 

Tbat is, . .22 : cos.a=cos.c : cos.5 

A result identical witb equation (8), and ia words is expressed 
Ibns : A8 radiue is to cosine <^ one side, so is the cosine qf the other 
side, to the cosine <^ the hypotemuse* 

Obsxrvation 2. Equations numbered from (1) to (10), cover 
every possible case that can occur in right angled spberical trig- 
onometry, but the combinations are too various to be remembened, 
and readily applied to practical use. 

We can remedy this inconvenience, by taking the eomjpltmemt of 
the hypotenuse, and the complements of the two oblique angles, in 
place of the arcs tbemselves. 

Thus b is tbe hypotenuse^ and let V be its complement. 

Then, H-^'=90°; or, 5=90®—^'; and, sm.5=cos.3', 

cos.5=:sin.5V tan.5=cot.y . In the same manner if A' 

is tbe complement to A, 

Then» . 8in.jlascos^V eoa^azmn^'; and, tan^aoot^V 

and similarly, sin. (7= cos. C; cos. C«ssin. C, and tan. OWeot ff. 

16 
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Substiiating these values lor b, A, and 0, in the foregoing ^en 
equations (a and c remaining the same), ve have. 



KAFIXR' 

(11) M sin.c: 

(12) J?sin.a: 

(13) iSsin.a: 

(14) i^sin.e: 

(15) Bwi.b': 

(16) iSsin^': 

(17) ^sm.^'= 

(18) -Rsin.ft': 

(19) i2sin.(7'= 

(20) i2sin.(?= 
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=tan.a tan.^' 
^tan.ctan.(7' 
ascos.y COS.ii' 
=scos.3' cos.C 
=:tan.u4' tan. C 
=tan.5' tan.c 
scos.a cos.C^ 
»cos.a C08.C 
stan.5' tan.a 
=:C0S.C cos.^' 



PARTS. 

Omittiii^ the eoiuid- 
ention of tilie right angle 
theze are five parts.—- 
Each part taken as a 
middle part, is connect- 
ed to its adjacent parts 
by one equation, and 
to its extreme parts by 
another equation ; and 
therefore^ ten equations 
are required for the com- 
binations of all the parts. 



These equations are very remarkable, because the first members 
are all composed of radius into some sijie, and the second members 
are all composed of the product of hoo tangents, or two cosines. 

To condense these equations into words, for the purpose of assist- 
ing the memory, we will refer them, any one of them, directly to 
the right angled triangle ABC, in the last figure. 

When the right angle is left out of the question, a right angled 
triangle connsts of five parts — three sides, and two angles; Let any- 
one of these parts be called a middle part, then two other parts 
will lie adjacent to this part, and two opposite to it, that is, separated 
from it by two other parts. 

For instance, take equation (11), and call e the middle part, then 
A* and a will be adjacent parts, and 0' and h* opposite parts. 
Again, take a as a middle part, then c and C will be adjacent parts, 
and A* and 5' will be opposite parts ; and thus we may go round 
the triangle. 

Take any equation from (11) to (20), and consider the middle 
part in the first member of the equation, and we shall find that 
they correspond td these two invariable and comprehensive rules, 

1. The raditis into the sine of the middle part equals the product 
of the tangents of the adjacent parts, 

2. Theradius into the sine of the middle part equals the product of 
the cosines of the opposite parts. 
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Thefe rules sre known as Napiw's Rules, because th^y were first 

brought forth hj that distinguished mathematdcian, who was also 

the inventor of logarithms. 

We caution the pupil to be very particular to take the complemertU 

of the hypotenuse, and the complements of the oblique angles. 



OBLIftUE ANGLED SPHERICAL 
TR160N0METET. 

The preceding inveatigationa hare had reference to right angled 
spherical trigonometry only ; but the application of these prin- 
ciples cover oblique angled trigonometry also, for erery oblique 
angled spherical triangle may be considered as made up of the 
sum or diiference of two r^ht angled spherical triangles. Witb 
this explanatory remark, we give, 

PROPOSITION 9. THEOREM. 8. 

In aU tph^fical trianglts, liu tirtM of the tidei are to each other, at 
the Hnet of the ndta opposite to them. ' 

This was proved in relation to right angled triangles in theorem 
3, and we now apply the principle to oblique angled triangles. 

Let ABC, be the triangle, and let CD 
be perpendicular to AB, or to AB pro- 
duced as represented in the margin. 

Then by theorem 2, we have, 

R : sin.^ C=ssia.A : sin. AZ> 

Also, . ata.CB : R =Bm.AD : sin. Jj. 

By multiplying these two proportions 
term by term, and leaving out the com- 
mon factor S, in the first couplet, and tbe 
commcm factor etn.^i>, in the second, we 
have, wn.C5:sin..<10=sin.^ : sin.^. Q.S.D. 

Cor. IVom the truth of this theorum, it follows, that the angle* 
■t the base of tax isosceles triangle are equal, and that in every 
spherical triangle the greater angle is opposite the greater tide. 
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PROPOSITION 10. THEOREM I. 
In any spherical triangle, if an arc he let fall from, any angU to 
the oppoeite side as a base, or to the base produced, the cosines <f the 
other two sides trill be to each other as the cosines of the s^^nments qf 
the base. 

By the application of equation (8) to the last figure, we haye, 

E cos, A C^=Q08. AD coa.DO 
Similarly, . Ji cob.£ C7=cos.2> C cos.BD 

Dividing one of these equations by the others, omitting common 
factors in numerators and denominators, we have, 

C0S.^C'__C0S.j4i> 

coa*£C^coB,BD 
Or, . C0S.-4C : cos.5(7=3COS^2> t cos.J^D. Q. S, D. 

PROPOSITION !!• THEOREM S. 

ff from any angle of a spherical triangle, a perpendicular be let 
fall on the bcoe, or on the base produced, the tangents of the segments 
of the base teill be to eaeh other reriproeciUy proportional to the coten- 
gents of the segments of the angles. 

By the application of equation (2) to the last figure, we have, 

R COS. (72>=tan.-4i> cot.^ CD 
Bmilarly, . J2 cos. CD^i;^.BD eot^BCD 
Thtrtfbre, by equality, 

iMJlD cotACD=^i^.BD toLBCD 
Or, . UoiJLD : iaji.BD:±±cotSCD : iMLAOD. Q. B. D. 

PROPOSITION 12. THEOREM «. 

The none consirucHon remaining, the cosines of the angles at the 
esttremiii^ pf the segments qf the base, are to each other as the sines of 
the segmerUs of the opposite angle. 

Equation (7) applied to the triangle ACD, gives 

£ co8.ui=:co8. CD sin^ CD (#) 

AmOi • B eoBjB*aixm.€D mu^BCD (t^ 
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Dlvidkg equation (s) by {!)> gireft 

cos.jB""sin.jB(72> 
Or, . . co8.jS : cos.^=sm.J^(7i> : 8m.^(?i>* ^^ X, D, 

PROPOSITION 18. THEOREM t. 

Th» 9ame wruirueHon remaining , the sines of the tegmente <f the 
baee, are to each aUuhr ae the eottsngente of the ^jaeerd em^. 

Equation (1)» applied to tbe tnangle A<JD, gives 

B sm^D= taa, CD coi.A (#) 

SttiHarlj^^ . i2siii.Ji>»taa.Ci>oot.£ (1) 

DiridllkS (t) hf {t). gives 

Atl,AD cot.il 

8in.J?i> cdfc.^ , 

Or, • ttiiL.£2) : 8in.^i>^cot.£ : cot.jl. Q. J?. J^. 

PROPOSITION 14. THEOREM 8. 

The eame coneiruetion remainin§f, the cotan^ente qfthe two eidee are 
to each oiher ae the coeinee qfthe segments of the angU. 

Equation (9), applied to the triangle ACD, g^ves 

M C08.-4 CD= coi.A tan. CD (#) 

ShnUarly, . i? co8.^(72>=cot.JiC7tan.ai> {t) 

Dividing {s) by (<), gives 

eos.-4 CD^ tot.A C 

Or, . cot.J[C7:eot.^(7axcos.2lCZ>:coi.iJCJD. Q.S.D. 

Remark. The preceding theorems enable ns to solve any 
fepherical triangle, right angled or oblique, when any tluree of the 
six parts are given. But oblique angled spherical triangles we have 
thus fiar considered as composed of two right angled triangles; 
and it is sometimes a little troublesome to select the theorems or 
equations whieh apply to the ease in question. To remedy thif 
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inconvenience, we will at once seek a relation between the cosinea 

and Bines of an angle of any Bpberical triangle, and the sineB and 
cosincB of ils sides. Therefore, we investigate the folloiring 
proportions. 

PROPOSITION IS. PROBLEU. 

Invatifftat, and show the relation between the cotine of an anglt of 
a tpherieal trian^U,- and the tints and cosines of its sides. 

Let ABC be a apherioal triangle, and 
CD a perpendicular Irom the angle 
on to the side AS, or on to the side AS 
produced. Then, by proposition 1 0, th. 4, 
eoa.AC: cos.QB=coa.AJ) : coa.£J> (1) 

When CD falls within the triangle, - 
SD=(AB—AJ)) 

When CD falls without the triangle, 
BD=(AD—A£) 

Hence, coa^D=coB.(AD—AB) 

Now, coB.{AB — AD)=cOB.(AD — AB), because each of them 
18 equal to cob.AB coa.AD+^n.AB sia.AD. (P!ane trig. eq. lO.) 

This value of coa.BD, pnt in proportion (1), ^ves 
cos.^ C : COS. CB=o08.AD : coa.AB eoa.AD-\-BiD.AB ^.AD (f ) 

Dividing the lastcouplet of proportion (2) by coa.AD, observing 

that . . — '—r^=:=Uin.AD, and we have 

cos..ili> 

COB.AC: coa.CB=l : coa..^.S-f sin..4.B taa.AD (3) 

By applying equation (6) (o the triangle .<4 CA taking the radius 

aa unity, we have cos.jl=cot.^(7tan.jli> (k) 

But, . lan..<lCcot.^(7=l (eq. 5, plane trig.) (I) 

Multiply equation (i) by Un-AC, observing equation {/), and 

we have . tan.AC cob.A=Um..AD 

Subatitnting this value of tiui.AP, in proportion (3), we have 

coB.^<?:coa.p.S=l :cpB.^^+Bin.4£tan.^(7coa../j (4) 
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Unltiplying extremes and means, gives 

COB. CB=ma.A c<^.AB-\-sm.AB{coi.A C t!a..AC)cf)a.A 

ym.AC 

~ COS. AC 

Thereiiwe, . coB.(7JS=5cos.^Ccos..iB+sm.J.Bsm_d(7cos.^ 

„ . oos.CB — COS.AC ooa.AB ,_, . , , . 
Hence, . cos.^a : — - ; ■ „ - . — -j^ [F) final result* 

Byproeesses perfectly umilar, lite theorems may be deduced for 
the angles B sjti 0. 

If the sides opposite the angles A, B, and 0, be respectirely 
r^jresented by a, b, and e, the formula will be expressed thus : 



(«) 



* Asthis equation hu been denoniinated"7^jwiilinnmtal/ormula 
tf Spharietil Trigonometry," and aa it is susceptible of a mora geome- 
trical demonstriUon, we give the following, which we believe will be 
very acceptable to every lover of mathematical science. 

Let ABC be a spherical triangle, and ■ 
O the center of the sphere. I 

From the angle A, draw AD tangent I 
to the are AB, and AE tangent to the H 
arc A C. OD and OE, drawn from the I 
i;enter of the sphere to the extremities of I 
the tangents, are, of course, secanta. OD * 
is the secant of AB, and 0£ the secant of the arc A C. 

Because AD is a tangent, it is perpendicular to the radius OA. For 
Uie same reason AE ii perpendicular to the same radius OA. But 
OA is the common intersection of the two planes AO£ and AOC, 
and hence, by definition 6, book 6, the angle DAE is the inclination 
of the two planes AOB and AOC, and is, therefore, equal to tbe 
spherical angle A. As is customary, let the side opposite to A be 
designated by a, opposite B bjh, opposite C by c. 
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These formulas are not adapted to ihe use of lognidniit; and 
the Hse of natural mnes and cosines would lead to tedious operations; 
ve must, therefore, make some advantageous mutations, or tiie 
equaliooi will be useless ; hence the following investigations : 

In equation (35)» plane trigonometry, we find 

1 +C08.^=2c08'-J-4 

mi. ^ A 91 ^ « I cos.a^— cos.5 oos.e 

Therefore, 2 coBr^A^ss 1 -^ r-r— = 

^ sm.6 sm. e 

(sin.5 sin.c — cos.ft cos.c)4-co8.a . . 
fim.6 8m.c ^ ^ 

But, • eos.(H-«)sBC08<& cos;e — sin^ sm^ (9), pka« 

trigonometry. By comparing this last equation with the second 

member of equation (m), we perceive that equation (m) is readily 

reduced to 

J cos.o — C08(i4-c) 

^ sm^ sm.e 

Then, AD=r. tan.c, AJE7= tan.5, OZ>s= secc, 0£= secft. 

Designate 2>JS7 by x, and observe that the angle BOC is measured 
by the arc SChsa. 

Now, to tiie two plane triangles ODE and AI>£,1f we apply tqua* 
tion (m), proposition 8, plane trigonometry, we shall have 

sec' a-\-sec.^b — x^ 



COS*lL 

2 seer 8ec.& 

cos.A= I. 

2 tan.r tan.& 

Clearing these two equations of fractions, and tubtracting the latter 
from the former, and observing, that for any are, sec«*---tBn.^s&:JK3 ; sad 
if R is unity, as it is In this case, we shall have, 

2 sec.& 8ec.5 cos.tf — ^2 tan.^ tan.5 co8.A:=2 

Dividing by 2, and substituting the values of the secants and tan* 
gents from equations (4) and (5), plane trigonometry. 

Namely, secss _ , tan.=ss!lS' , we shall theai have, 

cos. cos. 

coe.a sin.^ sin.5 cos.A_^. 



COB.& C08.fr COS.0 00S.fr 
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Considering (6+c) as one arc, and then making application of 
equation (18), plane trigonometry, we have, 

2«n.(d:|±f)sin.(^) 

2 C0SV= ■ -r-T^. ^ =— ' 

sm.6 sm.c 

•J . h'\'C — a i+c+a , .^ 

««t. • — 2 — = — 2 a ; and if we put 8 to rep- 

resent — -r — , we shall have 



cos^ 



A^vcL.S sin.(iS^ — a) 
2 sin.6 sin.c 



^ A lam.S ain.fS — a) 

Or, . . COS.— =W r-T-A ^ 

2 >• 8m.o sm.c 

The right hand member of this equation gives the value of the 



Clearing of fractions, transposing, and changing signs, will give 

Bin,o sin.2^ cos.A=cos.a — cos.^ cos.& 

Therefore, . . . cos.A=?2!:±=5?!±£2i? 

sin.^ sin.6 

For the sake of the mathematical exercise, I will suppose we have 
the three sides of a spherical triangle, as follows : 

fl=s70o 4' 18", 6=590 16' 23", and 0=63^ 21' 27", from which we 
require the angle A, and we have no other formula except the above 
equation, and logarithms are not yet invented. 

From the table of natural sines and cosines, we find 

cos.a=0.34090 

co8.6=0.61191 sin.6=0.8791 

cos.c=0.44840 sin.c=?0.8938 

By the multiplication of decimals, retaining only Jive places, we find, 

C0S.& cos.c=0.22953, and sin.& sin.c=:0.76786 

From cos.a . 0.34890 

Take C0S.6 C08.C . 0.22963 

' 0.76786)0. 11 137(0. 14506=cos. A 

By comparing this decimal with the table, we find it very nearly 

corresponds to 81^ 40'. The true value of il is 81^ 8p' 20" 
17 N 
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eosine when the radius is unity. To a greater nidiu«, the oQsne 
would be greater ; and in just the same proportion as the radius 
increases, all the trigonometrical lines increase ; therefore, to adapt 
the above equation to our tables where the radius is H, we must 
write jR in the second member, as a factor; and if we put it under 
the radical sign, we must write JS^. 

For the other angles we shall have precisely similar equationa ; 



That IS . . cos.-r=\f . - .> 

2 ^ sm.6 sm.c 

COS.--=a/ ; r^ ^ 

2 ^ sm.a sm.c 



> {T) 



COS,~=W V r^-7- 

2 ^ sm.a sm.o 



Formulas, for the smes of the angles, are obtained as followa: 
From equation (32), plane trigonometry, we obtain 

2 8in.'^-4=l — cos.^. 

Substituting the value of cos.^, taken from equation (5), and 

V « . -» , J - COS. a— cos .5 C08.C 
we have . 2 sm.' iA=l ; — r-: 

* sm.9 8m.c 

(sin. 6 8in.c4'COS.6 cos.c) — cos.a 
sin.6 sin.c 

But, oos.(d c/>c)ss ain.5. sin.e-i-cos.d oos.c ( ( 10) plane tarig.) 

Thi^ equation reduces the preceding one to 

^ . , , . cos.(5c/) c)— cos.a 
2 sm.^ iA=z ^ . /; 

* sm.6 sm.c 

Considering (b(/) c) as a single arc, and applying equation (18), 
plane trigonometry, we have 

(a+6 — c \ . / a+c — 6 \ 
____ ) su,. ( __- j 



2 sm. 
2 sm?iA=s 



sin.6 sin.c 



But, — - — = — ^ c=S-<, if we put ^==: — ^-^ 

Also, ?±fi:*=?±*±f-^«.SL^ 
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Dnridiiig the preoediag equation hj 2, and maUiig tbsse sab- 
afcitations, we have^ 

sm.A^= — ^ . /. — ^^ -, when radius is unity. 

^ sin.o am.c >*^ 

When radius is jR, we have 



^^_ JJ^ s m.(8--^)Bm.(S—b) 



m.^A=yj- 



sin.d sin.^ 



r ^ sin.a sm.c 

. ,^ /i2» 8in.(/S— a)sin.(.5-^) 

And, . sax.iC^yj ^-; 4— r^^ ■' 

** ^ 8]n.a sm.o 

To apply to our tables, IP must be put under the radical sign. 
We shall show the application of these formulas, and those in 
equations (S), hereafter. 

From (30), plane trigonometry, we have 

sin..^=2 sin.^^ cos.^A 

Squaring, . sin.'^=4 sin,'^-4 cos.^^-4 (t) 

Square the first equation in (7^), and midtiply it by the square 
of the first equation in ( 27), and four times their product is 

. . ,, . ,, - 4JR!^8m,S6mJS — a)sm.(^ — 6)sinYiS — c) 

4 sm.' 4^ cos.' 4-4= V , ,^ . , ^ . 

"* ^ sm.' o sin.' c 

Comparing the first member with equation (/), we have 

. J - 4^sin.^sin.(^ — a)sin.(<S'-^^)sin.(iS— <r) (u) 

Sm. A' ' • ; — =rj — ; — 5 

8in.^^8m.'c 

By operating in the same manner with the several equations in 
(T) and (JT), we have 

. « „ 4 jR^sin./S'sin.e^ — a)sin.(<S^)sin.C^ — e) , . 

sm.* J?=: V , ^ . ; ^ ^^ ^ (v) 

sm.' a sm.' c ^ ^ 

The numerators of the second members of (u) and (v), are the 
same ; and if we divide (u) by (v), and extract the square root. 

we shall have sin.^ sin.a 

sin.^ Bm.b 

Or, . . sin.J? : sin.w4s=sin.6 : sin.a, a truth that was 
demonstrated in |»t>p06ition 9^ spherical trigonometry. 
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We have again demonstnited it in this manner/ to slioir &at 
equation (F), from which all the preceding eqtii^tions aroset is 
really the fundamental equation of spherical trigonometry. 

A spherical triangle consists of six parts ; three sides, and three 
angles ; and there are certain relations existing between them ; but 
the combinations of these relations have their limits ; and when 
we have gone through these relations, if we continue to combine 
equations, we shall only fall on truths previously demonstrated, 
and this is exemplified by our last operations. 

APPLICATION. 

SOLUTION OF BIGHT ANGLED 8FHSBICAL 

TRIANGLES. 

L At a certain time the sun's longitude was 40P 29' 30", and the 
obliquity of the ecliptic 23^ 2T 32". What was the declination ? 

. Ans. 14° 68' 62". 

This example presents a right angled spherical trinngle, ABC. The 
hypotenuse, AC=40° 29' 30", and the angle 
A=:23° 27' 32", and the side, CB, is required. 
By our system of notation, AC=b, BC=a. 

This can be solved by equation (3) or (13), 
which are essentially the same ,* th^t is. 

R 8in.a=8in.d sin.A 

8in.fc=sin.40° 29' 30" . 9.812470 
8in.A =8in.230 27' 32" . 9.599986 

Ans, sin.a=:=8in.l4° 58' 52" f . 9.412456 

Rejecting 10 4n the index, is the same as dividing by the radius, as 
the equation requires. 

2. At a certain time, the difference between the longitude of the sun 
and moon, was 76° 10' 20", and the moon's latitude, at the same time, 
was 5^ 9' 12" north. What was the true angular distance between 
the centers of the sun and moon 1 Ans, 76° 13' 46". 

This problem presents a right angled spherical triangle, whose base 
AJ3=76o 10' 20", and perpendicular 5C=5° 9' 12". The hypotenuse, 
AC, is required. Equation (8) or (18) solves it. 

c=76° 10' 20" cos. . 9.378406 
fl= 6° 9' 12" cos, . 9.998241 

k»76° 13' 46" cos. . 9.376647 
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.3. An astronomer observed the sun to pass his meridian on a certain 
day when his astronomical clock gave 2 h. 9 min. 33 sec. /or the siderial 
time, and the altitude was sudi as to give the declination of 18° 6' 6" 
north. What was the sun's longitude, and what was the obliquity of 
the ecliptic 1 Ans. Lon. 34° 39' 46". Obliq, ecUp. 23° 27' 26". 

This problem presents a right angled spherical triangle, giving its 
base and perpendicular, and demanding the hypotenuse, and the angle 
at the base. 

2 h. 9 m. 33 8.=c=32° 23 15 cos. . 9.726571 

fl=: 13 5 6 COS. . 9.988575 

2»=34 39 46 cos. . 9.915146 

To find A, we apply equation (3) or (13), as they are one and the 

same. 

RBin.a . . . 19.354869 

^in.& (subtract) . 9. 754918 
il=23°2r26" . . 9.599951 

At a certain time the sun's longitude will be 150° 33' 20", and the 
obliqui^ of the ecliptic 23° 27' 29". Required its right ascension and 
decUnation. Ans. R. A. 152° 37' 28"; Dec. 11° 17' 7" N. 

Obsebvation. This problem presents a 
right angled spherical triangle, whose base 
and hypotenuse are each greater than 90*^ ; 
and in cases of this kind, let the pupil ob- 
serve, ^t the base is greater than the hypo^ 
tenitse, and the acute angle opposite the base, is greater than a right 
angle. In all cases, a triangle and its supplemental triangle, make a 
lune. It is 180°, from one pole to its opposite, whatever great circle be 
traversed. It is 180° along the equator ABA', and also 180° along the 
ecliptic AC A'; and the lune always gives two triangles; and when 
the sides of one of them are greater than 90°, we take its supplemental 
triangle, as in this case we operate on the triangle A' CB, 

But A' C is greater than A'B; therefore, AB is greater than A C. 
The angle A'CB is less than 90°; therefore, A CJ5 is greater than 
90°, because the two angles together make two right angles. 

These facts are technically expressed, by saying, that the sides and 
opposite angles are of the same ejection*; and if the two sides of a 
right angled spherical triangle are of the 9ame affection, the hypotenuse 

• Same vfedion : that is, both greater^ or both leas than 90^. Different 
qffeetum : the one greater, the other less than BO^* 




les 
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will be lest thin 90^; and of d^ermi 4ffetstiont ikfi hypotamuie will be 
greater than 90^. 

If, in every instance, we make a natural eonstruction of the fi^fore 
and use common judgment, it will be impossible to doubt whether an 
arc must be taken greater or less than 90®. 

We now solve the triangle A'CB, A'ChsOB^ 26' 40". 



To find BC. Eq. (3) or (13). b sin. 29® 26' 40" 

A sin . 23Q 27' 29" 

a sin. 11° ir T 

To find A'B^ we use equation (1) or (11), thus : 

tan. 11® 17' 7" . 9.300016 
cot. 23° 27' 29" . 10.362674 



9.691594 
9.599984 

9.291578 



c sin. 27*^ 22' 32' 
180 



9.662590 



il5=1520 37' 28' 




We select the following examples to exercise the pupils in right 
angled spherical trigonometry: 

1. In the right angled spherical triangle 
ABC, given AB IIS^' 21' 4", and the angle 
A 23® 40' 12", to find the other parts. 

Ans, AC 116® 17' 65", the angle C 100® 
69 26", and BC 21® 6' 42". 

2. In the right angled spherical triangle ABC, given AB 63® 14' 
20", and the angle A 91® 25' 53", to find the other parts. 

Ans. AC 91® 4' 9", the angle C 63® 15' 8", and BC 91® 47' 11". 

8. In the right angled spherical triangle ABC, given AB 102® 60' 
26", and the angle A 113® 14' 37", to find the other parts. 

Ans. AC 84® 61' 36", the angle C 101® 46' 67", and BC 118® 
46' 27". 

4. In the right angled shpherical triangle ABC, given AB 48® 24' 
16", and BC 69® 38' 2T', to find the other parts. 

Ans. AC 70® 23' 42", the angle A 66® 20' 40", and the angle C 62® 
32' 65". 

6. In the right angled spherical triangle ABC, given AB 151® 23' 
9", and BC 16® 35' 14", to find the other parts. 

Ans. AC 147® 16' 61", the angle O 117® 37' 21", and the angfe A 
31® 62' 60". 
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6. Jn tie i^t angled spherical trUngle ABC, girMi AB 73° 4' 
31", and A C 86° 13' 16", to find the other paitt. 

Am. BC 76° 61' aO",the angle A77' 24' a3",and the angle C73° 
39' 40". 

I, In the right angled spherical triangle A£C, given AC 118° 32' 
12", and AB 47° 26' 36", to find the other parts. 

Ans. BC 134° 66' 20", the angle A 126° 19' 3", and die angle C 
66° 58' 44". 

8. In the right angled Bpherical triangle ABC, given AB 40° 18" 
23", and AC 100° 3' 7", to find the other parts. 

Arts. The angle A 98° 38' 63", the angle C 41° 4' 6", mi BC 103° 
13- 63". 

9. In the right angled spherical triangle A£C, given AC 61° 3' 23", 
and the angle A 49° 28' 12", to find the other parts. 

Ana. AB 49° 3G' 6", the angle C 60° 39' 19", and BC 41° 41' 32". 

10 In the right angled spherical triangle ABC, given AB 39° 12' 
SO", and the angle O 37° 26' 21", to find the other parts 1 

Aia. AmbiguouB ; the angle A 65° 27' 63" or its supplement, AC 
63° 24' 13" or ite supplement, BC 46° 66' 2" or its supplement. 

II. In the right angled spherical triangle ABC, given AB 100° 10' 
3", and the angle C 90° 14' 20", to find the other parts. 

Am. Ambiguous ; AC 100° 9' 66" or its supplement, BC 1° 19' 6r' 
or its supplement, and the angle A 1° 21' 8" or its eupptement. 

12. In the right angled spherical triangle ABC, given AB 64° 31' 
36", and the angle C 61° 2' 15", to find the other parte. 

Ans. Ambiguous; BC 139° 28' 28" or its supplement, AC 111° 
44' 34" or its supplement, and the angle A 123° 47' 44" oi ita 
BuppIemenL 

13. In the right angled spherical triangle A£C, given A£ 121° 
36' 26", and the angle C 111° 14' 37", to find the other parts. 

An*. Ambignous j the angle A 136° 0' 3 ' or its eupplement, A C 
66°' 15' 38" or its supplement, and BC 140° 30' 66" or its supptemenL 

The solution of rigM angled spherical tri- 
angles includes, also, the solution of qaad- 
ran^ triangles, as ma; be seen by inspecting 
the adjoining figure. When we have oiK 
guadrantal triangle, tee have four, which jiU vp 
the whole hanisphere. 

Tb efi'ect the solution of either of the four 
<]uadnuiul triangles APC, AFC, A'PC, or 
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A'R C,itm mdbdemt to lolfe the mmJI right mgkd wfkmn\ liiM^ 
ABC. 

To tiie half hme JLRB^ we add the triangle ABC, and we hare the 
quadrantal triangie AP'C; and by sabtractiiig the same from the equal 
half hme APB, we hare the quadrantal triangle PA C 

When we hare the BEde, ACyOf the aame trian^,we hare ita map' 
fl\ement,A'C, which is a aide of the triangle A'PC, and of A'P'C. 
When we hare the sidey CB^ci the amaU triangle^by adding it to 900» 
we hare FC^ a aide of the triangle A'P'C; and aubtncting it from 
W^, we hare PC, a aide of the triangle APC, and A'PC. 



EZAMFLX8. 

1. hiaqiia3ranUdtTiangk,ihertaTtgivtniheqpia^ 
adfaeenif 439 21% and (he anglt opposite this last side, egwd to 36^ 31'. 
Bequiitd the oiher parts. 

By thia enumeration we cannot decide whether the triangle APC or 
AFC, IB the one required, for AC=42^ 21' belongs equally to both 
triangles. The angle AP C=^AP' C=36° 3 l'=il J?. 

We operate wholly on the triangle ABC. 

To find the angle A, call it the middle part. 

Then, R co8.( CAB)=R em.PA C=:cot.A C.XxBi.AB 

cot.AC= 42^21' . 10.040231 
tan.A^ss 36 31 9.869473 

coB.CABzsz 35 40 51 9.909704 
90 

PAC=:i 54 19 9 
P'AC=125 40 51 

To find the angle C, call it the middle part. 

R COS. A e£=fiin. CAB cos.AB 

Hm.CAB^ 35^40 61" 9.765869 
C08.il J9=: 36 31 . 9. 905085 

cos.ACJ?= 62 2 45 9.670954 
180 

. AOP=A'CP'=ll7 57 15 
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To find ibe nie B 0, c»ll it the miJdk part, 

R nn.BC=lMi.AB cat.ACB. 

taa.AB= 3B° 31' 0" 9.869473 

eaVACS= 62 3' 45' 9-734838 

a\n.BC= 33 8' 11" 9.68430B 

90 

FC= 66 61' 49" 

Fc^iia 8' 11" 

We now have all the aidea, «nd all the Koglea of the /our triaoglei 
in question. 

3. In a qaadrttnUU tphericdi triangle, lumng gvxn the guodnmtol *Ut, 
90°, on aijaeent tide, l\b° , d^' , and iheindvdtdw^, 115° 50'. tojlml 
the other parts. 

Thie envinciaUon clearly pointa out the 
particular triangle A'P'C. A'P'ssSO"; and 
conceive A'C=11G° 09*. Then the angle 
P-A-C=n6°6&=P'D. 

From tiie angle P'A'C Uke 90° or P-A'B, 
and the remainder is the angle OA'D=BA C 
=36° 65'. 

We. here again operate on the triangle 
ABC. A'o, taken from 180°, gives ; 64° 61'=AO 

To And BC, we call it the miMe part. 

R Bin.SC=Bin.AC sia.BAC. 

Bin.jlC= 64° 61' 9.956744 

»m.BAC= 25 66' . 9.640544 

Bm.BC= S3 18' 19" 8.697388 

___90 

P'C=113 18' 19" 
To Snd AB we call it the mid£e part. 

R Bin.AB=Ua.BC cat.BAC. 

tan.SC= 23° 18' 19' . 9.634361 

cot.BAC= 35 65' - . 9.313428 ■ 

Bin.AB= 63 26' 8" . 8.947674 

180 

A-B=l\l 33' tir =the angle A'P'C 
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To find the angle 0, we call it the middle pari, 

R COS. C=cot. AC tan.J?C 

cot.AC= 64° 51' . . 9.671634 
tan.£C==: 23 18' 19" . 9.634251 

cos.C= 78 9.305885 

180 19' 53" 

P'CA'=101 40' 7" 

Thus we have found the side RC^^llZ^ 18' 19" ) 

The angle A'P'C=117° 33' 52" } Arts, 
« P'eii'=101°40' r'S 

3. In a quadrantal triangle, given the quadrantal side, 90°, a side 
adjacent, 67° 3', and the included angle, 49° 18', to find the other 
parts*- 

Arts. The remaining side is 53° 5' 46", the angle opposite the quad- 
rantal side, 108° 32' 27", and the remaining angle, 60° 48' 54". 

4. In a quadrantal triangle, given the quadrantal side, 90°, one angle 
adjacent, 118° 40' 36", and the side opposite this last mentioned angle, 
113° 2' 28", to find the other parts. 

Ans, The remaining side is 54° 38' 57", the angle opposite, 51° 
2' 35", and the angle opposite the quadrantal side is 72° 26' 21". 

5. In a quadrantal triangle, given the quadrantal side, 90, and the 
two adjacent angles, one 69° 13' 46", the other 72° 12' 4", to find the 
other parts. 

Ans. One of the remaining sides is 70° 8' 39", the other is 73° 17' 
29", and the angle opposite the quadrantal side is 96° 13' 23". 

6. In a quadrantal triangle, given the quadrantal side, 90°, one adja- 
cent side, 86° 14' 40", and the angle opposite to that side, 37° 12' 20", 
to find the other parts. 

Ans. The remaining side is 4° 43' 2", the angle opposite, 2° 51' 23", 
and the angle opposite the quadrantal side, 142° 42' 2". 

7. In a quadrantal triangle, given the quadrantal side, 90°, and the 
other two sides, one 118° 32' 16", the other 67° 48' 40", to find the 
other parts — ^the three angles. 

Ans. The angles are 64° 32' 21", 121° 3' 40", and 77° 11' 6"; the 
greater angle opposite the greater side, of course. 

8. In a quadrantal triangle, given the quadrantal side, 90°, the angle 
opposite, 104° 41' 17", and one adjacent side, 73° 21' 6", to find the 
other parts. 

Ans, The remaining side is 49° 42' 18", and the remaining angles 
are 47° 32' 39", and 67° 56' 13". 
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OBLIQUE ANGLED SPHERICAL 
TEIGONOMETEY. . 

All cases of oblique angled spherical trigohometrf may be solved by 
right angled trigonometry, estcept two ; because every oblique angled 
spherical triangle is composed of the sum or difference of two right 
lingled spherical triangles. 

When a tide and two of the angUsy or an <mgi/t and two of the 8tde$ 
are ffiven, to find the other parts, conform to the following directions : 

Let a perpendicular be drawn from an extremity of a given side, and 
opposite a given angle or its supplement; this will form two right 
angled spherical triangles ; and one of them will have its hypotenuse 
and one of its adjacent angles given, from which all its other parts can 
be computed ; and some of these parts will become as known parts to 
the other triangle, from which all its parts can be computed. 

To facilitate these computations, we here give a summary of the 
practical truths demonstrated in the foregoing propositions. 

1. The sinet of the sides of spherical triangles are proportional to the 
sines of their opposite angles. 

2. Thesinesof the segments of the base, made hg a perpendicidar from the 
opposite oTtgle, are proportional to the cotangents of their adjacent angles. 

3. The cosines of the segments of the base are proportional to the cosines 
of the adjacent sides of the triangle. 

4. The tangents of the segments of the base are proportUmid to the 
the tangents of the opposite segments of the vertical angles. 

6, TAe cosines of the angles at the base, are proportional to the sines 
of the corresponding segments of the vertical angles. 

6. The cosines of the segments of the verticcd angles are proportional 
to (he cotangents of the adjoining sides of &ie triangle. 

The two cases in which right angled triangles are not used, are^ 
1st. When the three sides^ are given to find the angles ; and, 
2d. When the three angles are given to find the sides. 

The first of these cases is the most important of all, and for that 
reason great attention has been given to it, and two series of equations, 
(T) and (£/), have been deduced to facilitate its solution. 

We now apply the following equation to find the angle A, of the 
triangle ABC, whose sides are a, b, c. a=:70° 4' IS", bs^ez^ 21' 27". 
C3=69^ 16' 23". a is opposite A, b is opposite B* and c is opposite C 
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/jR2 gin.fif Bin.(S--a) 

C08.4As=\/ ; — 7 — ; 

* N sin.o sin.c 
We write the second member of this equation thus : 

showing four distinct log^arithms. 

The lo^^ithm corresponding to -: — r is the sin.i subtracted from 

R 

10; and -r-- is the sin.c subtracted from 10, which we call 

sin.c 

BC==a^ 70<» 4' 18" 

AB=:c== 59® 16' 23" 8in.com. 0.065697 » 

ilC=5= 63° 21' 27" sin.com. 0.048749 



2)192 

S=^ 96 
--0= 26 


42 8 

21 4" sin. 
16 46 sin. 


9.997326 
9.646158 


iilss 40 


49 10 
2 


2)19.767930 
COS. 9.878965 



il= 81 48 20 
When we apply the equation to find the angle A, we write a first, at 
the top of the column ; when we apply the equation to find the angle 
B, we write h at the top of the column. Thus, 

To find the angle B 



uiB^J- 



jB? sin.S Bin.(iS-ft) 

COS.-^/fss^r ; r— — — 

sin.a sin.c 



6= 63° 21' 27" 

c= 59 16 23 sin.com. . .065697 

a= 70 4 18 sin.com. . .026857 



2)192 


42 8 






8= 96 


21 4 


sin. . 


. 9.997326 


-0= 32 


59 87 


sin. . 


. 9.736034 
2)19.825874 


Bz=z 35 


4 49 
2 


COS. . 


9.912937 



2?8 70 9 38 
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By the other equation in formula (T), we can find the angle C; but, 
for the sake of Tariety, we will find the angle C by the application of 
the third equation in formula (10* 



jR^ sln.(-8f— 6) 8in*(«»-^) 
8in. ■ " 



iin.JC=-y/- 



sin.^ sin.a 



c= 69° 16' 23" 

a= 70 4 18 8in.com. .026817 

b=: 63 21 27 sin.com. .048479 

2)192 42 '8 



S= 96 21 4 

t= 26 16 46 sin. . 9.646168 
«— *=r 32 69 37 sin. . 9.736034 

2)19.467768 

iC= 32® 23' 17" sin. . 9.778879 
2^ 

C= 64 46 34 

To show the harmony and practical utility of these two sets of 
equations, we will find the angle A, from the equation 



a=z 70 4' 18" 

6= 63 21 27 sin.com. .048749 

c= 69 16 23 sin.com. .066697 

2)192 42 8 



8=^ 96 21 4 
&-4fsz 32 69 37 sin. . . 9.736034 
»->-€=z 37 4 41 sin. . . 9.78024 7 

2)19.630727 

JA= 40® 49' 10" sin. . . 9.816363 
2^ 

A= 81 38 20 

2. In a spherical triangle ABC, given the angle A, 38^ 19' 18"» the 
angle B, 48^ 0' 10", and the angle C, 121<^ 8' 6", to find the sides f$,b, c 

Apply proposition 6, spherics. 
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A^etdSPlV la" fttpplom^t 14|o 40' 4r 
JBsx 48 10 supplement 131 69 50 
C=121 8 6 Buppleiaent 68 61 64 

We now find the angles to the ^spherical triangle, whose sides are 
these supplements. 

Thus, . Ml*' 40' 42" 

131 69 60 sin.com.* .128909 
68 61 64 sin.com. .067661 

2)332 32 26 

166 16 13 Bin. . 9.376376 
24 36 31 sin. . 9.619263 

8)19.191088 

66° 47' 37i" cos. . 9,696643 
2 

angle ==133 36 16 

supp. BB 46 24 46=a of the original triangle. 

In the same manner we find 6=60° 14' 26" 0=89® l' 14" 

EXAMPLES FOB EXERCISE. 

1. In any triangle, ABO, whose sides are a, h, c, given 5srli8^' 
14", c=120<=> 18' S3", and the included angle Assf^^^ 22' 34", to find 
the other parts. 

Ans. 11=230 67' 13", angle S=f^9l^ 26' 44", and Om:l02^ 6' 64". 

2. Given A=81'^ 38' 17", 5=70° 9' 38", and 0=64° 46' 32", to find 
the sides a, b, and c. 

. Ans. flr=70o 4' 18", 5=63<=» 21' 27", and c=69o 16' 23". 

3. Given the three sides fl=93<5 27' 34", b=zlOO^ 4' 26", and 0=96® 
14' 60", to find the angles A, B, and C. 

Ans. A=940 39' 4", ^5=100° 82' 19", and a=96<» 68' 36". 

4. Given two sides, h=S4P 16', 0=81° 12', and the angle C=80«> 
28', to find the other parts. 

Ans. The result is ambiguous, for we may consider the angle B as 
acute or obtuse. If the angle B is acute, then As=97o 13' 46", 
5=830 11' 24", and 0=96° 13' 33". 

If B is obtuse, then A=21o 16' 44", Bs=960 48' 36", and 
a=2lo 19' 29" 



* The sine complement of 131^ 69' 50", is the same as the sine complement 
of 480 0' 10". 
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6. Giren one siile, c=S4° 26', and the angles adjuent, ^=49°, uid 
£=63°, to find the other parts. 

Am. fe=45° eS' 46", a=43° 29' 49", ajid 0=98" 28' 6". 
6 Given the three aides, a=90°, 6=90°, c=^90°, to find the angles 
A, S, and C. Ans. A=90°, 5=90°, and C=90°. 

7. Given the two Bides, 0=77° 26' 11", and c=128° 13' 47", and 
the angle C, to find the other parts. 

Am. b=Si° 29' 24", vt=69o 14', and B=72° 28' 46". 

8. Given the three sides, a, ft, c, a=68° 34' 13", 1=69° ai' 18, 
and e=113°' I6' 32", to find the angles A, B, and C. 

Atu. i=46° aff la", B=41° 11' 6", Ct=134° 64' 37" 

APPLICATION. 

Spherical trSgononometry becomes a science of incalculable 
importance in its connection with geography, navigation, wid 
astronomy; for neither of these subjects can be understood without 
it ; and to stimulate the student to a study of the science, we here 
attempt to ^ve bim a glimpse at some of ita points of application. 

Let the lines in the an- 
nexed figure represent «r- 
cles in the heavens above 
and around us. 

Let Z be the zenilh, or 
the pomt just overhead, Hch 
the hoiiion, PZH the men- 
ditui in the heavens, P tlie 
pole of the earth's equator ; 
then Ph is the latitude of 
the observer, and PZ is the 
co.Utitude. Qcq la a portion 

of the equator, and the dotted, curved line, mS'S, parallel to tfae 
equator, is the parallel of the sun's declination at some pulicular 
time ; and in this figure the sun's declination is supposed to be 
north. By Qie revolution of the earth on its axis, die sun is 
apparently brought from the horizon, at S, to the meridian, at m ; " 
and &om thence it is carried down on the same carve, on the otiier 
side of the meridian ; and this apparent motion of the sun (or any 
other celestial body) makes angles at the pole^i*, which are in 
diiMt pr^ior&ui to their times of description. 
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The apparent str^ht line, Ze, ia what is denominated, in astro- 
nomy, the prime vertical; that ia, the east and west line through the 
senith, pasnng through the eatt and wett pcants in the horizon. 

When the latitude of the place is north, and the declination is 
also north, as is represented in this figure, the sun rises and sets 
on the horizon to the north of the east and west points, and the 
distance is measured by the arc eS, on the horizon. 

This arc can he found by means of the right angled spherical 
triangle eqS, right angled at q. Sgia the sun's declination, and the 
angle Seg is equal to the eclatitude of the place ; for the angle cl'& 
is the latitude, and the angle .S^ii^ is its complement. 

The side eg, a portion of the equator, measures the angle ePq, 
the time of the sun's rmng or setting before or after six, a{^mrent 
time. Thus we perceive that Hiis little triangle cSg, is a very 
important one. 

When the sun is exactly etut or vitst, it can be determined by the 
triangle ZPS '; the eidei'Z is known, being the co.latitude; the anj^ 
PZS'JBS, right angle, and the side PS'is the sun's polar distance. 
Here, then, is the hypotenuse and side of a right angled spherical 
triangle given, from which the other parts can be computed. The 
angle ZPS' is the time from noon, and the side ZS' is the snn's 
zenith distance at that time. 

FOBllULA FOR T I U E. 

The most important problem in nayigatdon is that of finding the 
time irom the altitude of the sun, when the sun's declination and 
the latitude of the observer are given. 

This problem will be un- 
derstood by the triangle 
PZS. When the sun is on 
the meridian, it is then ap- 
parent noon. When not tm 
the meridian, we con de- 
termine the interval from 
noon by means of the tri- 
angle PZS; for we can 
blow all its ndes ; and the 
angle at P, changed into 
time at tlie rate of 15" to 
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oBie boor, iffl) giv^ the tone from apparent noon, when iuty par- 
ticular altitude, as T3^ maj have been observed. F8 is kuomt 
by the sun's declination at about the time ; and PZ is known, if 
the observer knows his latitude. 

Having these three sides, we can always find the sought angle 
at the pole, by the equations already given in formulas (T), or 
( U)\ but these formulas require the use of t];ie coJcUttude and &e 
coMltitude, and the practical navigator is very averse to taking the 
trouble of finding the complementa of arcs, when he is quite 
certain that formulas can be made, which comprise but the arcs 
themselves. 

The practical man, also, very properly demands the most concise 
practical results, l^o matter how much labor is spent in theoriz- 
ing, provided we arrive at praotical brevity ; and for the especial 
accommodation of seamen, the following fonnula for finding time 
has been deduced. 

From the 6md«mental eqiiaticm of spherical trigoiKUBetry, takea 
from page 191 we have, 

COS. ZS — COS.PZ C08.PS 



coa.P=- 



8in.PZ Bm.PS 



Now, in place of cos.ZS, we take sin, ST, which is, in fact, the 
same thing, and in place of cos.PZ, we take sin.lat., which is also 
thQ sam&. 

In shorty let A^ss the altitude of the sun, L=s the latitude of th* 
observer, and J^^ss the sun's polar distance. 

^, _ sin.-4-H3in.X cos.D 
Then, . . «08.iP= z.—^. — =: 

But, . 2 sin.' |P= 1-^-cos.P (See eq. 32, page 143.) 

»m ^ ^ . * , ,^ . sin.-4 — sin.Z cos. D 

Therefore, 2 sin.» 4/^=1 f"^— h 

" .008.2/ 8m.i> 

(oos»Z siB.D-f'ain.i/ cos.i>) — sin.^ 
cos.L sin.i^ 

Qds^ mJ^ 
18 O 
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Considering (L+I}) as a single arc, and applying equation 
(18), plane trigonometry, we have, after diyiding by 2, 

sin/ iP=z . 

^. L+J>—A Z+D+A . ..: 

But, = A and if we assume 

'2 2 

„ i+i>+-4, we shall have, 

o= 



'^ COS.Z sin.i) 



Or, sm. AP=J > : y. ^ 

* ^ COS.J& sm.x) 



This is the final result, when the radius is unity, and when tha 
ra^us is greater by B, then the sin. ^P, will be greater by 
R; and, therefore, the value of this sine, corresponding to our 
tables is. 



This equation is known as the sailor's formula for time, and a 
very concise and beautiful formula it is ; it is used by thousandii 
who have little knowledge of how it is obtained, or who know 
little of the amount of science there is wrapt up in it. . 

When the observer has logarithmic tables that contam 9eeanU 
and cosecants, the above equation can be modified. 

Because, sec.Z=: =andcosecJD=-: 



CQ8.L sin.!) 

(See equations, plane trigonometry, page 138.) 



Therefore, sm.JP=^('-^) (2£^)cos.^sin.(a^^) 

Here, then, we have ./our distinct logarithms to be added together 
and divided by 2, which is extracting square root. 
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The first logarithm is the secant of the latitude, dimiidshed bj 
the index 10 ; the second is the cosecant of the polar distance; 
diminished by the index 10 ; the third is the cosine of the half 
sum of altitude, latitude, and polar distance ; and the fourth is the 
sine of an arc, found by diminishing this half sum by the altitude* 

Navigators retain this formula in memory by the following words : 

AUiittde — ladtude-^pdar dUtcmce — hdf 9um^-remainderj\ secant 
— cosecant — cosine — sine. 

X X A M PL X. 

In latitude 39^ 6' 20" north, wh^ the sun's declination was 
12® 3' 10", north, the true altitude* of the sun's center was 
observed to be 30® 10' 40'', rising. What was the apparent time ? 

Alt. 30*» 10' 30" . 
Lat. 39 6 20 cos.com. .110146 
P.D. 77 56 60 sin.com. .009660 



2)147 


13 40 




* 


5= 73 


36 60 


COS. 


. 9.450416 


1)=: 43 


26 20 


sin. 


. 9.837299 
2)19.407541 


30 


22 6 

2 


sin. 


9.703770 



.f>= 60 44 10 

This angle, converted into time, at the rate of 15® to one hour, 
or 4 minutes to 1®, gives 4h. 2m. 56s. from apparent noon ; and 
as the sun was rising, it was before noon, or 

7h. 57m. 4s. A. M 

If to this the equation of time were given and applied, we should 
have the mean time ; and if such time were compared to a clock 
or watch, we could determine its error. A good observer, with a 
good instrument, can, in this manner, determine the local time 
within 4 or 5 seconds. 

• The inBtrament used, the manner of taking the altitude, ita coneotion 
for refraction, aemidiameter, and other practical or cixcumBtantial details, do 
not belong to a work of this kind, but to a work on practical astronomy or 
navigation. 
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Tb» gntt importaiiee ^ d^tenmsing tibe exact time» at sea, is 
to detennine tke longitude, irhkh is but the difference of the local 
iiine bet'sreen the obterrer's meridian and the assumed prime 
meridian* 

A timepiece, of nice and delicate construction, called a chrono- 
meter, bj its rate of motion and adjustment, will show the time at 
Greenwich, or at an j other known meridian to which it refers ; and 
this time, compared with an obserration on the sun, will detcnnine 
the amount of difference in local times, which is, in substance, 
longitude. 

The same triangle, PZS, gives the bearing of the sun, which is 
is called its azimuth ; that is, the angle FZS is the azimuth 
from the north, and its supplement, JIZS, is its azimuth from the 
south. This is the true bearing ; and if the bearing per compass 
is the same, then the compass has no rariation ; if different, the 
amount of difference gives the amount of the variation of the 
compass. 

HOW TO MANAGE A LOCAL SOLAR GCLIPSE. 

We shall touch this subject only so far as to show the applica- 
tion and utility of spherical trigonometry. 

The angular semidiameter of the sun is about 1 5', and that of 
the moon, about the same ; and, of course, when an eclipse of the 
sun commences or ends, the apparent distance between the sun and 
moon cannot bci greater than about 32', or a little more than half 
a degree. 

The nautical almanac, or the astronomical tables, will give tfcr 
the time when the sim and moon fall into line on the same meridian 
of ri^kt ascension, and give us, also, their difference in declinations, 
at the same time, together with aU the other necessary elements^ 
such as semidiameters, horizontal parallax, hourly motions, dsc^ 

Now let us take the time when the moon is in conjunction with 
the sUn in right ascension, and demand the apparent distSAOe 
between the centers of the sun and moon, as seen from any 
particular locality. 

By the time as given in the nautical almanac^ we know thft 
sun's distance from the local meridian, either east or west. 
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Look at tlicf littt-figore. Let S r«pr#d«iit the position oi tlxe 
mm*B center, P the pole^ and Z tM zenith of the observer. 

Then, k the triangle ZPS, we know the two sides, ZP and PS; 
and from the apparent time, we know their inchided angle, ZPS, 

The declination of both sun and moon is also given in the nau- 
tieal almanac, corresponding to tibis time ; and their difference 
gives the space which we represent by Sm, on our figure. From 
the triangle PZm (two slden and angle included), compute Zm and 
ike angle ZmP. 

Th« eSeet of pdri^at is to depress the body m a vertical direc- 
imm ; and if m is its true place, as seen from the center of the 
iBHHkf n may represent Its apparent place, as seen by the observer, 
whose le&i^ h Z. . 

The are mn Ik eomptited from the horizontal parallax, by the 
jfoBowing proportion, p representing the lunar horizontal parallax* 

Bad. : coe. 9 app.altitude ^p : mn, 

' The angle Smn^^t^ZmP, and the angle ZmP Is computed from 
the triangle PZm. Now, the triangle Smn is always very small ; 
the sides ar^ never more than a degree in length, and are generally 
much less ; and it therefore may be regarded as a planer triangle^ 
with two sides, Sm and mn, and the angle Smn, between them,, 
given. From these data we can compute the distance between S 
and n; and if that distance is less than the sum of the semidiame* 
ters of the sun and moon, the sun must then be in an eclipse-*^ 
otherwise it is not. 

But whether the distance between S and n is less, equal, or 
greater than the semidiameters of the sun and moon, by it the 
computer can assume an approximate time for the beginning or end 
of the eclipse, as the case may be. 

In case the computer wishes to compute the apparent distance 
between $un and moon, corresponding to any other time than that 
ef conjunction in ri^ht ascension, he may assume any interval before 
or after that period; and by the moon's motion from the sun during 
that interval, he can put the moon in its true place, at m. 

Now, by the help of the spheirical triangle PZm, and the moon's 
horizontal parallax, the distance wm can be computed as before ; 
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■nd by means of the little triangle sma, we compute die disbtnoM 
na uid am. The distance na is parallax in right ascension, and ma 
is parallax in declination. Parallax increases the moon's right 
ascension when the moon U east of the meridian, and diminlshea 
it when west of the meridian. 

Now, the difference be- 
tween PS and Pa, is the 
apparent difference of dec- 
fination of the sun and moon; 
and IK is the apparent dif- 
ference of right ascension 
of the same bodies ; ca is 
the real difference in right 
ascension. The distances 
Sc and en,* expressed in 
tteondt of are as linear units, 
form two sides of a right 
angled plane triimgle ; and 

the distance Sn, the hypotenuse, is the apparent distance between 
the center of the ann and the center of the moon ; and just A 
the commencement or end of an eclipse, that distance will be equal 
to the semidiameter of the sun, added to the setnidiameter of the 

But it would be only accident if an operator should asamue the 
exact time of the beginning or end of an eclipse ; bat the distance 
Sn, computed, would indicate whether the eclipse had already com- 
menced or ended, or would commence or end wUhin some very 
short interval of time. 

Astronomers, however, are in the habit of taking two interval* 
of time, about 10 or 15 minutes asunder, between which they know 
the eclipse will commence, and compute the apparent distance, Sn, 
for these two periods ; one of them will be less, and the other 
greater than the sum of the two semidiameters ; and thus they find 
data to proportion to tiie commencement or end in question. 

By the same principles astronomers compute the be^nning and 
end of occaltations. 
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MISCELLANEOUS ASTRONOMICAL EXAMPLES. 

1. In latitude 40° 48' north, the sun bore south 79® 16' west, at 
3h. 37m. 59s. P. M., apparent tune. Required his altitude and 
declination. 

Ans. The altitude 36" 46', and declination 16" 32' north. 

2. In north latitude, when the sun's declination was 14" 20' 
north, his altitudes, at two different times on the same forenoon, 
were 43" 7'+,* and 67" 10'+; and the change of his azimuth, in 
the interval, 45° 2'. Required the latitude. Ans. 34" 20' north. 

3. In latitude 16" 4' north, when the sun's declination is 23" 2' 
north. Required the time in the afternoon, and the sun's altitude 
and bearing when his azimuth neither increases nor decreases. 

' An9, Time 3h. 9m. 26s. P. M., altitude. 45" 1', and bearing 
south 73" 16' west. 

4. The sun set south west ^ south, when his declination was 
16" 4' south. Required the latitude. Am. 69" 1' north. 

5. The altitude of the sun, when on the equator, was T4" 28'+, 
bearing east 22" 30' soutfi. Required the latitude and time. 

Ans. Latitude BQ'^ 1', and time 7h. 46m. 12s. A. M. 

6. The altitude of the sun was 20" 41' at 2h. 20m. P. M, when 
his decimation was 10" 28' south. Required his azimuth and the 
latitude. Ans. Azimuth south 37" 5' west, latitude 51" 58' north. 

7. If, on August 11, 1840, Spica set 2h. 26m. 14s. before Arc- 
turus, hight of the eye 15 feet, required the north latitude. 

Ans. 33" 46' north. 

8. If, on November 14, 1829, Menkar rise 48m. 3s. before 
Aldebaran, hight of the eye 17 feet, required the north latitude. 

Ans. 30" 45' north. 

9. In latitude 16" 40' north, when the sun's declination was 
23" 18' north, I observed him twice, in the same forenoon, bearing 
north 68" 30' east. Required the times of observation, and his 
altitude at each time. 

Ans. Times 6h. 15m. 40s. A. M., and lOh. ^2m. 48s. A. M.» 
altitudes 9" 59' 36", and 68" 29' 42". 

* Plus means rising ; and, of course, forenoon. 
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LUNAR OBSERVATIONS, 

The moon reTolves through a great circle of the celestial sphere 
in about 27 dajs and 8 hours ; and astronomers are able to desig*^ 
nate its exact position in respect tQ the stars, corresponding to any 
definite time. 

But the observer is supposed to be at the 
center of the earth. The moon is never seen 
by an observer in exactly Us true plane, unless 
the observer is in a line between the center of 
the earth and the center of the moon ; that is, 
unless the moon is in the zenith of the observer; 
in all other positions the moon is depressed by 
parallax, and appears nearer to those stars which are below her, 
and further from those that are above her, than would appear 
from the center of the earth. 

The true distance between the sun and moon, or between a star 
and the moon, can be deduced from the apparent distance, by the 
application of spherical trigonometry. 

The apparent altitudes of the two objects must be talcen, and 
corrected for parallax and refraction^ 

Let Z be the zenith of the observer, S^ the apparent place of the 
sun or star, and S its true place ; also, let m' be the apparent jdaoe 
of the moon, and m its true place, as seen from the center of the 
earth. 

With the observed sides of the spherical triangle ZS'm\ we 
compute the angle at Z; then, in the triangle ZSm we have the two 
sides ZS and Zm, and the included angle at Z, from which we 
compute the side Sm, which is the true distance, ^ 

To the definite^ true distance, there is a corresponding definite 
Oreenwkh time, which the practical navigator can find with the 
utmost facility. This time at the^r^^ meridian, compared with the 
local time deduced from the altitude of the sun, will of course give 
the longitude. 

To deduce the true distsmce from the apparent, is called toorkinp 
k hru», fcod is a subject of considerable perplexity to the young 
navigator; but,, by meana of auxiliary tables, and ruiea for delicate 
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i4>prozimatioiiB, science and art hare nearly overcome all diffieol- 
lies, and a good operator can now vork a lunar in about fivt 
minuUt. 

We here only give a view of the soienlific principles mvolvod. 
For complete practical knowledge we must conBult booka on 
navigation. 

APPENDIX TO TRIGONOMETRY. 

For the benefit of tiioae who may deure to cultivate a taste for 
mathemaUcd science, we give the following exercises, which an 
deugned to strengdieTi the powers for geometrical investigationa. 

To demonstrate equations (7), (8), (9), 
and (10), geometrically, the pupil must be 
fully impressed with the following principles: 

1. An angle in a umicircle is a riffhi angle. 

2. ^ one tide of a right angled triangle it 
made the tine ^ itt oppotite angle, the other 
tide tail be the eotine of the same angle. 

(See proposition 3, page 147.) 

3. Any chord is double the nine of h^f the arc. (See observation 
3. page 138.) 

4. Observe theorem 21, book 3. 

Now from A, any point on a circle, take AB, the double of any 
arc designated by a, and AC, double of any arc designated by b. 
Draw AD, the diameter, and consider its value equal 2, twice 
the radius of unity. Join BD and J)C. 

Then, by reason of the quadrilateral in a circle, we have, 
AD'£C=AB-2>C+AC-BJ> (1) 

But, . A£=isinMi j^^ JlC=2 sin.il 
5i)=2cos.af ' i)(7=2oos.6 f 

BC=2 sin.{a+6), and AI>=i 
Substituting these values in ( l ), we have 

4 sin.(a4'&)=2 sm.a 2 cos.A+S cos.a 2 sui.i 
Dividing by 4, and 

nn.(a-t-i)=un.a coe.&-|-cos.a nn.S 
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Kow let the tre CAB^Sm, and AB^U; then AC^teH-^ 
And, . CJ?=2 8m.a, ^C=2 6m.(<i-^), ^i>s=ic56.6 

Snbertikitiiig these values in equaticm (l)f we have 

4sin.as=2 sin^ 2 cos.(a — h)-{-St sin.(a — &)i2 cos] 
Diyiding bj 4, 8in.a=8in.5 coB.(a — 6)-)-sm.(a^-5)co8,6 

To dem(»istrate equatioa (8.) Let the 
mttABmi^, ACszZb; 



lljen, SC=^(a — h) 

AaAp by reason of the quadrilateral, 
AB^DO^BC-AP^AOBD (2) 




1^ -4-8=2 8in.a) ^i-^ AC=i 8m.h 

BD 



?=2 8in.a) ^j^^^ AC^i^mM 
>=2 co8.a) DC^^ C0S.5) 



AD^St, and J5(7=2 sm.(a— ^) 

These values substituted above, and we have 

2 sin.a 2 C06.5s4 mJ^^u — 6)+S «a.5 S coi.a 

Dividing by 4, transposing, <&c., 

And 8in.(c»— ^)=sin.a cos.5 — sin.5 cos.a 

Again, let the are AC^Sta^ the arc CB=Zb; then the ara 

ACBz:z2(a+b), 

And the chord AB=22 8in.(a4-*) ) -4(7=2 sin.a > 

BDsz2 oo8.(a+-ft) ) jD(7=2 caB.a ) 

^2>=2, and -8(7=2 sin.5 

Substituting these values in equation (2), we have, 

2 cos.a 2 sin.(a+J)=4sin.i+2 sin.a 2 cos.{a+ft) 

Dividing bj 4, 

cos.a sin.(a+^)=ttn.5-{-Bin.a cos.(a4^) 

To demonstrate the truth of equation ( 10), we «se An last 
figure, conceiving the are .i^ C to bo 2a, the are BD to be 26. 
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Then the are ^(7 will be meamued b; ( 1 80° — 2(a-l-&) ); ito half 
win therefore be measwed 1*7 80° — (a-j-S). 

On ilHs hypothesis, 

Theohoid AC=2wi.al .,^ J)B=ia'aJ>} 

AD=t, aoid £(7=«2 cos^a+i) 
SnbBtitnting these T&lues in eqnation (8), we have 

2co8^ 2coa.a=4cos.(a+J)+2ain.a 2sini 
Dividing and traneposing;, 

COB. (»+*)= COB .a eoa.fi — sin^a ain^ 

To dcmODBtrate equation (10). Draw - 
the diameter AD, and on one side of it 
take the arc AB^ia, and on die crther aide 
talce the are DE^ib. Join £!>, AE, and 
ME. From B, draw BCF through the 
center of tlie orcle; then &.e arc BEF 
n the arc AB, and EF » tbe difference 
«f die area AB and DS; 'A is tberebre meaaved bj S(a— i). 

How, in the quadrilateral ABDE, w« have 

^5=2 Mn.a ) ., DE^% sin.fi ( 
BD=%tm.ii\ ^^^' ^J?=2coaJf 

AD=i, and 5^=2 coa.(«— A) 
■Xhew TakMS. enbstitnted in tbe last ^uaticm, will gira 
4 coa.(a — b)=i sin.a 2 un.S+S nos.a 2 coe.i 
cos.(a— fi)^sin.a sin.i4~eos.a cob. A 
fROBLEMS FOR EXEECISE. 
1. Siow.gtfoiw rfH Bg tf y, that rad.-(rad.-fcos..iJ)»2 coa^; that 
nd.*(rBd — cos..^)=2 Mn*^ tinct rad.'sm.S J=2 ^.A'caa.Aj 
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2. Prove that tan.^+tan.^^s — 1--IL — ^ radius beimr unity. 

C08.^*C0S.^ ® • 

3. Demonstrate^ geomOneaUyt that rad.*sec.2ulstan.^ tan.2ui 
+rad^ . 

4. Show that in any plane triangle, the base is to the sum of the 
other two sides, as the sine of half the vertical angle is to the cosine 
of half the di£ference of the angles at the base. 

6. Show that the base of a plane triangle is to the di£ference of 
the other two sides, as the cosine of half the yertical angle is to 
the sine of half the difference of the angles at the base. 

6. The difference of two sides of a triangle, is to the difference 
of the segments of a third side, made by a perpendicular from the 
opposite angle, as the sine of half the vertioal angle is to the cosine 
of half the difference of the angles at the base ; required the 
proof. 

NOTE. 

When we give our attention to the relations existing between the 
arc of a circle and its sine, cosine, and tangent, it becomes very desir- 
able to find some law which will invariably and unconditionally nuine- 
ricdOy connect the arc with its trigonometrical lines ; and the object 
has been accomplished, though not in as elementary a manner as is 
desirable for a work like this. 

In the calculus the process is clear and simple ; but simple as it 
may be, the reader must first imderstand the calculus before it can 
be even comprehensible to him. 

We give the following investigation, independent of the calculus, 
taken from the French works of Legendre, with our own modifica- 
tions and illustrations. By a little careful study, any one can thoroughly 
comprehend it, who is familiar with algebraic equations, and under- 
stands the binomial theorem, 

LEMMA. 

If there be an aiffebraic equation in which the men^fcrs consist of quan^ 
tities, part real and part imaginary, then the red quantities in the two 
members are equal, and the imaginary quantities are equal. 

N. 3* Imaginary quantities contain the factor J — 1, and such 
quantities are, emphatically, imaginary; they have no real existence. 
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Suppose we have an equation in which the sum of the real quantitiea 
in the first member is represented by A ; and the sum of the like 
quantities in the second member by B, Also, the sum of .the imagi- 
nary quantities in the first member, suppose represented by SJ — 1, 
and the sum of the like quantities in the second member by T,J — 1 ; 
that is, suppose the following equation to exist. 



A+/8fV— 1=J?+T^— 1 



Then, . A=:^, and 5^— 1=^V— 1 

If A is not equal to B, one must be greater than the other ; and as 
they are supposed to be real and definite quantities, their difibrence 
must be real and definite ; and, therefore, we can represent it by the 
definite quantity 2>. 

That is, suppose A greater than B by D; then the equation 
becomes 

B+D+S^'^l=B+Tj^l 
Strike out B from both members, and transftose StJ — 1 



Then, I>=rj— 1— ;SfV-l=(T--S)^— 1 

ThBt is, a real quantity equal to an imaginary one— a perfect absurdihft 
and this absurdity is in consequence of supposing A not equal to B; 
therefore, we must admit that A=J3. 

It necessarily follows that 



fifV— i=rv— 1 

Let a represent any arc, the radius unity; then^ 

cos. 'o+sin. 'a= 1 

Conceive the first member as composed of the two factors, 

cos.o-f-^ sin.a, and cos.o-^ sin.a 

The product of these two factors, is , 

coB.3(z — h^ sin.^fl; and, by hypothesis, this 
product must equal the first member of the equation ; that is, 

cos.^o — h^ sin.'a=cos.2a-f'SiEi»^« 
Dropping cos.3a from both members, there remains 

— V sin.^assin.^a 
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*'= — 1, or A==+V--ii which shows that the 
coefficient, h, is imaginary.* 

The different powers of h ar» 

and so on. Observe that all the even powers of A are rational quan* 
tities ; in short, units, with the signa fiui and minuB alternating. 

Thus, . A^sB --1, h^zsz +1, ifizs, -.1, A^ss 4.l» and so on. 

All the odd powers are imaginary, and the signs alternating. 
If we multiply the two similar factors, 

cos.a-f'^ si^*^ 
And, . , . . co8.^A sin .5 

Product will be, cos.a co8,54-(8in.a coBJh^-conM sin.i)A-|-A'sin.a sin.fr 



Now let h=:J — 1, and A'=: — 1 ; then this product is 



(cos. a cos.fr — sin.a sin.fr)4-(8in.acos.fr4-co8.a sin.fr) ^ — 1 

Comparing this expression with equations (9) and (7), page 141, 
w^ perceive that ii » the same as 

cos. (a-\-h)-\-8in. (a-\-b) J — 1 ; 

Hence, (cos.a-4~^ sin.a)(cos.fr-f-A sin.a)33Gos.(a-(-fr)-4'A sin.(a«4~^} 



In case we give to A its particular imaginary value, J — 1 

// if very remarkable that the product of these factors can be found fry 
simply adding the arcs, which is a property analagous to logarithms. 

If we make a=k in the preceding equation, we have 

(cos.a-|-A sin.a)(cos.a-4-^ sin.a)=rcos.3a-f-fr sin.2a (1) 

(co8.<r-ffr sin.ff)(cos.dfl(-^ft mn.2a)=siC09.9»-{-h mn.Sa (2) 

(cQB.a+h sin.a)(cos.3a-f'fr sin.Sa>=C09.4a-f-A sin.4a (3) 

and so on* 
The first member of equation (I), is 

r I. ■■ 

* This investigation -shows, also, that the sum of any two squares may bo 
regarded as the product of two binomia] Ibeton. 

Thus, . . *Hi'««(»4-r7'^K«--yV^i) 
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The Arst Member of e^juttUcnn (2), i? 

(cos.a-|-^ sin.a)*, and so on. Therefore, in 

general, if n 1« taken to represent any entire number, whatever, we 
shall have, 

^ co8,nc^h 9in.naBss(co8.A-f-i| ain.a)* 

But, . (cos.fl-|-^ 8in.a)''==cos.*a(l-|-& tan.a)* 

sin.a 

Because, . . . =tan.a 

cos.a 

Hence, . cos.na4-A sin.na=co8.''a(l-|-A tan.a) ' (4) 

Expanding the biuomini], in the seeond member, we have, 

n — 1 n — 1 fk — Q 

(l+^tan.fl)"=l-|-n^tan.a4-?i— H~A^tan2a-|-n— ^ •— «— A' tan'tf, &c. 

Substituting the expanded binomial in equation (4), it becomes 

cos.9ia-|--A MR*na= 

n — 1 n — 1 II — 2 

cos."fl(l-l-wA tan.a-|-»— g— A' tan.^a-j-w— o ^A' tan.'a, &c.) 

Calling to mind the principles explained in the preceding lemma, 
and recollecting that all the terms containing the odd powers of A must 
be imaginary, and all the other terms real, therefore, we may put 
cos.na equal to all the real quantities in the series, multiplied by the 
factor cos."a; and the imaginary quantity A sin. na, must be put equal to 
all the terms in the series containing the odd powers of A, and the 
whole multiplied by the factor cos."a. 

But as every term of this equation will contain A, we can divide by 
A, and thus convert every odd power into an even power, and change 
the equation from imaginary terms to real terms* 

Thus, by equating the parts of the preceding equation, we have 

, . w — 1 , ^ ^ . n — 1 » — 2 n — 3 , , 
cos"fl(l-t-n —r— A^ tan. 'a+n — ^ 5—. —7- A* tan.*tf-|- ^c.) 

. Vr^l n-*-2 , „ , . n — 1 n— 2 n — 3 
8in.na=cos."a(n tan.a-f-« ^^ —5— h*ti|n.*a-|-n — r~ -— 

Ji— 4 

-^^r— A* tan.*a-|- &c.) 

Put x=7ia, .Then 71==-. Aho observe that A'= — 1, and A*=l, 

and so on, alternately. MAkiaf tliMii MbfUlatiiint, iIm pa^eding 
equaiions become ^ 
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«o.^=co..xi- -T% ir-^ — i^^a^i ■ -sr **•> 



/ X taii.a aB{x — a)(«— 2a) tan^'a 

81IlJt:=C08.*a ( 7 r-r-s r~ 

V 1 a 1»2»3 a' 

jc(jp — g)(a? — ^2a)(a? — 3a)(a>— 4a) Un«*g \ 

1«2«3«4«5 a* / 

# 

In these equations the arc a may be taken of any value whatever » 

tan .a 
and when a represents a very small arc> is very near unity, and 

is exactly unity when a=0. 

Also, when a=0, cos.orsl, and any power of 1 is 1; therefore^ 
cos."a=:l. Making these substitutions, the final results will be, 

'^"^^^ 1^ + 1»2»3»4 l*2»3-4-6»6 "^" ' 



COS.£ 



sinup==x— -^,3 + i.2.3.4'5 '^ 1-2*3-4*6h5^ + ^- 

To apply these equations, and show their practical utility In the pri* 
mary computions for the natural sines and cosines, we require the 
natural sine and cosine of 3^. 

When radius is unity, the arc of 180® is 3.14169266. 

Therefore, the arc of 3® is .062369877. 

Hence, . . ---^^ —0.001370733 

And, . . . ~= +0.000000313 

Therefore, from . . . 1.000000313 
Take 0.001370733 

cos.x= 0.998629680 the cos. of Z^. 

x=: 0.062369877 
■=z 0.000023923 



6 
120 



sr 0.000000003 



sinuc=5 0.062336967 the sin. of 3^. 

In like manner we may compote the sine and cosine of any other 
trc. But the greater the arc, the slower the series will converge; and^ 
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io case of large arcs, a greater number of terms must be taken to obtain 
a result of equal exactness ; the series, however, is' never used for 
large arcs, but the combinations of other formulas are then used. 
These formulas are more practical than any other hitherto given for 
the same object ; but their theoretical investigation is supposed to 
require more power than a learner can at first possess. 



CONIC BECTIOHS. 



CONIC SECTIONS. 



DEFINITIOHS. 

1 . Conic Sections are the figures made by a plane, cutting a 
cone. 

2. There are five different figures that can be made by a plane 
cutting a cone, namely : a triangle, a circle, an ellipse, a parabola, 
and an hyperbola, 

BsMARK. The three last mentioned are commonly regarded as 
embracing the whole of conic sections ; but with equal propriety 
the triangle and the circle might be admitted into the same family. 
On the other hand we may examine the properties of the ellipse, 
the parabola, and the hyperbola, in like manner as we do a triangle 
or a circle, without any reference to a cone, whatever. 

It is important to study these curves on account of their exten- 
sive application to astronomy and other sciences. 

3. If a plane cut a cone through its vertex, and terminate in 
any part of its base, the section will evidently be a triangle. 

4. If a plane cut an upright cone parallel to its base, the section 
will be a circle. 

5. If a plane cut a cone obliquely through both sides of the 
cone, the Section will represent a curve, called an ellipse. 

6. If a plane cut a cone parallel to one side of the cone, or 
what is the same thing, if the cutting plane and the side of the 
cone make equal angles with the base, then the section will represent 
a parabola. 

7. If a plane cut a cone, making a greater 
angle with the base than the side of the cone 
makes, then the section is an hyperbola. 

8. And if all the sides of a cone be continued 
through the vertex forming an opposite equal 
cone, and the plane be also continued to cut 
the opposite cone, this latter section, will be the 
opposite hyperbola to the former. 
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9. The vertices of any eection are the points 
irhere the cutting plane meets th« opposite ndes 
of the cone, or the sides of the vertical trian- 
gular eection, as A and B. 

Hence the ellipse, and the opposite hyperbolas, 
have each two vertices ,' but the parabola only 
one ; unless we consider the oAier as at an 
infinite distance. 

10. The aiis, or transverse diameter of « eonic secticKit is th« 
line or diateaoe AB between the vertices. 

Hence, th« uds of a parabola is infinite in lM^;th, AB being only 
apartof it. 



THE ELLIPSE. 

When we know how to describe a circle, we can pve a definition 
of it ; and without conceiving it to be a conio section, we cAn go on 
and investigate its properties. So with the ellipse. When we 
know how to describe it, we can ^ve a definition of it, and go ok 
and invtttigate ila propertifls ; and we ahall do so without conceiving 
it to be a eonio Mctm. 



PEOBLEH. 

To dtscribt onEUipM. 

Take any two points, as F and Jf". 
Take a thread, longer tiian the dis- 
tance between F and F', and fasten 
one extremity at the point F, the other 
at F'. Then take a pencil and put it 
In the iocp, and move the pencil enttrely 
round the fixed points, keeping tiie 
thread at equal tension in every part. The pencil thus pasdnf 
round the points ^ and F', describes a enrve, as is represented in 
the adjoining figure, and It is eallad an ellipse ; henoe an elllpu 
may be defined as on the following page : 
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DEFINITIONS. 

1. An ellipse is a plane cnrve, confined by two fixed points ; and 
the sum of the distances from any point in the curve to the fixed 
joints, is constantly the same. 

2. The two fixed points are called the foci. 

3. The center is the point C, the middle point between the foci. 

4. A diameter is a straight line through the center, and termi- 
nated both ways by the curve. 

6. The extremities of a diameter are called its vertices. 
Thus, Diy is a diameter, and D and i>' are its vertkee. 

6. The major axis is the diameter which passes through the/oct; 
'Thus, AA' is the major axis. 

7. The minor axis is the diameter at right angles to the major 
axis. Thus CE is the semi minor axis. 

8. The distance between the center and either focus is called 
the excentricity when the semi m^jor axis is unity. 

That is, the excentricity is the ratio between CA and CF; or it 

CF 
is y^; and, of course, always less than unity. The less thQ 

excentricity/ the nearer the ellipse approaches the circle. # 

9. A tangent is a straight line which meets the curve in one 
point, only; and, being produced, does not cut it. 

10. An ordinate to a diameter is a straight line drawn from any 
point of the curve, parallel to a tangerUf passing through one of the 
vertices of thai diameter. 

N. B. A diameter and its ordinate are not at right angles, 
imless the diameter be either the major or minor axis. 

11. The points into which a diameter is divided by an ordinate, 
iare called abscissas, 

12. The parameter of a diameter is the double ordinate which 
passes through one of the foci. 

13. The parameter of the major axis is called the principid 
parameter, or latus-rectum. Thus, FG is one half of the principal 
parameter. 

14. A subtangent is that part of the axis produced, which is 
included betwew a tangent and the ordinate drawn from the point 
of contact. 
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PROPOSITION 1. THEQREH. 

Ths niajor atu it olwayt egwd to the mm of tie ttoo Ittiet draun 
/rom any pmnt in the curve to ikefoa. 

Suppose Uie pencil at i> to rerolre 
along in the loop, holding the threads 
F'D and FD at equal tension ; and 
when J> arrives at A, there will be 
ft» Ixnet ai threads between ^and A 
Hence, the entire length of the threads 
will be measured by F F-\-%FA. 

Also, when D arrives at J^, tlie length of the threads is measured 
by FF'-\-iF'^. 

Therefore, . FF'-\-%FA=FF''iriF'A 
Hence, .... FA^F'A' 

From the expression FF'-^-lFA, take away FA, and add F'A', 
and the sum will not be changed, and we have 

FF'-i^%FA=A!F'-\-FF'-\-FA=A'A 
Hence, ■ ■ .F'D-\-FD^AA Q. E. J>. 

PROPOSITION 2. THEOREM. 

TA* distaneejront either focut to the extremify of (he minor sett, w 
equai to half the megor aseit. 

As F'OozOF (see last figure), and CD is ai right angles ta 
F'F, therefore. . . . F'J>=FD. 

But, . . . F'I>+FJ>=A'A 

Or, ... . iFJ)=A'A 

Or, ... . F'2)= half A'A, or CA. Q. S. D. 

Bcholium. Balf the minor axie is a mean pr<yortional between 
the dielanee/Tom either foeus to the principal vertket. 

In the right angled triangled FCD we have 
aiP=F£f~F(P 
Bnl, . . . . FD=AC 
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Therefore, . . CI>>=AO*—FC 

^(AC+FC)(AC—rC) 
^AF'KAF 

Ot,. . . AF:CJ>«'CD:FA' 

PROPOSITION 3. TH£0&XU. 
Jbery diam^er it bUtded in Uie cenier. 

liA D be any pcdnt in the extv*. 
«td C the center. Join PC, sod 
pwduoeit' FfODi /" dntw .^ pu«Qel 
to FI>; and from F draw Fjy parallel 
toF'D. The figure i)^/)' J" ia a par- 
allelogram byconstruction ; and there- 
fore its opposite sides are «qu^. 

Hence, the stun of the tiro odes F'D' and D'F is equal to F'D 
and DF; therefore, by definition 1, the point i)* ia in the ellipse- 
But the two diEigonala of a parallelogram bisect each other ; there- 
fore, DC= CD', and the diameter Diy is bisected at the center, 
C, and DD' represents any diameter. Therefore, <&c. Q. S. D. 

PROPOSITION 4. THEOREM. 
A tangent to ike dlipte maka equal miffUs m& the Itro ntn^H 
Hrm dravrnfivm tkt piAU oj txmtaet io thtfoei. 
Let F and F' be the foA, and D 

any point in the curve. 3<Aa F'D and 
FD, and produce FD to H, making 
DB=DF, and join FE. Bisect FH 
LB T. Join TD and prodnee it to (. 

Now by theorem Ifi, book 1, die 
angle FDT= the angle BDT, and 
BDT=. its opposite vertical angle, FDt. 

Therefore, . . FDT=F'Dt 

It now remiuns to be shown that 2i is a tangent, and only meets 
the cnrre at the wMnt D. 
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2f jpo«6iU«k 4et it «a«et the curve in some oiher pQint» b» it «nd 
j^ h, t&, ^i F'4. 

then, . . F'iMB^P't-^^M 

But F'i-\-iH are, together, greater than ^J9^ becaiise a lttf«lght 
li&te is the shortest distatioe between two pomts ; tiiait is, F't-^^Ft^ 
the two lines from the foci, are, together, greater than FB^ ogr 
l^ater than F'D-^^FD; ther^fcH^, the point i is withptit %he 
ellipse, and t is any point in the line 2^, eilcept D; thidrefbre, Ti ii 
it tangent, touching i^ ellipse a^ A ^i^d it make^ equal atigles 
with the lines drawn &dm ^e point id ecntaot to ihe fooi. 

Q, K D. 

Cor. The tangents at the vertices of either axis are perpendicular 
to that axis ; and as the ordinates are parallel ib 'Qie ta)igenti», it 
toUows that all ordinates to the major or minor axils must cmt isti^ 
axis at right angles, and be parallel to the other axis. 

Scholium, Any pomt in the curve may be considered as a ^0int 
in a tangent to the curve at that point. 

It is found by experiment that ligM, A^o^, and sounds when they 
approach to, are reflected off, from any surface at equal angles; that 
isi any and every single ray makes the angle of reflection equal to 
the angle of incidence. 

Therefore, if a light is placed at one focus of an ellipse, and the 
sides a reflecting surface, the reflections will concentrate at the 
other focus. If the sides of a room be elliptical, and a stove is 
placed at one focus, it will concentrate heat at the other. 

Whispering galleries are made on dus prineiple, and all theaters 
md.fovgid assembly roonte ^ould more or less approximate to this 
figure. The concentration of the ^ays of heat from one of these 
l^lsMi to tite Q^inr, » 4]» reason why they are called the foci^ or 
bikiy^g points. 

l»&i)l>6»i^I0N «. THEOllEM. 
W^lligmtBt^&iie^S^j^ the vertices of the diameter, areparctUd tb 
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Let iJiy be tie diameter, and J" and 
F the fod. Join F'D, F'ly, FD, and 
FD". 

Draw the tangents, Tt and Si, one 
throngh tlie ptnnt D, the other through 
the pomt ly. These tangents will be 
parallel. v 

By proposition 3, F'jy FD is a parallelogram, and the angle 
F'D'F is eqoa] to its c^poeite angle, F'DF. 

Bat the sum of all the angles that can be made ihi one side of a 
line, is equal to two right angles. 

Therefore, by leaving out the equal angles which form the 
opposite angles of the parallelc^ram, we have 

sD'F''\-SiyF-=lDF'->rTJ>F. 

But, by proposition 4, iD'F'=SJyF; therefore, thdr sun is 
double of either one of them, and the above equation may be 
changed to . . ZSITF^UDF 

Or, . . . SD'F=tDF' 

But J>F' and J/Fsie parallel ; therefore, SjyF and WF' are, 
in effect, alternate angles, showing tliat 7% and St are parallel. 
§. E. D. 

Cor. If tangents be drawn through the vertices of any two 
conjugate diameters, they will form a parallelogram circumscribing 
the ellipse. 

PROPOSITION 6- THEOEEM. 

If, from the vertex of any diameter, ^ratght linet are drawn through 
thefod, meetinff the cmjvffoU diamOer, the part itUenmpied by tht 
wt^ugaU, M equal to half the major exit. 

Let BD" he the diameter, and Tt 
the tangent. Draw IFE' parallel to 
Ti. Join F'D and DF, and produce 
DF to F; Mid from F draw FG 
parallel to FF' or Tt. 

Now, by reason of the parallels. 



we lifKV« ib« fdlowing equatikms among tha aisles* 

tDG^DOFl ., tDG^DEKl 
TDF^DFal * TDF^DJETff^ 

But, by proposition 4, tI>6f=TI>F 
Therefore, by equality, DGF^xJDFQ 

And, • • • DHK=^DKH 

Hence, the triangle DGF is isosceles; also, the triangle DRK 
is isosceles. Whence, . DGh=:DF, sn^DJS^DK 

Because MO is parallel to FG, and J?'' C7«= Ci?; 

Therefore, . . F'B^sJIG 
Add . . DF^DG 

F'H'\-DF^DH 

But the sum of the lines in both members of this equation is 
F'J)-\'DF, which b equal to the major axis of the ellipse ; 
therefore, either member is half the major axis ; that is, Dff, or 
its equal, DJT, is each equal to half the major axis. Q. E, D. 



PROPOSITION 1. THEOREM. 

Perpendioidars from the foci of €m ellipse upon a tcmgesfU^ meet the 
tangent in the drcHmference of a circk, whose diameter is the major 
wns. 

Let FF be the foci, C the center, and D a point in the ellipse, 
through which passes the tangent 2t. Join F'JD and FD, and 
produce F'l) to ff, making jPjI=^FI>, and produce FD to G, 
making i>ff=JF"i>. Then i^'JST and FG are each equal to the 
major axis. A' A. 

Join Fff, meeting th^ tangent in T, and join F'G, meeting it 
in t. Draw the dotted lines, CT and Ct. 

By proposition 4, the angle FDT= the angle F'Dt; and observ- 
ing that opposite vertical angles are equal, therefore, the four angles 
formed by lin^a erossing at A are all equal. 

The triangled J>F' G aiid JDSF are isosceles by constractk>n» and 

aa their vertioal angles at D are bisaoted by the line 2), Uterefbre* 

F't^tG, and FT^TH. 
20 
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Comparing the triangles F'OF and 
FCty we find FO equals Uie balf of 
F'F, and F'i the half of FQ; therefore, 
Ct is the half of F&. But AA^FQ; 
hence, (h^\AAs:^CA. 

Comparing the triangles FF'H and 
FCT, we find the sides FH and FF* 
cut proportionally in T and Q; therefore, 
they are equiangular and similar, and 
OT is parallel to F'H, and equal to half of it. That is, CT is 
equal to CA; and CA^ CT^ and CU are all equal ; and hence a 
circle described from £he center, Q^ at the distance of QA, wiU pasa 
through the points T and U Therefore, perpendiculars, &c. 

C. E, D. 

PROPOSITION 8. THEOREM. 

The product of ike perpeTidiculars from the foci upon a tangent, is 
equal to the square of half the minor axis* 

Produce TC and OF' (see figure to the last proposition), and 
they will meet in the circle, at S; for FT and F^t are both per- 
pendicular to the same line, Tt; they are, therefore, parallel ; and 
the two triangles OFT and CF'S, having a side, FC, of the one, 
equal to CF', of the other, and their respective angles equal, 
therefore CS^CT, and iSf is m the circle, and SF'^FT. 

Now, as A* A and St are two lines that intersect each other in 
a circle, therefore, (th.l7, b. 5) 

. SF'xF't^AF'XF'A 

FTXF't=AF'XF*A 

But, by the scholium to proposition 2, it is shown that 

A'F'XF'Ass the square of half the minor axis. 

Hence, . . i^^^X i^7== the square of half the mmor axis. 

Therefore, the product, &c. Q. K D. 

Cor. The two triangles, FTD and F*tD, are simikr, and from 
them we have TD : JH^FD : DF'; that is, perpendiculars 

l^faUfrom thsfod upon a tat^ient, are to each other as the distances 
of the point of contact from the foci. 
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PROPOSITION 9. PROBLEM. 

Cfiven the major axis and the ditlanee ietweea the foci of any dtipte, 

to find the relation betreeen on abtciaea of the major axit and ilt eor- 



■ Let J" and J" be the foci, the 
center, and put CF', or CF=c. and 
CA=A. ' Then F'D=A, aud in the 
triangle F'BC or FDC, if the hypo- 
tenuse FI> ajid FC ore both Icnown, 
(hen DC is known; therefore, we may 
pat CD=B, and consider A, B, and 
e, known qaantities. 

Take any point on the major axis, as (, and draw iP at right 
angles to A' A. 

Measuring from the point A', A't is the tiiemna, and tP is the 
corresponding ordinale. 

The problem requires us to find the mathematical relation 
between these two lines. We can find it by the aid of ttie two 
right angled triangles F'lP and FiP. 

Put . . A't=a!. and lP=y 

F'i=A't—A'F-=x—(A—c)=x+c—A 
Fi=A't—A'F=iii—(A+e)='<e—o—A 
F'P-^r,wiF'P~=r' 



Then 
And 
Put 
Then, 



F'P+FP=T'+r=tA (1) 

In the triangle F'Pt we have 

(■t+c-Ay+!f'=f'' (t) 

In the triangle FPt we have 

(^-c-Ay+y*=i' {3) 

By mbtnctmg (9) from (2), expanding and redoeing, m obtain 

icx—i<A—r"—r' (4) 

Or. . . . «(«-^)-(''+')(''-') («) 
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But the first factor in the second member of equation (5) is 
equal to ^A; henoe we h»ve. 

f^'-^—i^A) (6) 

But, . . r'+r^iA (7) 

Bj adding (6) and (7), then diiiding hj % and then sabtractmg 
(6) from (7), and diriding by 2» we haye &e two following 
equations: 

r-^+i.(«-^) (8) 
r :=A-4(^A) (9) 



A 

It should be obserred that equations (8) and (9) are exprsasiona 
!for lines, one of which is calkd rector in astronomy^ 

By squaring equation (9), and comparing it with equation (8), 
•qualang the two values of r^, we shall then hare 



a^+c»+A^—icx^ZAx+2cA+y^= 
A^-^icix^Ay+^a—A)* 



c» 



Or, . a^+<*—ZAx-iy'=^-^Jia?—2xA^A^) 

Or, A^ixI'+c'A^—ZA^x+AY'^ty^j^—Z^xA+c'A^ 

Or, ^y+(^»— <r»)iP»=(^^-^)2^ar 

Observing that A^ — (?^B^, the square of the semi minor a:ds, 
and substituting this valuer the preceding equation becomes 

Hence, .... y»=-^2(2^«-Hr') (10) 



Or • . • • y^='^±j-JiAx—<^ (11) 

We cannot reduce this equation to lower terms, or eoBidense it 
to a more simple form ; and, therefore, it must rest as the final 
result; and, in the language of analytical geometry, it is called 
th$ eguoHon qftkt cStjtM. 



THE SLL1P6B. 

Any definite rahie may be aangiied to or, not ]greater than ftA, 
and when any particular value is assigned, the equation will giro 
the corresponding value of the ordinate, y, and as y has the double 
sign, it shows that y may be drawn both above and below A' A, or 
shows tbat the curve is symmetrical on both sides of A' A. 

Now let us examine the result when particular values are given 
to X, At the point A* «^0\ and this value of x put in the equa- 
tion, gives y=0; obviously the proper result. Again, suppose 
xzsztA, and this value of x put in the equation, ^ves 

B 



That is, y=0, for that point, also. 

If we suppose rr=3^, y will come out imaginary; showing that 
there is no recX value to y beyond the point A; and in this way 
imaginary equations have real practical utility. 

If we suppose :i;=^,.then y will become CDsuB, 

If we make A'F'ss^x, then x=^A — c; and this value put in the 

equation, gives . y^-±^-jJ{2A — x){A — C) 



By the definition, the double ordinate firom either focus, is called 
the paratMier; and we perceive by this equation that the seni 
parameter ii the third proportional to the major and muuiT axes ; 

For, . A : jBsssB : y; a proportion that gives the 

preceding equation. 

It is sometimes most convenient to take C, the center of the 
ellipse, for the zero point, in place of the point A\ one extremity 
of the major axis. 

If we make this change, it will cause no changes in the ordinate 
y, but X, in the equation for the ellipse, must be diminished by A; 
and X, a measure from that point, can never be greater than A, 
but it can have the double sign plus or minus. At the point A\ x 
will be equal to minus A, and at the other extremity of the major 
axis, X wUI be equal ioptus A. 

To change the equation ^^-^^[t^Ast^^) into its ^vival^t 
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expression, when the origin of a; is changed from A* to C, we must 
put X — A^t!. Hence, x and ^ designate the zixtM pami on the 
aids ; and if x is less than A, then x^ is negative. 

If . X — Astix^, then x^A-^x^ 



Hence, y»=J,(^>W)=^-^ 

Or, . . -4y+-B»a?'«=-4»^ 

We may omit the accent of x, for Xy or xf^ is only a different 
symbol for any paint on the major axis corresponding to the ordinate 
y. The accent was only taken to avoid confusion while changing 
the zero point ; therefore, the following equation is the equation for 
the ellipse, the zero point being the center. 

Ay+B'a^=A^B' . 

In case A^^B, the ellipse becomes a circle, and the equation 

becomes . A^+AV^^A* 

Or, . • ^ y»+aJ«=-4« 

This last equation is obviously the equation of the circle, y being 
the sine of any arc, x its cosine, and A the radius. 

The change in the zero point from the vertex of the major axis 
to the center, changes equations (8) and (9) into 



Or, without the accent, r'=-44— j- , and r=^ — r 

A A 



PROPOSITION 10. THEOREM. 

The squares of the ordinate of the mqfor axis arf to each other as 
the rectangles qf their c^nre^ponding ahscissas. 



Let y be any ordinate,- and x its oorrea- 
ponding abscuso. Then, hj the last pro- 
portion, wB shoU have 

Let ^ be sny other ordinate, and z* its 
corresponding abscissa, and by the same proportion we must have 

Dividing one of these equations by the other, omitting cotninon 
fiwtors in the nmnerator and denominator of the second member of 
the new equation, we have 

Hence, . y" : ^={iA—i:)x : (2>4^t')ar' 

By simply inspecting the figure, we cannot ieil to perceive that 
(iA — te), and z, are the abscissas corresponding to the ordinate y, 
end (iA — n*) and x', are the two corresponding to y". Therefore, 
the squares of the ordinates, <bc. Q. E. D. 



PROPOSITION II. THEOREM- 

ff a drcte he deteribed on the tTiajor axis of an ellipse, and any 
ordinate he drawn common to both the circle and the ellipie, the ordinate 
corresponding to the circle is to the part comspwding to the ellipse ra 
the major axis of the ellipse is to its minor axis. 

On A' A (see figure to last proposition), as a diameter, describe 
s circle. Draw any ordinate, as GS. The part I>3 is y, of tiie 
last proposition. 

The proportion in the last proposition is true, and y and y" may 
be any two ordinates, whatever. And now suppose / represents 
tlie semi mmor axis ; then n^ will equ^ A, and iA — ai'^A. 
Taking tbis hypothesis, the proportion referred to becomes 
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CSitoigiag ihe means, Mid obsermg that 

(2A—x)x:= Gff* (iH. 17, b. 3, schoilhiin.) 

We bare, . y* : OH'=:B' : A' 

Taking extremes for means, and extracting the square root of 
eve37 term, ire hare 

PROPOSITION 11. THEOREM. 

Th$ area ^«» *^»1>«^ ** « mem prcpwtioMd Uhmm two drcU^^ 
the one described an the minor, and the other 0» the m^or «w. 

On the major axis describe a circle, as 
in the figure, and draw GE, any ordinate, 
and conceive it to be a broad line, covering 
portions of both the circle and the ellipse. 

By the last proposition we have 

A xB^GH :y 
^GT \y' 

That is, GH\ y'; GH\ y", &e., we other ordinates, dl in the 
same proportion of ^ to B; and thus we can conceive the whole 
areas of both circle and ellipse, made up of ordinates, each and 
all of which are in the proportion of ^ to i?. Now, by applying 
theorem 7, book 2, we have 

^ : ^=6fJ7+6^ir', &c. : y+y', Ac. 

Thatis, . ^ : -5= area circle ; area ellipse 
But the area of the circle on the major axis, is hJ? (th. 1, b. 6,) 
Substituting this, and the proportion becomes 

A : B^ftA^ : are* ellipse. 

Or, . . area eiripse=;<-45 va\ Ay 

Which is the mean p«ip<irtional between (hA^) and (k^J. tne 
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flzpressionB for the ttnta of the two circles, one <» ths major 
iSameter, and the otiier on the min<n' dituueter. Q. £. D. 

Scholium. Hence the rule in mensuraUon to find the area of an 
ellipse. 

Rule. Multiply together the semi major and semi minor axes, 
and multiply that product by 3.1416. 

PROPOSITION 13. THEOREM. 

ff a eone be cut bt/ a plane, mtiking an tiT^le wth Ihe boat lets than 
that made by the tide of the com, the utiion it an ellipte. 

Let VQS, be a plane passing through the axis of a cone, A n ma, 
aao&er plane perpendicular to the former, cutdng both sides of the 
cone but not parallel with the base of the cone, then the figure 
AnmA'o, will be an ellipse, AA' being ils major axis. 

Take any point, t, and in the p\&n^AnA' draw tn, at right angles 
to AA'. and as the plane AnA' is perpendicular to the plane VSff, 
M is at right angles to all lines that can be 
drawn in the plane VOff, &om the point 
t ; therefore, In is at right angles to £D. 
Through the point i, conceive £I> 
drawn parallel ta the base of tbe cone, 
and it will be a diameter to a circular 
section of the cone passing through the 
point n. 

In the same manner take any other 
pcant in AA' as I, and draw Im. at right 
angles to A' A, Ac ; and Cfmff will be 
a circular section passing through th(i point m. 

Now by the similar triangles AlD, AlH, A'lCf, A' tB, we haTe 
At : Al=Dt : HI 
A't : A'l=:& : 01 

By multiplying these proportions bother (th. 1 1, b. 8), term, 
by term, we have 

Al'A't : M'A-l=DfBl : Hh 01 

ai Q 
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But by roflson of the circle Snl>, Bf]>t=tK' j 
" circle GmS, ffl'Gl—lm^i 

Hence, . . AfA't:M'A'l—ln':lm? 

This last proportion shows the same property as demonstrated in 
Propouti<Mi 10 ; therefore, this section of the cone is an ellipse. 
Q. E. D. 

Seholitcm. Hence the propriety of calling an ellipBC a etmie 

tKtioH. 

PROPOSITION li. PROBLEM. 

Cfiven the major axis, the distance between the center and eiihtr/oeui 
of an dlipee, and the angU made .between the major azit and a radii 
dTotmfTom either foctu to any poiTii in the ellipse tojind an expression 
for that radii. 

Let Fhe& focus, and EP any radii, 
and put the angle PFD=v. 

From proposition 9, equation (m) we 
find that 

an equation in which A represents the semi major axis, c the dis- 
tance FC, and x the distance CD. 

Now by trigonometry we have 

I : cos.v^r : c4-* 

Whence, . , x=r cos.tf— e 

Substituting this value of 2 in the equation for the radii, we 
have 





' J. 




Js=A*+cr coa.»«— c» 


Hesu, 


. (^— t M«..>-^'— ^ 


Or, . 


A'-^ 
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This eqnalioa shows the value of r in known quantitieB, and of 

course it is the expression required. 

ScMium. The excentricity of an ellipse is the distance from the 

center to either focus, when the semi major axis is taken as nnily. 

Deugnate the excentricitjr hj e, then 1 : e=A : e 

Hence, e=eA 

Sabstituting this value of « in the preceding equation, we have 

~A — eA cos.u 1 — e cos.o 

This equation gives an expression for FP, when the angle FFD 
is less than 90° ; when greater than 90°, the expression is 

1+e coa.w 



PROPOSITION 15. PROBLEM. 

Oiven the relative valves of three d^erent radii, dravm from the 
foaa of on ellipse, together leilh the angles between them, to find the 
rdatUit mc^or aid* of the elUpse, the excenlricity, and the potiiioa of 
the tiu^or axie, or its angle from one of the given radii. 

Let T, r', and r", represent the three 
given radii, the angle between r and ¥ 
equal m, and between r and r" equal n. 
The angle between the radii r and the 
major axis is supposed to be unknown, 
and we therefore, ciLll it x. 

From the last pit^Kwidon, we have 



1 — e coB.x 
1— «cos(a;+m) 
1— « coa,{iH-») 



(1) 
(«) 

(3) 
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EqnatB^^l — «?) obtained from (1) and (2^ aadwvluMra 

r — re co8ur=r' — I'e cos.(ic+m) 



In like manner from (1) and (3), 

f — re co8,«=r" — r"* co8.(a?+») 



// 



^f cosut^— r"cos.(*+«^ ^ ^ 



Equaling (4) and (5), we have 



rcosji; — r'cos.(a?+»») fCos.« — r"co8.(«+n) 

y r cos.« — /(^^.(ar+w) 
" r cos.af — r"co8.(iP+fi) 

r cos J! — r'cos.a? cos.m+»''8in jj sin.m 
r co9.a? — r"cos,a: cos.»+r"sin j? sin^A 

r — r'co8.m+r'8in.m tan^ 
r — r"cos.n-hr"sin.n tanuv 

For the sake of pcwpicuity and brevity, put f^— r'assrf. 
And r — f"=«<f . The known quantity r — r'oos.mssso. 

And t(-*»f''cos.»safi^. Then the preceding equation f>eQoaneB». 

d a — /sin.m tan.^r 
cp' i — r"sin.» tan.flr 

4[{&-^f"fldn.n tan.2;s=a^ ' — (^ V'sin.m tanjr 
frf VwB«> i t rfr fliB.n)tanurs=a(;' — <;& 

tan .d;= . ■ 

dram,fn — ar sm.n 

* 

The value of a; found by this lait equation, determines the 
position of the major axis. 

Having x, equation (4) or (6), will give the excentricity e. 
Equations (1), (2), and (3), contain A, the semi major axis as a 
common factor, it does not therelbre afifect the relative values of r, r', 
and /', and as A disappetra in te-tnibsequent part of the investi- 
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galioa* it akows th^ Hw angle x aad fte eeeaitrtcHy ^, are entirely 
independent of the magnitude of the ellipse ; they ^nly datexxnine 
its figure. To apply the preceding formulas, we propose the 
foUowing 

BXAMPLZ* 

On ihe first day of AuguH 1 846, an astronomer observed the sun's 
longitude to he 128^ 47' 31", and by comparing this observation with 
observaHons made on ike prenwua and subsequent days, he found its 
motion in longitude uhu then at the rate of 6T 24" 9 per day. By 
like observations, made on the first of Septemher, he determined the 
sun's longitude to be 158^ 37' 46", and its mean daily motion for 
that time 58' 6" 6 ; and at a third time, on the lOih of October, the 
observed longitude teas 196^ 48' 4", and mean daily motion 59' 22" 9. 
IVom these data is required the longitude of the solar apogee, and 
the excentricity of the apparent solar orbit. 

It is demonstrated in astronomy, that the relative distances to the 
sun, when the earth is in different parts of its orbit, must be to 
each other inversely as the square root of the sun's apparent angu- 
lar motion at the several points ; therefore, (ry, (r'y, and (r'*)\ 
must be in proportion to 

^, and 



67' 24" 9' 58' 6" 6* 69^ 22" 9* 
Or as the numbers, 

,, and 



3444.9' 3486.6' 3562.9* 

Multiply by 3562.9 and the proportion will not be changed, and 
We may put 

/ 3562.9 \ 4 , / 3562.9 \ 4 ^ „ ^ 

^=(3444:9) • '• = (3486:6) ' ^^'^'^ 

By the aid of logarithms, we soon find 

r=1.016982 r'=« 1.0 10857 and /'«1. 

Hence, r— r'«cf=0.O06125, r— /'=ref 'r=0.016982 



158^ 37' 46" 196*» 48' 4 

128 47 31 128 47 31 



// 



£9 50 15 ASS 66 3S 
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To correspond with the formulas, we must take the nahmd sine 
and cosine of m and n, 

m=29'' 60' 15'' sin. .497542 . cosine .867440 

ns68 33 sin. .927238 . cosine .374472 

f^-r'co8.m=a=0. 1 401 72 

r — r"cos.n=ft=0.642610 

(uf'r=(0.140172)(0.016982)=:0.0023796 
&f as(0.64251 )(0.006 125)«0.0039358 

rfr'sm.m=0.0031432 
rfr"sin.»=0.0067962 

ta r= a d'-^ _ db--ad 

^/sin.fTi — rfr"sin.« cf/'sin.n — (fr'sin.m 

_ .00155 62_ 155.62 
"".0026630^266.30 

This numerical result corresponds to radius unity ; to compare it 
with our tables and take out the arc, we must take out the loga- 
rithm of the numerator, increase its index by 10, and subtract the 
logarithm of the denominator. 

Thus, . 165.62 log. . 12.192080 

265.30 log. . 2.423737 

x= 30^ 23' 40" tan. 9.768361 

From, . . . . 128° .47' 31 

Take, x . . . . 30 23 40 



// 



Longitude of the apogee, . 98 23 61 

The true longitude at that time was 99° 4'. 

The result of any one set of observations, are but first approxi- 
mations, of course ; but we did not add ace this example to teach 
astronomy, but to teach the properties of the ellipse. 

To find the excentricity, we apply equation (5), observing that 
r*'cos.(x-\'n) must be subtracted, but when («4~^) ^^ greater than 
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90° {as it is in this case) it becomes negfttire, and Bubstnidiiig a 

negative quantity gives an increase, - 



xuu«, 6—^ COS.X—T" cos.(^+n)~.887-i-.146~' 1.023 

This gives «=0.0166 ; its true valae is, 0.01678. 
Our valne of a is a little too great, which; is the principal cauae 
of the difference. 

THE PARABOLA. 

DEFINITIONS. 

1. A parabola is a plane curve, every point of which is equally 
distant from a fixed point and a given straight line. 

i. The ^ven point is called the /o«(*, and Ihe given line is called 
the directrix. 

To describe a parah^' 

Let CD be the given line, and F a given H 
ptnnt. Take a square, as DBG, and to ■ 
one side of it, GB, attach a thread, and D 
let the thread be of the same length as the I 
Mide GB of the iguare. Fasten one end of I 
the thread at the point G, the other end at F. 

Put the other side of the square agunst the given hue, CD, and 
with a pencil, P, in the diread, faring the thread up to the side 
of the square. Slide one side of the square along the line CD, 
and at the same time keep the thread close against die other side, 
permitting the thread to slide round the pencil P. As the side of 
the square, £D, is moved along Ihe line CD, the pencil will describe 
the curve represented as passing through the points V and P. 
GP+PF= the thread 
GP+PB= the thread 

By subtraction PF—PB=0 or PF=PB 

This result is true at any and every position of the pcnnt P; that 
is, it ia true for every point on Qie curve corresponding to definitjon I . 

Hence, . . FV=VB 
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If tiie square be tuxned over aad moved in the apposite direptiooy 
the other part of the parabola, the other side of the lime FH, m»j 
be described. 

3. A diamOer to a parabda is a stndgfat line drawn throi^ bdj 
point of the curve perpendicular to the directrix. Thus, the line 
SF is a diameter; also, S6^ is a diameter; and all diameters are 
parallel to one another. 

4. 1?he point in which the diameter cuts the curre, is called thl» 
vertex of that diameter. 

5. The diameter which passes through the focus, b called the 
principal diameter, and sometimes it is called the axis of the 
parabola. 

A tangent is a line touching the curre at a 
point, and if produced, does not cut the curve. 
Thus, AC is ^ tangent, at the point B* 

7. An ordinate to a diameter is a straight line 
drawn from any point in the curve to meet the 
diameter, and is parallel to a tangent passing 
through the vertex of that diameter. Thus, JBD 
is a diameter, and FD an ordinate from the point 
F. FD is parallel to the tangent AB^ drawn through the vertex B, 

It will be proved in proposition 15, that FD^s^DO; and hence, 
FO is called a double ordinate, 

8. An abscissa is the part of a diameter between the vertex and 
an ordinate. Thus, BJ) is an abscissa, and DF is its correspond- 
ing ordinate. 

9. The parameter of any diameter is the double ordinate which 
passes through the focus. Thus, Iff, which is pai'allel to AB, and 
passes through the focus F, is the parameter of the particular 
diameter BD. 

10. The parameter to the principal diameter is called the prin- 
cipal parameter, or lattis-rectum. 

In a general sense, the parameter, or lotus-rectum, means the con- 
stant quantity that enters into the equation of a curve. In a parabola 
it is a third proportional to any abscissa, and the square of its 
ordinate. 
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11. A HMMi/is B Uae drawii p«rpeiuUcu- 
lar to a tangent from its point of oontaot, ftnd 
is tenaiiiated by the azii. 

12. A ttibnomud a the part of the «xU 
intercepted between the nonnal and the Wt- 
responding ordinate. 

Thus, PC is a nonoBl, and DC is die wrresponding ntlatarmd, 
<v line wtdtr the nonnal. Smilsrlj, SD ia a line nnder the tangent, 
apd b called a tubtangad. 



PROPOSITION 1. THEOREU. 

?%e IcOuM-Ttehtm, it four timet the dutance from the focus to the 
vertex. 

Let PFZTbe a parabola, F the focns, and V 
the prindpal reitez. Pff, at right angles to DF, 
through the point F, is the latut-rectvm. 

We are to prove that PJT=4FV. 

Because Pff ia parallel to Cff, and CP, 9S, 
' parallel to DF. the two flgurea, CF and FQ, are 
parallelograms. 

Therefore, CP=PF. and GH=DF 

Or, OP+GH=ZDF (1) 

Bat by the definition of the curve, 

Z>F=-%VF. CP=PF, and OS—BF 
Substitute these values in equation (1), and we have 

PF-\-FS=PH=4FV. Q. E. D. 

Cor. As CP'^PF, and the anglea at F. J>, and 0, right anglei, 
PFBO is a square. 

PROPOSITION %. THEOREM. 

Anypoiv/ wUdn a paradoltt w nearer to the foeut tkait to the 
direetrix; and any point witkoiU a poniola U ata gremler dxttaate 
Jrom IhefocHM than from the dirwtrix. 




850 CONIC SECTIONS. 

Let A be any point within the canre, and 
from it draw AB perpendicular to the directrix. 

As A is within the curve, AB must neces- 
sarily cut the curve in some point. Let P be 
that point, and join FF and AF, 

By the definition of the curve, PB^^PF. 
To each of these add PA, and AB^AP+PF. 
But AP-jrPF are, together, greater than AF, because a straight 
line is the shortest distance between two points ; therefore, AB is 
greater than AF, 

Again, let ^' be a pomt without the curve — ^it is nearer to the 
directrix than to the focus. 

Draw A*F; and as A' is without the curve, this line must 
necessarily meet the curve in some point, as P. Draw PB and 
A*B' perpendicidar to the directrix, and join A'B. 

A'P+PB^AF 

But, . A'P+PB yA'B; that is, A'F^A'B 

But A'B, being the hypotenlise of the right angled triangle 
A'B'B, it is greater than A'B\ But A'F' is greater than A'B; 
much more then is A'F greater than A'B'; therefore, any 
point, <fec. Q, F. D. 

PROPOSITION 8. THEOREM. 

The line which bisects the angle which is formed by the two lines 
drawn from any point in the curve, one to the focus, the other perpen' 
dicular to the directrix, is a tangent to the curve at that point. 

Let P be any point in the curve. 
Draw PF to the focus, and PB per- 
pendicular to the directrix. Let PT 
be so drawn as Uf bisect the angle 
BPF. Then PT will touch the para- 
bola at the point P, and be tangent to 
the curve. 

Join BF, and PBF is an isosceles triangle ; therefore, the angle 
PBI^ the angle PFI. The angle -BP7= the angle FPI, by 
hypothesis ; hence, the two triangles BPI and PIF, being equi- 
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angular, and having PI c<»nmon, are m all respects equal, and 
PI is perpendicular to BF, and BI^FI 

It now remains to be shown that any other point than P, in the 
line APT, is without the curve. 

Take any other point in the line TP, as A, and draw the dotted 
lines AFand AB, They are equaL (Th. 16, b. 1, scholium.) 

But AB being the hjrpotenuse of the right angled triangle ABB 
it is greater than AB* ; that is, AF is greater than AB! ; conse- 
quently A is without the curve, as proved by the last proposition. 

In the same manner it may be proved that any other point in 
the line AT is without the curve, except the point P. -4^ is, 
therefore, a tangent to the curve at the point P. Q, E. D, 

Cor, 1. A line of light, parallel to the axis, striking the point of 
the parabola at P, will be reflected to F; because the angle of 
incidence is equal to the angle of reflection ; and the same will be 
true at every point of the curve ; hence, if a reflecting mirror have 
a parabolis surface, all the rays of light that meet it parallel with 
the axis, will be reflected to the focus ; and for tliis reason many 
attempts have been made to form perfect parabolic mirrors for 
reflecting telescopes. 

If a light be placed at the focus of such a mirror, it will reflect 
all its rays in one direction ; hence, in certain situations, parabolic 
mirrors have been made for lighthouses, for the purpose of throw- 
ing all the light seaward. 

C7or. 2. The angle BPF continually increases, as the pencil P 
moves toward F^ and at V it becomes equal to two right angles ; 
and the tangent at V is perpendicular to the axis, which is called 
the vertical tangent. 

Cor, 3. Since an ordinate to any diameter is parallel to the 
tangent at the vertex, an ordinate to the axis is perpendicular to 
the axis. 

PROPOSITION 4. THEOREM. 

Jff a tangent he drawn from any point in the curve to the axis pro- 
duced, the extremities of the tangent are egtudly distant from thefocfus. 

Let PT (see figure to the last pl'oposition) be a tangent, meet- 
ing the curve at P, and the axis at T. Then we are to ptove that 

PF^FT 
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PB u pwaUel to FT; l^erelon, Ibe mg^ BPTm, tfae mgie 
PTf. ^MiBFT=TPF. {Prop. 3.) 

Hence, the tuigk PTF-~ tiie 80$^ TT'J^,* ciifiBeqn«iil]y, the 
triangle TFP is isosceles, and FF^TF. Q. £. JD. 



THBOREU. 
t it bitected by Hu tmiex. 



PROPOSITION 

7^ tuHannent to At a 

From the point P (see kst figure) draw PD, an ordinate to t^ 

uii. DT is ft Bubtangent, and 'A it bisected «t T. As PD is 

parallel to BQ, and PB parallel to {7i>, PBCDk a parallek^am. 

Therefore, 

PB=PF, l>7 Hie definiticm of the enrre. 
PF=FT. (Prop. 6.) 

, Dr+VC=TV+VF 
VC=VF 

Q. E. D. 



And, 
Therefore, 
That is. 



By snbtraction, 



DV= 



Cor. Hence, to draw a tangent to any point P, draw the ordinate 
PD, and take VT= YD, and join TP; it will be a tangent at P. 



PROPOSITION 6. theorem; 

^,/r<m,€mypomtinapartiliola,alanffattaiidaniirmalbedrtcim, 
hoth Urminaied in the axii, thete tioo lintt mil ht ehard» (^ a rircU. 
of which the foau it Iht center, and th« di^ianoe to the pomi P, Utt 
radiut. 

Let P be the point, F the focus, and 
■ TVO the axis. Draw PD peipen- 
dicular to the ails, and take TV= YD 
(cor. to last prop.) and join TP, which 
is the tangent from P. From P draw - 
PC, at right angles to TP; Uien PC. 
is the nonnal. (Def. 11.) 

Draw PF. By proposition 4, PF'^FT. Now, if FP be made 
radius, ud a semicircle described, the p<»nt8 T, P, and C, will he 
in the circumference, and TO will be the diameter. 
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Benee TVBG is a ri^ angle, and FF^FQy and TP; and 
i^(7, are elwrda to this circle ; tdoterefoe,. if firotti any point ^& 

^. i^. 23^. 



PJt.OPOSITION 7. THEOREM.. 

JTA^ 9!ukfniyrmoil wtqud to half the tattt^ reehm. 

Take the figure to the last proposition. By the definition of the 
curve. jRP^D r+ VF^FD+t VF 

Or, . 2VF=FP—FD (1) 

CDz^FC—FD (2> 

By subtracting (2) from (1)» and obsmrvilig tluit FPm^FO, wa 
have, grP— C7i)=0 

Or, . ah^iVF 

Bui CD is 'the subnonnal* and %VF is half th» tettf ftOmi; 
therefore, the subnonnal dtc. Q. JSl i)« 

PROPOSITION 8. THEOREM. 

ff a ptrpendieular he drawn from the focus ta atny tangent^ Ms 
p€imi €f kiUTHc^on mU he in the vertical tangent, 

Px^nn the foeas F (s&t latt figure),, d^aur FB perpendicular to 
PTf and as the triangle PFT is isosceles (Prop. 4), and PF and 
FT the equal sides ; the line from the vertex F, perpendicular to 
the base, bisects the base ; therefore, FB=BP. 

As VB and PD are both perpendtcular to the azisv tibey are 
therefore parallel. 

Hence, . TVt VD^TB : BP (th. 17, h. f> 

But, . TV^VP 

Therefore, . . TB=zBP 

That is, a line from F perpendicular, to PT, and a line from V 
perpendicular to tlier aiis, both cut the tttngent PT kto two equal 
parts, and therefore, meet in the same point, B, 

He»ce : U a )«ii|)a»diciilar, <k«. Q. M. p* 
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Cor. 1 . The two triangles VBF and PBF, kk ainiilar, for they 
are boA right angled triangles, and the angle PFBs=ih.t angle 
VFB. 

Hence, . . VF : FB=FB : PF 

That is, the perpetidunilarfrom the fom» to any tangent, it a tnecM 
proportionai bttween ths dittaneet of (he foau from tis vtrtex, and 
fnm the point of amiad. 

Seholium. From the preceding proportion, we have 
rF-PF=FB^ 

But TF, remains constant for the same parabola; therefore, the 
dittance from the foeue to the poini of eonlaa variee, as the tquan 
of the pttpendietdar drawn from ths focu* t^ton the tangent. 

PROPOSITION 9. PROBLEM. 

Find the equation of the etave, or the mathematical relation Mween 
any aieeiaea on the axU, and tit correspondinff ordinate. 

Let V be taken as the zero point, g 
Put rD=x, PD=y, and let ip repre- I 
sent the parameter. As TPO, is a I 
right angled triangle, right angled at I 
P, PD is a mean proportional between I 
27> and DO. (Scho. to th. 17, b. 3). I 

But, TI>=^ (Prop. 6). 

And, DC=p (Prop. 7). 

Therefore by mnltiplioation, TJ)'DC=f=iipx 

By taking the square root, y=^Jipx, the double Bign shows 
two equail valaes to j/, the one above, the other below the axis ; 
hence, the curve is symmetrical iu respect to its focus and axis. 

PROPOSITION 10. THEOREM. 
Tk& t^uaret <f ordinaies to the axie are to one another, at their 
corretponding aieeisiae. 

By the last prc^toeition, any ordinate represented by y, and its 
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correapondmg abscissa represented hj x, are conneoted together by 
die foHowing equation. 



Any other ordinal* represented by y", and its corresponding ab- 
sdssa represented by s^, bare a like connection. 
That U, . . f=ip:^ (8) 

Dividing (2) by (1), omitting Ae common &ctor ip, and «» 
have 

Or, . . y": f=x' : x <j. S. J>. 



PROPOSITION 11. THEOREM. 

At tie parameter of the axU it to tlU *wn qf any two ordinattt, to 
it the differtwe ({f &o»e ordinalea to the difference of their abeeiteat. 

Iiet CFH be a portion of a parabola, V 
the vertex, VD the aria, FS and VS ab- 
scissas, and PB and £D their correspond- 
ing ordinates. 

Put r£=x. VI)=i^, PB=y, 

And ED=y' 

Then, AB=3;—x, RE=y-+y, and CS=y'-:y 

From Proposition 10. 



By subtraction, y" — y'=2p(«' — a) 

Or, . . (y'+y)(y'-*)=2p(«'-^) 
Or, . . . ip: y'+y=y'— y : «'— ^l 
Or, . . Ip: RE= CB-.AB J 



g. E. D. 



sw 



conic 8ECTI0K8. 



Obr. Take tke product of the extr^nes and meana ol thia laai 
proportion and we hare 

(9p)JM=z OR* BE 



But, . 
By diyision, 



(Prop. 10). 



AR CR'RJS 



/2 



Or, 
Or, 



AR CR'RE 



. VD : AR=zJ)B^ : CR^RE 

That is, any abscissa of the axis, is to any other lesser axis, so is 
the square of the ordinate to the rectangle of the segments of the 
double ordinate. 



PROPOSITION 12. THEOEEM. 

If a tangerU he drawn from a/ny point of a parabola, and from any 
point in the tangent a line be drawn paralld to the axis, and termi- 
noted tn the double ordineOe, this line wiU he cut by the curve in the 
same proportion as the curve cuts the double ordinate. 

Let CT be a tangent for the point C, V the 
vertex, VD the axis, and CJS the double ordi- 
nate CD=:y VD==x 

Take any point I, in the tangent, and draw 
IR parallel to VD, cutting the curve at A. 
Then we are to show 

That . . IA\AR^CR\RE 
Produce DVU> T, and observe, that 

DV^VT, 




Or, 

By similar As, 

By eq. of the curve 
By equality, , 
Proposition 11, 



DT^tDV 
CR : RI^CD : DT 

=y : 2ar 
2p : ty=y : Sar 
CR\ RI=Zp : {^y)CE 
2p iRE^CR: AR 



(Prop. 6)'. 



Prod, term, by term, 2p*CR : RI*RE:=s%p*CR : CE^AR 
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In this last proportion the antecedents are equal ; therefore, the 
consequents are equal. 

Hence, . . RI*RE=^GE*AR 

Or, . . RI\AR^CE\RE 
By division, {RI-^AR) : AR^{ CE^RE) : RE 

That is, . lA : AR=: OR : RE Q, E. D. 

Cor, The same is true, if a line be drawn from any other point 
of the tangent. 

Therefore, . BP : PO=CG : GE 

PROPOSITION 18. THEOREM. 

Jff' any points he taken on a tangent, and from thence lines be dravm 
parallel to the axis to meet the curve, the length of stich lines tvill be to 
each other as the squares of the distances of the points from the point 
of contact measured on the tangent. 

Let Off be a tangent to a parabola, and / and ^ any points 
taken upon it. Let DVhe the axis produced to T, Draw. IR 
parallel to VD, meeting the curve at A; and also, draw ITO par- 
allel to VD, meeting the curve at P, 

We are now to prove, ^uxt 

lA :HP^Cr: CH^ 

By the last proposition, we have 

lA :AR=CR : RE 

Multiplying the last couplet by CR, and substituting the value 
of OR* RE taken from corollary to Proposition 11, and 

AR^d}" 



lA : AR=: CR^ : 



VD 



Dividing the second and fourth terms by AR, and afterward 
midtiplying the same terms by VD, observing that VD^s^ VT, then 
we have 

lA: VT^CR^\ CD^ 
23 R 
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But by simil&r triimgles, 

CD : CT^=^OB? : CD" 
Therefore, by equality. 

In the same manner, we may prove that 

Diyiding one of these proportions by the other, term by term, 

lA OP 

Ana, . . HP CE* 

Or, . . . lA: HP^CD : Om q. E. 2>. 

ApplicaHon, Conceive CE to be the direction of a projectile, 
and undisturbed by the resistance of the air, or the force of s^vity, 
it would move along the line CE, passing over equal distances in 
equal times. Now let gravity act in the direction of IB, and as 
bodies fell in proportion to the squares of the times of descent, 
therefore, lA, TV, EP, &c., must be to each other, as the squares 
of (7/^ CT\ CE\ &c ; that is the real path of a projectile un- 
disturbed by atmospheric resistance must have the same property, 
as just demonstrated in this proposition. In other words, the path 
of a projectile is some parabola, more or less curved according ta 
the direction and intensity of the projectile force. 

PROPOSITION 14. THEOREM. 

I%e abscissas of amy diameter aire to each other as Me squares qf 
tkdr corresponding ordinates. 

By the definition of a diameter, it must be 
the axis; or parallel to the axis ; and ordinates 
to any diameter must be parallel to the tangent 
drawn through the vertex of that diameter. 
Hence, if OS is a diameter, and OP a tan- 
gent, and I, T, and 0, any points on the tan- 
gent, and from thence lines drawn parallel to the axis to meet the 
curve, and from thence lines parallel to the tangent to meet the 
diameter, the figures so formed will be parallelograms, and their 
opposite sides equal. 
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By the last propositiot), IE, TA, tec, are to eftch other as 01*, 
GT\ Ac; that ia, Q^. CB. Ac, are to each other aa QE', SA\ 
Ac; or the abaciasas are as the squares of their corresponding 
ordinates. Q. S. B. 

RiMARK. This is the same property as was proved in relation 
to the axis and ila ordinates in proposition 10. 



PROPOSITION 15. THEOREM. 

ff a lia* he draWnpar<dld to any tangent, and ad tht ewrve tn two 
points, and /rem thete potnit vrdinates be dravm to the axU, and 
another from the poirU ofeordaet of the tangent, then the three ordinates 
mil he in arUhm^eal progression. 

Lei CT be a tangent, and HE paral- 
lel to it. Draw the ordinates EG, CD, 
soAHI. 

Then, . EG-\-SI=iCD 

Fnaa the unular triangles, HKE, 
CDT, -we have 

3K: KE=CD : J>T=iAJ> 

By prop. II, ip: KL=HK: tKE 

Therefore, by (th.6,b.) 2p: KL=CD : iAJ) 

By eq. of the curve, 2p ; iGD=Cl> : %AD 

By comparing the two preceding proportions, we find that KL 
must equal iCD. But by inspecting the figure, we perceive that 
KL=LI-\-TZ=SI=EG 

That is, . m^-EG=iCD Q. E. D. 

Schdium. As CD is the arithmetical mean between 6E and 
SI, if we draw CM parallel to AI, and draw JfiV parallel to CD, 
it will equal CD; hence, jKV" being midway in value between EG 
and EI, and parallel to them, it must meet the lines HE and GI 
in their midway points. ' That is, tht diamder CM etUi its ordinate 
HE bt two egual parte; and as HE it any ordinate, tierefore, ths 
diameter cute all its ordtntOes into two tqwd parte. 
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* PROPOSITION 16. THEOREM. 

A parabola is a eonic ssdion, the com being cut by a plane paralUl 
to Us side. 

Let the cone be cut, or conceived to be cut, by 
the plane VMN passing through its axis, and 
then conceive this plane cut by the plane DAI^ 
perpendicular to the first plane, and so inclined 
that AH shall be parallel to VM, 

Draw MN and KL perpendicular to the axis 
of the cone, and make them diameters of parallel circles, whose 
planes are at right angles to the plane VMN. 

From the points F and ff, where ^iJ meets KL and if2V, 
draw FQ and HI at right angles to AH; and because the plane 
DAI is at right angles to the plane VMN'^ FG is at right angles 
to KL, and HI is at right angles to M^. 

Now, from the similar triangles, AFL, AHN", we have 

AF : AH^FL : HN 

By reason of the parallels, KF^=MH; therefore, by multiplying 
the last couplet we have 

AF \ AH^FL*KF',HN-MH 
But, by reason of the semicircles MIN, KGL, 

KF^FL^FQ^, and MHHK^HI^ (th. 1 7, b. 3. ) 
Consequently, . AF : AH:=:^FG^ : HP 

This is the same property as was demonstrated in proposition 10; 
therefore, the nature of the curve is the same. Q, E, D, 

^ „ FG' HI .FG' HI . ^,. , 

Cor. Hence, -7^ =-71= and -r^-, or -ttf w a third propor- 

AF AH AF AH ^ ^ 

tional, and a constant quantity, which we have called 9pf the 
parameter by definition 10. 

Rebiark. We might have commenced the subject of the para- 
bola by assuming it a conic section of this ]dnd» and then sought 
out its other properties. 
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PROPOSITION 17. THEOREM. 

Ev9ry ttgmerA of a pare^ola at right cmglei nUh ii» axi>, ia Iwo- 
thirdt of kt circumscribing rectanfflt. 

Let P be any point in the cmre, and PT 
a tangent. Draw the PD and DT. Take 
any yery small portion of the tangent, as PI— 
so small as to consider it as coinciding with the 
cmre, without sensible errors. Draw 10, Iff, 
making the two rectangles BR, HD. 

Let MS now investigate the relation between 
these two rectangles. 

As customary, put PD=sy, VD=x; then, P£t=x, and 
J)T=ix. {Prop. 6.) 

The rectangle . £S'=it(PIi), and Sb=y{RI) 

By umilar triangles 

PR : RI=y : 2x 

Multiply ibcfint and lAird terms of this [HY>porlion by x, and 
th« Hcond mdfourtA by y. We then hare 
x{PR) : y{RI)=xg : 2*y 
= 1 : 2 

The whole rectangle BVDP is divided into two spaces by the 
curve — the one within the curve, the other eitemal to it. And we 
perceive by the above proportion that the small rectangle, BR, 
external to the curve, is to its corresponding rectangle, J?i>, within 
the curve, as 1 to 2. 

By taking any other small portion of the curve, as welt as PI, 
and drawing its external and internal rectangle, we can prove in the 
same manner that tbey will be to each other as 1 to S; and thus 
we can fill up tbe whole external and internal spaces, and they will 
be to each other as 1 to 2. Hence, the space within the curve is 
Iwo-thirdt of tbe whole rectangle BD, and the same is true of the 
spaces on the other side of the ax)s. Therefore, every segment, 
*c. Q. E. P. 



368 CONIC SECTIONS 

PROPOSITION 18. THEOREM. 

If a parabcla revolve on Us axis, the solid generated is equal io 
one half of its drcmnscrSmg cylinder. 

Take the figure to the last proposition, and conceive the parabola 
to revolve on the axis VD, and find the relation between the two 
solids generated by the two parallelograms £R and ED. The 
parallelogram HD will generate a cylinder, whose diameter is 2^, 
andlengthie/ 

The parallelogram BR will generate a circular band, whose length 
is X, and thickness PR. 

The solidity of the cylinder =fty^{RI) 

The solidity of the band ^{7ty^—jt(y—PRY)x 

These two quantities are in the proportion of 

(2y(FR)+PIP)x 

By rejecting the very small quantity (PR)^ as being very in- 
considerable in Connection with the other term, we have 

Sol. of cylinder : sol. of band =y\RI) : ^(PR) 

But, as in the preceding proposition, 

PR : RL=iy : 2a? 

Or, . . . Zx(PR)z=y(RI) 

Or, . . . 2xy(PR)=^y^(RI) 

This equation shows that the last terms in the preceding propor- 
tion are equal ; therefore, 

sol. of cylinder : sol. of band =1:1 

Or the solidities of the cylinder and band are equal ; and the 
same is true of every pair of corresponding solids ; and the sum 
of the paraboloid is all the minute cylinders which make np the 
solid generated by the revolution of the parabola, (called a 
parabaloid); and the sum of all the minute bands makes np the 
solid exterior to the parabaloid. Hence, the parabaloid is equal to 
half its circumscribing cylinder. Q. E, D, 
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THE HYPEEB OLA. 

DEFINITIONS. 

1. An hyperhoUb is a plane curve, confined by two fixed points 
called the /oct, and tlie difference of the distances of each and 
every point in the curve from the two fixed points, is constantly 
equal to a given line. 

Remabx 1. The distance between the foci, is also supposed to be 
known ; and the given lint must be less than the distance between the 
fixed points ; that is, less than the distance between the foci. 

Remark 2. The ellipse is a curve, confined by two fixed points 
called the /oct, and the sum of two lines drawn from any point in the 
curve, is constantly equal to a given line. In the hyperbola, the differ^ 
ence of two lines drawn from any point in the curve, to the fixed points, 
is equal to the given line. The ellipse is but a single curve, and the 
foci are within it ; but it will be shown in the course of our investiga*. 
tion, that the hyperbola consists of two eqtud and opposite branches^ and 
the least distance between them is the given line. 

2. The line joining the /oct, and produced, if necessary, is 
called the axis of the hyperbola. 

3. The middle point of the straight line which joins the /oci^ is 
called the center of the hyperbola. 

4. The excentriciig, is the distance from the center to either focus. 

5. A diameter is any straight line passing through the center and 
terminated by two opposite hyperbolas. 

6. The extremities of a diameter are called its vertices. 

7. A tangent is a straight line which meets the curve only in one 
point, and being produced, does not ctU the curve. 

8. An ordinate to a diameter, is a straight line drawn from any 
pdnt of ^ curve to meet the diameter produced, and is parallel 
to the tangent at the vertex of the diameter. 

$. An abscissa^ is the distance between the tangent point and its 
corresponding ordinate, measured on the diameter produced. 
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10. The parameter is a double ordinate, passing throogh the 
focus. The principal parameter passes through the focus at right 
angles to the axis. 

Remark. Thus, let F'F be two fixed points. 
Draw a Une between them, and bisect it in C. 
Take CA, CA\ each equal to half the given 
line, and CA may be any distance less than CF; 
A' A is the given line, and is called the major* 
axis of the hyperbola. Now let us suppose the 
curve already found and represented by ADP. Take any point, as 
P, and joinP^ and FF* ; then by Definition 1, the diflference be- 
tween PF' and PF must be equal to the given line A' Ay and 
conversely if PF' — PF^^A'A^ then P is a point m the curve. 

By taking any point, P, in the curve, and joining PF and PF , 
a.triangle PFF' is always formed, having F'F for its base and A' A 
for the difference of the sides ; and these are all the conditions ne- 
cessary to define the curve. 

As a triangle can be formed directly opposite to PF'F, which 
shall be in all respects exactly equal to it, the two triangles having 
F'F for a common side ; the difference of the other two sides of 
this opposite triangle will be equal to A' A, and correspond with the 
condition of the curve ; hence, a curve can be formed about the 
focus F' exactly similar and equal to the curve about the focus F, 

In short, F' and A' have the same situation 
in respect to- C, as i^ and A have to C, and the 
line FF' is common to all the points ; therefore 
if a curve can pass about the focus F, a like 
curve can pass about the focus F\ and this is 
illustrated by the adjoining figure, representing 
a plane cutting vertical cones. 

Any line drawn through C, and terminated 
by the opposite curves, is called a diameter; 
thus, I>D' is a diameter, and by a very simple demonstration we 
can prove that it is bisected in C. 



*The term tnajor axis implies that there is a minor axiSt \fVLt where it is, we 
cannot at present determine ; when we find such a line, we will ^ve it Its 
proper name. 
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PROPOSITION I. PROBLEH. 
To denrS» mt bf/ptrMa. 

Take at ruler F'H, aad &steD | | 

one end at the petot F', <» whidi I j 

the ruler may turn as a hiuge. At I 
the other end of the ruler attach a I 
tiiread, and let It be less than Uie ■ 
ruler b]r the given line A' A. Fasten 
the other end of Qie thread at F. 

With a pencil, P, press the thread against the ruler and beep it 
at equal tension between the points B and F. Let the ruler turn 
on the point F', keeping the pencil dose to the ruler and letting 
dw thread slide round the pencil ; the penotl will thus deaeribe a 
eorre oa the paper. 

U the nder be changed and made to revelve about the othsi 
focus aa a fixed point, the opposite branch of (he curre can be 
described. 

In all poaidons of P, except when at A or A', PF' and PF wilt 
be two rides of a triangle, and the iiSettao^ of these two udes is 
conatantlf equal to the difference between the ruler and the thread ; 
but th^ difi^vnee waa made equal to the givw line A' A; benoe', 
l^ SafinidoB 1, the curve thus dcaoribed, w»at be an hyperbda- 

PftOPOaiTION %. THEOREM. 

^ two ttrmgM imw he drwm /rem a point imtlumt oa hi/perhola 
l§ fA« /oai, At Vtettt <^ the om above Iht other will be Itit thtm Ike 
mtgor tuu; bvtif tkttao tmiffil Hmet be iixuen fivm apoint vnihin 
m htfperiala to Ike fiei, Ike txcett <^ om above ike otker will be greaier 
liaatibB^MU. 
, PxfpAjriTpjir- N^T^ Id thto 
and ^ Bubse^oeot propcwitiona. 
we shsll conaider but one brandl 
of the curve; that about the 
fee»f. 

Th* dSstaae* b ew ea u emj 
paiBt,^,entiieean*,aBl the fo*w f , wdl b» wpiaaiatad byr, 
tMww« p and Aa fross F' br r*- 
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Let / be a point without the curve ; join IF^ IF\ and as i^ ia 
within the ourve, the line IF necessarily cuts the curve at some 
point P, Let the line without the curve be represented by A. 

Put F'LsiS^t and corresponding to the nature of the curve, put 
f' — r^^a^ or /ssr+a- 

Add h to both members of this last equation, and 

* 
But the first member of this equation is the sum of two sides of 
a triangle, and of course greater than its third side sV therefore, 
increase s' by / to make it equal to r'+A* 

Then, . . . «'+<=(r+A)+a 

Or, . . «'— (r+A)=:a— ^ 

That is, the difference between iF'and IF^ is less than a, the 
major axis. Li a similar manner, we may demonstrate that 
HF—HF is greater than a. Q. E. B. 

PROPOSITION 8. THEOREM. 

A tansiMi to the ktffperMa bUects the an^le contained hyltnee drawn 
from the point of contact to the fod. 

Let F', F be the foci and P any point on the curve, draw PF' 
PF and bisect the angle F'PF by the line TT'; this line will be 
a tangent at P. 

If TT' be a tangent P, every other 
point on this line will be without the 
curve. 

Take PG^PF and job OF, TT' 
bisects OFy and any point in the line 
TT' is at equal distances from P and Q 
(th. 15 b. 1). By the definition of the eurve F'Q^A'A the 
given line. Now take any other point than P in TT' as E^ and 
jdn EF\ EF and EQ, EF^EG. 

Therefore, . EF'—EF^EF'—EG. 'Bui SF'—EG/n lean 
than F'G, because the difference of any two sides of a triangle is 
less &tti the third 8ide:(th. ISTb. 1 ). That is, EF'—EF is less 
than A' A; consequently the point E is without the curve (Prop. 2), 






/• ; 7' i / 
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and as J^ is any point on the Ime TT^ except P; therefore, the 
line, TT', which bisects the angle at P, is a tangent to the curve at 
that point. Q. K D. 

Scholium. It should be observed, that the variable point in the 
curve, as P joined to the two invariable points F' and F form a 
triangle, and that the tangent of the curve at the point jP, bisects 
the angle of that triangle at P. 

But when any angle of a triangle is bisected, the bisecting line 
outs the base into segments proportional to the other sides 
(th. 23 b. 2). 

Therefore, . . F'P : PF^F*T : TF 
Or, .... r' ir^F'T' :T'F 
But as / must be greater than r by a given quantity a. 
Therefore, . . r-f-a : r^F'T' : T'F 

Or, . . . 1+?: \^FT' \ T'F 

T 

Let it be observed, that a is a constant quantity, and r a variable 
one, which can increase without limit, and when r is immensely 

great in respect to a, the fraction - is extremely minltte, and the first 

term of the above proportion, does not in any practical sense differ 
from the second ,* therefore, in that case, the third term does not 
essentially differ from the fourth; that is, FT' does not essentially 
differ from FT' when r, or the distance of P from F is immensely 
great. Hence, the tangent at any point P, qf the hyperbola, can never 
cross the line FF' at its middle point, btt it may approach within 
the least imaginable distance to that pomt. 
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THE ASYMPTOTES. 

The diractioi) of a line pauing through Ibe center of ojipoaite bj- 
perbolu to which a tangent may approach within the Ualt imc^nabU 
distance it called an asymptote. 

PROPOSITION k. PROBLEU. 

7b iraio an atgntpbite to <m hgperbolm mtdjimi tit angU m& A* tOM. 

Let FF' be the foci of an hyperbola 
and A' A the major axU, and C the 
center. FroOk F' as a center wilii a 
radius equal A'A, describe a circle. 
From the other focue F, draw FH a 
tangent to this circle, and &om the 
center F' and ^irsugh the point of 
contact H, draw the line F'Hj and let 

it be indefinitely produced. Fnnn C, Attw CP parallel to FH, snd 
&oin F, draw FI also parallel to F'H; then the three lines F'H, CF 
and FI, are all perpendtcular to FH, and thnefoie, will never meet, 
however far they may ba produced. 

Now suppose F'H and FI to make the sliffhttst postibU inclination 
toward CP, and if they equally incline, it is evident that Aey wenM 
raeet in the same point P, and the leas the inclination from ri^t angles, 
tiUffrtattr Ou. iiatamx to P, and PHF would form an imsceia ttiangle, 
having FH for its base, and PH, PF for its equal sides, and if PH 
and PF are anything leas than tf^nt^, the point P will be in die 
hyperbola ; for, by our supposition die it^nitety alight inclination at H, 
does not prevent us from taking PF 'F as a triangle, and the differ^ice 
of the sides PF', PF, is FH=A'A. 

Hence CP is a line to which the curve em coniteally afprcaeh, but 
never mat, or can meet it only at an infinite distance, and this line is 
called an aiymploU. 

To obtain ao expression for its angle with FF' we observe that the 
triangle F'HF is right angled at H, and FF' and A'A are always con- 
sidered as known lines, but A'A^F'H. 

Hence, . F'F : A'A=Bin. BO" : sin.ffFF', or coa.PCF 

In analytical geometry A'A=a, and AF=c; 

Therefore, , . FP'a«»4-ac, F'Bs=a 

And FH=V4«+4c^aV<>e+c* 
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If from the point A, we drsv Ah at right anfles to FC, the two 
triingleB F'UF, CAh, will be Hiniilar, tuid give the proportion 
F-U:HF=CA -.Ah 

ThatJB, a : 2jac+c'=^ : Aft=^Ca+^ 

From the preceding equation, we perceive that A& ia a mean propor- 
tional between FA and AF'. 

The double of the line AA, drawn at right anglea to Ff through the 
point C, is what mathematicians have arbitrarilj termed the minor axU. 
Hence, the^ give this rule for drawing an asymptote. 

RuLB. — Fnm etther vertex of Ihe mtger axi* dram a line at right tmgle» 
to that axis equal to half tht minor axis, connect the center C to the other 
extremity, and &e connecting line prodwxd u the asymptote. 

PROPOSITION i. PROBLEja. 

TV describe on hyperbola bg points. 
Let F, F' be the foci and A' A the 



dius, describe a portion of a circle aa 
represented in the figure. From F', 
drew BB7 line aa F'P, cutting the 
circle io H and join FH. Fma F, 
draw tiie line FP, making the angle 

HFFs^PMF 
It is obvious, then, that P mnat be in the cvirve. In the same 
manner we find P", or anj other point. Bj joining the pointa P and 
C, and producing it ao that PC^sCp, we shall have p, a point in tin 
opposite branch of the hyperbola, and in the aame manner we can find 
other points in the opposite branch. 

PROPOSITION •• PROBLEM. 

Find Ihe equation of the curve in relation to Ihe center aTld major axit. 

I^t F' F, be the foci, C the center, and A' A the major axia. Take 
anj point, P, on the curve, and draw the perpendicular P^, join PF PF'. 

Put CA=a, AF\ AF=e, CF=d, 
CH=x, PJt=y, PF=r, PF'=t'. 

Thau FH=x-^, or if 2f &Ua iw- 
tween A and F, then FH=^ — «, but in 
fjlher c«M the remit will ba tke nae. 
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By the definition o^ the curve, we have 

/— r=2a (1) 

The A Pi^^' gives . r'^(d+xy-^^ (2) 

TheAPHF'gvren r«=(»-0«+y> (3) 

By subtraction, . r'»— r'=4<i« (4) 



Divide (4) by (1) and r'+r:=^ (6) 

Six 
Subtract (1) from (6) and 2r s=— — 2a (6) 

dx 
O^' -=a-- W 

Combining (7) and (3) -^ — 2ia?+a'=«'— aiay+i^-l-ya 



Or, . . . (ii2_a')j?«=(<ia— a>2+ay (8) 

But the quantity (d^ — a^) is called the square of half the minor aAis 

by common consent, and it is designated by b^; a is half, the major 

axis; therefore, 

h^^=:a^b^-i-ay (9) 

Or, . . • fl'y' — b^x^= — a^b^ the equation of the curve. 

By giving different values to «, the corresponeUng values of y may be 
found. If we make x==a, y becomes o, wMch shows that the curve 
commences at the point A. If we make ;c=:a, y again becomes o, 
showing the opposite point in the other branch of the curve. If we 
make x less than a, y becomes imaginary, showing that there is no 
curve in a perpendicular direction between A* and A. 

If in equation (8) we make x=d^ PH or y will be half the faram^ 
$ter by the definition of parameter. The equation then becomes 

Or, . . d<— 2aW+fl<==ay 

Or, . . . i^ — a?=uiy 

b^ 
Or, . . . . ~=y 

Hence, . • . . a : b==b : y 

That is, the parameter is a third proportional to the major and minor 
axes. 

There are many other properties of the hyperbola not here demon- 
strated, but being of little or no practical importance, we omit them. 



' 


LOGARITHMS OF 


NUMBERS 






WMOM 








1 TO 10000. 


N. 


Log. 


N. 


Log. 


N. 


Log. 


N. 


I«B- 


1 
S 
8 
4 
6 


OOOOOOQ 

saiosa 

477121 
6D2060 
698970 


36 
37 
38 
39 
80 


1 414878 
1 481864 
1 447168 
1 463396 
1 477131 


61 
68 
68 
64 
66 


1 707670 
1 716006 
1 724376 
1 783894 
1 740963 


76 
77 . 
78 
79 
80 


1 880614 
1886491 
1898066 
1 897687 
1 906090 


6 

7 
8 
9 


778161 
846098 
903090 

964348 

1 OOOOOO 


81 
83 
88 
84 
86 


1 491863 
1 606160 
1 618614 
1 63147» 
1 644068 


66 

67 
68 
69 
60 


1 748188 
1 766876 
1 763438 
1 770868 
1 778161 


81 
83 
88 
84 
86 


1 906486 
1 913814 
1 919078 
1 934379 
1 989419 


11 

13 
18 
14 
16 


1 041898 
1 079181 
1 113948 
1 146128 
1 176091 


86 
87 
88 
89 
40 


1 666308 
I 668308 
1 679784 
1 691066 
1 602060 


61 
63 
63 
64 
66 


1 786880 
1 798393 
1 799841 
1 806180 
1 813913 


86 
87 
88 
89 
90 


1 984486 
1 939619 
1 944483 
1 949390^ 
1 964848 


16 
17 
18 
19 
20 


1 304130 
1 380449 
1 366278 
1 278764 
1 301080 


41 

43 
48 
44 
46 


1 613784 
1 633349 
1 633468 
1 643463 
1 663318 


66 
67 
68 
69 
70 


1 819644 
1 826076 
l' 883600 

1 83884» 
1 846098 


91 
93 
98 
94 
96 


1 969041 
1 963788 
1 968488 
1 978138 
1 977734 


SI 
S3 
38 
34 
86 


1 822319 
1 843438 
1 861738 
1 880311 
1.897940 


46 
47 
48 
49 
60 


1 603678 
1 673098 
1 681341 
1 690196 
1 696970 


71 
73 
78 

74 
76 


1 861366 
1 867888 
1 868838 
1 869388 
1 876061 


96 
97 
98 
99 
200 


1 983S7I 
1 966778 
1 991336 
1 996686 
3000000 1 


N 
the! 


.& IntheMlowini 
&nt or leading figu 


|r table, fn the last nl 
res change from 9^i 


ne celamn»ef eadi page, where 
\ to O'sy points r dots are now 


intn 


Miucad Instead of th 


e O's through the n 


Bst of the line, to catch the eye. 


and 


to indicate that fn 


Mn thenee the com 


Bspooding natural numbers In 


thel 


Bntcolttmn stands 


in the next lower 


Kne, and Ua nnnoaed first two 


fign: 


res of the Logarith] 


DOS in the second eo 


lonuu 


■ 











LOGARITHMS OF NUMBERS. 8 1 




N. 





I 


2 


8 


4 


5 


6 


7 


8 


9 




100 


000000 


0434 


0668 


1801 


1784 


2166 


2598 


8029 


8461 


8891 




101 


4321 


4750 


6181 


6609 


6038 


6466 


6894 


7321 


7748 


8174 




102 


8600 


9026 


9461 


0876 


.300 


.724 


1147 


1670 


1993 


2416 




103 


012837 


8269 


3680 


4100 


4621 


4940 


5360 


5779 


6197 


6616 




104 


7033 


7461 


7868 


8284 


8700 


9116 


d682 


9947 


.861 


.776 




105 


021189 


1603 


0016 


94fi8 


9841 


8963 


8664 


4076 


4486 


4896 




108 


6306 


6715 


6126. 


6633 


6942 


7350 


7757 


8164 


8671 


8978 




107 


9384 


9789 


.196 


.600 


1004 


140B 


1812 


2216 


2619 


8021 




108 


033424 


3826 


4227 


4628 


6029 


6480 


6830 


6230 


6629 


7028 




109 


7426 


7825 


8223 


8620 


9017 


9414 


9611 


.207 


.603 


.998 




110 


041393 


1787 


2182 


2676 


2969 


8862 


8766 


4148 


4640 


4988 




111 


6323 


6714 


6106 


6495 


6886 


7275 


7664 


8063 


8442 


8880 




112 


9218 


^606 


9993 


.880 


.766 


1153 


1638 


.1924 


2309 


2694 




113 


053078 


3463 


3846 


4230 


4613 


4996 


5378 


5760 


6142 


6624 




114 


6905 


7286 


7666 


8046 


8426 


8806 


9186 


9663 


9942 


.820 




115 


080696 


1076 


1462 


1829 


S906 


9662 


2968 


8888 


8709 


4068 




116 


4468 


4832 


5206 


6680 


6963 


6326 


6699 


7071 


7448 


7816 




117 


8186 


8657 


8928 


9298 


9668 


'..88 


.407 


.776 


1145 


1514 




118 


071882 


2260 


2617 


2986 


3362 


8718 


4066 


4461 


4816 


5182 




119 


6547 


6912 


6276 


6640 


7004 


7368 


7781 


8094 


8467 


8819 




120 


9181 


9643 


9904 


.266 


.626 


• 

.987 


1347 


1707 


2067 


2426 




121 


062786 


3144 


8503 


8861 


4219 


4676 


4984 


6291 


5647 


6004 




122 


6360 


6716 


7071 


7426 


7781 


8186 


8490 


8845 


9198 


9662 




123 


9906 


.268 


.611 


.963 


1316 


1667 


2018 


2370 


2721 


3071 




124 


093422 


3772 


4122 


4471 


4820 


6169 


5518 


6866 


6216 


6662 




126 


6910 


7267 


7604 


7961 


8298 


8644 


8990 


9385 


9681 


1096 




126 


100371 


0715 


1059 


1403 


1747 


2091 


2434 


2777 


3119 


8462 




127 


8804 


4146 


4487 


4828 


6169 


6510 


6851 


6191 


6631 


6871 




128 


7210 


7549 


7888 


8227 


8666 


8903 


9241 


9679 


9916 


.268 




129 


110690 


0926 


1263 


1699 


1984 


2270 


2606 


2940 


8275 


3609 




ISO 


8943 


4277 


4611 


4Q44. 


6878 


6611 


6943 


6876 


6606 


6M0 




131 


7271 


7603 


7984 


8266 


8695 


8926 


9266 


95$6 


9915 


0246 




182 


120674 


0903 


1281 


1660 


1888 


2216 


2644 


2871 


3198 


8626 




183 


8862 


'4178 


4604 


4880 


5166 


5481 


6806 


6131 


6466 


6781 




134 


7106 


7429 


7763 


8076 


8899 


8722 


9045 


9868 


9690 


..12 




186 


180384 


0666 


0977 


1886 


1619 


1989 


2260 


2680 


2900 


8819 




136 


8639 


8868 


4177 


4496 


4814 


6133 


6451 


6769 


6066 


6408 




137 


6721 


7037 


7364 


7671 


7987 


8303 


8618 


8934 


9249 


9564 i 




138 


9879 


.194 


.606 


.822 


1136 


1460 


1763 


2076 


2389 


2702 




139 


143016 


8397 


3630 


8961 


4263 


4674 


4886 


6196 


6507 


6818 




140 


6128 


6438 


6748 


7058 


7867 


7676 


7986 


8294 


8603 


8911 




141 


9219 


9627 


9835 


.142 


.449 


.766 


1063 


1370 


1676 


1988 




142 


162288 


2694 


2900 


3205 


3510 


3816 


4120 


4424 


4728 


5032 




143 


6336 


6640 


6943 


6246 


6649 


6862 


7164 


7467 


7759 


8061 




144 


8362 


8664 


8966 


9266 


9667 


6668 


.168 


.469 


.769 


1068 




146 


161868 


1667 


1967 


2966 


2664 


2868 


8161 


8460 


8768 


4066 




146 


4363 


4660 


4947 


6244 


6641 


6888 


6184 


6430 


6726 


7022 




147 


7817 


7618 


7906 


8208 


8497 


8792 


9066 


9380 


9674 


9968 i 




148 


170262 


0665 


0848 


1141 


1434 


1796 


2019 


2311 


2603 


2896 




149 


8186 


8478 


8769 


4Q60 


4861 


4641 


4982 


6222 


6612 


6603 



4 


LOGARITHMS 


N. 


1 


3 8 


4 


6 


6 


7 


8 


9 


150 


176091 


6381 


6670 


6959 


7348 


7586 


7836 


8113 


8401 


8689 


161 


8977 


9364 


9563 


9839 


.136 


.413 


.699 


.986 


1273 


1668 


163 


181844 


3139 


3415 


3700 


3965 


3370 


3556 


8839 


4133 


4407 


163 


4691 


4976 


5359 


5543 


6835 


6108 


6391 


6674 


6956 


7339 


164 


7631 


7803 


8064 


8366 


8647 


8938 


9309 


9490 


9771 


..61 


166 


190333 


0613 


0893 


1171 


1451 


1730 


2010 


3389 


2567 


3846 


166 


3136 


8403 


3681 


3969 


4337 


4614 


4793 


6069 


5346 


5633 


167 


6899 


6176 


6453 


6739 


7006 


7381 


7656 


7883 


8107 


8383 


168 


8667 


8933 


9306 


9481 


9756 


..39 


.303 


.577 


.850 


1134 


169 


301897 


1670 


1948 


3316 


3488 


3761 


8033 


8806 


8677 


8848 


160 


4130 


4891 


4668 


4934 


5304 


6475 


6746 


6016 


6386 


6666 


161 


6836 


7096 


7366 


7634 


7904 


8173 


8441 


8710 


8979 


9347 


16S 


9616 


9783 


..51 


.319 


.686 


.853 


1131 


1388 


1654 


1931 


163 


313188 


3454 


3730 


3986 


3363 


8618 


3788 


4049 


4314 


4679 


164 


4844 


6109 


6373 


6638 


6903 


6166 


6430 


6694 


6967 


7331 


166 


7484 


7747 


8010 


8373 


8686 


8798 


9060 


9333 


9586 


9846 


166 


330108 


0370 


0631 


0893 


1163 


1414 


1675 


1936 


3196 


3466 


167 


3716 


3976 


3336 


8496 


3756 


4015 


4374 


4533 


4793 


6051 


166 


6309 


6568 


6836 


6064 


6343 


6600 


6858 


7115 


7373 


7630 


169 


7887 


8144 


8400 


8667 


8918 


9170 


9^6 


9683 


9938 


.198 


170 


330449 


0704 


0960 


1316 


1470 


1734 


1979 


3334 


3488 


3743 


171 


3996 


3350 


3504 


3757 


4011 


4364 


4517 


4770 


5023 


5376 


173 


5638 


6781 


6033 


6385 


6537 


6789 


7041 


7393 


7544 


7796 


173 


8046 


8397 


8548 


8799 


9049 


9399 


9550 


9800 


..50 


.300 


174 


340649 


0799 


1048 


1397 


1646 


1795 


3044 


3393 


3541 


3790 


176 


3038 


3386 


3534 


3783 


4030 


4377 


4536 


4773 


6019 


5366 


176 


5613 


5759 


6006 


6353 


6499 


6745 


6991 


7237 


7483 


7738 


177 


7978 


8319 


8464 


8709 


8964 


9198 


9443 


9687 


9933 


.176 


178 


360430 


0664 


0908 


1151 


1396 


1638 


1881 


3135 


3868 


3610 


179 


3863 


8096 


3388 


3680 


3833 


4064 


4306 


4548 


4790 


5031 


180 


6373 


6514 


5756 


5996 


6387 


6477 


6718 


6958 


7198 


7439 


181 


7679 


7918 


8168 


8398 


8637 


8877 


9116 


9356 


9594 


9888 


183 


360071 


0310 


0548 


0787 


1035 


1363 


1501 


1739 


1976 


3314 


183 


3461 


3688 


3936 


8163 


3399 


3636 


3873 


4109 


4346 


4583 


184 


4818 


6064 


5390 


5636 


6761 


6996 


6333 


6467 


6703 


6987 


186 


7173 


7406 


7641 


7876 


8110 


8344 


8578 


8813 


9046 


9379 


186 


9613 


9746 


9980 


.313 


.446 


.679 


.913 


1144 


1877 


1609 


187 


371843 


3074 


3306 


3538 


3770 


3001 


3333 


8464 


3696 


3937 


188 


4168 


4389 


4630 


4850 


6081 


5311 


5543 


6773 


6003 


6383 


189 


6463 


6693 


6931 


7161 


7380 


7609 


7838 


8067 


8396 


8536 


190 


8754 


8963 


9311 


9439 


9667 


9895 


.133 


.351 


.bis 


.806 


191 


381033 


1361 


1488 


1715 


1943 


3169 


3396 


2633 


3849 


3076 


193 


3301 


«537 


3763 


8979 


4305 


4431 


4656 


4882 


5107 


5333 


193 


6567 


5783 


6007 


6333 


6466 


6681 


6905 


7130 


7354 


7578 


194 


7803 


8036 


8349 


8473 


8696 


8930 


9143 


9366 


9689 


9613 


195 


390035 


0367 


0480 


0703 


0935 


1147 


1369 


1591 


1813 


3034 


196 


3356 


3478 


3699 


3930 


3141 


3863 


3584 


3804 


4035 


4346 


197 


4466 


4687 


4907 


5137 


6347 


5667 


5787 


6007 


6336 


6446 


198 


6666 


6884 


7104 


7338 


7543 


7761 


7979 


8198 


8416 


8685 


199 


8858 


9071 


9389 


9607 


9736 


9943 


.161 .878 


.596 


.818 



OF NUMBERS. 5 


N. 





1 


2 


8 


4 


6 


6 


7 


8 


9 


SOO 


801030 


1247 


1464 


1681 


1898 


2114 


2381 


2647 


3764 


2960 


201 


3196 


3412 


3628 


3844 


4069 


4276 


4491 


4706 


4921 


6186 


202 


6361 


6566 


6781 


5996 


6211 


6426 


6639 


6854 


7068 


7282 


203 


7496 


7710 


7934 


8137 


8351 


8564 


8778 


8991 


9204 


9417 


204 


9630 


9843 


• •66 


.268 


.481 


.693 


.906 


1118 


1330 


1643 


205 


311764 


1966 


2177 


2389 


3600 


2812 


8023 


8284 


3446 


3666 


206 


8867 


4078 


4289 


4499 


4710 


4920 


5130 


6340 


5561 


6760 


207 


6970 


6180 


6390 


6699 


6809 


7018 


7227 


7436 


7646 


7854 


208 


8063 


8273 


8481 


8689 


8896 


9106 


9814 


9522 


9730 


9938 


209 


320146 


0364 


0662 


0769 


0977 


1184 


1391 


1696 


1806 


2013 


210 


2219 


2426 


2633 


2889 


8046 


3262 


3468 


8666 


8871 


4077 


211 


4282 


4488 


4694 


4899 


5105 


5310 


6616 


6721 


6926 


6131 


212 


6336 


6541 


6746 


6960 


7165 


7359 


7663 


7767 


7972 


8176 


213 


8380 


8583 


8787 


8991 


9194 


9398 


9601 


9605 


...8 


.311 


214 


330414 


0617 


0819 


1022 


1226 


1427 


1680 


1832 


2084 


3336 


215 


2438 


2640 


2842 


3044 


3246 


3447 


8649 


3850 


4061 


4368 


216 


4464 


4666 


4866 


6057 


5257 


6468 


6668 


5859 


6069 


6360 


217 


6460 


6660 


6860 


7060 


7260 


7459 


7659 


7858 


8068 


8367 


218 


8466 


8666 


8856 


9054 


9253 


9451 


9650 


9649 


..47 


.346 


219 


340444 


0642 


0641 


1039 


1237 


1436 


1632 


^830 


2028 

r 


3336 


220 


2423 


2620 


2817 


3014 


8212 


3409 


3606 


2026 


3999 


4196 


221 


4892 


4689 


4786 


4981 


5178 


5374 


5570 


5766 


6962 


6167 


222 


6353 


6549 


6744 


6939 


7135 


7330 


7626 


7720 


7915 


8110 


223 


8305 


8500 


8694 


8889 


9083 


9278 


9472 


9666 


9860 


..54 


224 


360248' 


0442 


0636 


0629 


1023 


1216 


1410 


1603 


1796 


1989 


226 


2183 


2376 


2568 


2761 


2964 


3147 


3339 


3632 


3724 


3916 


226 


4106 


4301 


4493 


4685 


4876 


6068 


6260 


6462 


5643 


6834 


227 


6026 


6217 


6406 


6599 


6790 


6981 


7172 


7363 


7554 


7744 


228 


7936 


8126 


8316 


8506 


8696 


8886 


9076 


9266 


9466 


9646 


229 


9886 


..36 


.216 


.404 


.693 


.783 


.972 


1161 


1360 


1639 


230 


361728 


1917 


2106 


2294 


2482 


2671 


2869 


3048 


3286 


8434 


231. 


3612 


3800 


3988 


4176 


4363 


4551 


4739 


4926 


6113 


5301 


232 


6488 


6675 


6862 


6049 


6236 


6423 


6610 


6796 


6983 


7169 


233 


7366 


7642 


7729 


7916 


8101 


8287 


8473 


8669 


8846 


9030 


234 


9216 


9401 


9687 


9772 


9968 


.143 


.328 


.613 


.696 


.888 


235 


371068 


1263 


1437 


1622 


1806 


1991 


2175 


2360 


2644 


2728 


236 


2912 


3096 


3280 


3464 


3647 


3831 


4015 


4198 


4382 


4666 


237 


4748 


4933 


6116 


5298 


6481 


5664 


5846 


6029 


6212 


6394 


238 


6677 


6769 


6942 


7124 


7306 


7488 


7670 


7852 


8034 


8216 


389 


8398 


8680 


8761 


8943 


9124 


9306 


9487 


9668 


9849 


..30 


240 


380211 


0392 


0573 


0754 


0934 


1115 


1296 


1476 


1666 


1837 


241 


2017 


2197 


2377 


2667 


2737 


2917 


3097 


3277 


3466 


3636 


242 


3816 


3995 


4174 


4363 


4633 


4712 


4891 


6070 


6249 


6438 


243 


6606 


5786 


5964 


6142 


6321 


6499 


6677 


6866 


7034 


7212 


244 


7890 


7668 


7746 


7923 


8101 


8279 


8466 


8634 


8811 


8989 


246 


9166 


9343 


9620 


9698 


9875 


..51 


.228 


.405 


.682 


.769 


5246 


390936 


1112 


1288 


1464 


1641 


1817 


1993 


2169 


2346 


2521 


247 


2697 


2873 


3048 


3224 


3400 


3575 


3761 


3926 


4101 


4277 


248 


4462 


4627 


4802 


4977 


6162 


6326 


6501 


5676 


6860 


6026 


249 


6199 


6374 


6648 


6722 


6896 


7071 


7245 


7419 7592] 


7766 1 





t 


LOGARITHMS 1 




N. 





1 


2 


3 


4 


6 


6 


7 


8 


.9 




1260 


897940 


8114 


^387 


8461 


8684 


8806 


8961 


9164 


9338 


9501 




361 


9674 


9847 


..20 


.193 


.865 


.688 


.711 


.883 


1066 


1328 




262 


401401 


1673 


1746 


1917 


2089 


2261 


2488 


2605 


3777 


2949 




263 


8121 


8292 


3464 


3686 


8807 


8978 


4149 


4320 


4^3 


4668 




264 


4884 


6006 


6176 


6346 


6617 


6688 


6868 


6089 


6199 


6870 




966 


6540 


6710 


6881 


7061 


7921 


7891 


7561 


7731 


7901 


8070 




266 


8240 


8410 


8679 


8749 


8918 


9067 


9367 


9426 


9696 


9764 




267 


9933 


.102 


.271 


.440 


.609 


.777 


.946 


1114 


1283 


1451 




268 


411620 


1788 


1966 


2134 


2393 


2461 


^29 


2796 


3964 


3138 




269 


8300 


8467 


8686 


3803 


8970 


4187 


4806 


4472 


4689 


4806 




260 


4978 


6140 


6307 


6474 


6641 


6808 


6074 


6141 


6808 


6474 




261 


6641 


6807 


6978 


7139 


7306 


7472 


7638 


7804 


7970 


8186 




S6S» 


8301 


8467 


8633 


8798 


8964 


9129 


9395 


9460 


9626 


9791 




263 


9966 


.121 


.286 


.461 


.616 


.781 


.946 


1110 


1276 


1439 




264 


431604 


1788 


1933 


S097 


3361 


2436 


3690 


2764 


2918 


3063 




966 


a246 


8410 


3674 


3787 


8901 


4066 


4338 


4893 


4666 


4718 




266 


4882 


6046 


6208 


6371 


6634 


6697 


6860 


6023 


6186 


6349 




267 


6611 


6674 


6886 


6999 


7161 


7394 


7486 


7648 


7811 


7973 




268 


8136 


8297 


8469 


8621 


8783 


8944 


9106 


9268 


9439 


9591 




269 


9762 


9914 


..76 


.336 


.398 


.669 


.720 


.881 


1043 


1303 




270 


431364 


1626 


1685 


1846 


3007 


9167 


2838 


3488 


3649 


13809 




271 


2969 


3130 


3290 


3460 


3610 


3770 


8930 


4090 


4249 


4409 




272 


4669 


4729 


4888 


6048 


6307 


6367 


6636 


6686 


5844 


6004 




373 


6163 


6322 


6481 


6640 


6800 


6967 


7116 


7276 


7433 


7693 




374 


7761 


7909 


8067 


8236 


8384 


8643 


8701 


8869 


9017 


9175 




276 


9333 


9491 


9648 


9806 


9964 


.183 


.379 


.487 


.694 


.763 




276 


440909 


1066 


1224 


1381 


1638 


1695 


1863 


2009 


2166 


2323 




277 


2480 


2637 


2793 


2950 


3106 


3363 


3419 


8676 


3732 


3889 




278 


4046 


4201 


4367 


4613 


4669 


4625 


4981 


6137 


6293 


6449 




279 


6604 


6760 


6916 


6071 


6326 


6382 


6637 


6692 


6848 


7003 




280 


7168 


7318 


7468 


7693 


7778 


7988 


8088 


3342 


8897 


8663. 




281 


8706 


8861 


9015 


9170 


9324 


9478 


9683 


9787 


9941 


..96 




282 


460249 


0403 


0567 


0711 


0866 


1018 


1173 


1326 


1479 


1683 




283 


1786 


1940 


2U93 


2247 


2400 


2663 


3706 


3869 


3012 


3166 




284 


8318 


3471 


3624 


3777 


3930 


4082 


4335 


4387 


4540 


4693 




386 


4846 


4997 


6160 


6803 


6464 


6606 


6768 


6910 


6062 


6214 




286 


6866 


6618 


6670 


6821 


697S 


7126 


•5376 


7428 


7679 


7731 




287 


7883 


8033 


8184 


8336 


8487 


8638 


8789 


8940 


9091 


9243 




288 


9392 


9643 


9694 


9846 


9995 


.146 


.396 


.447 


.697 


.748 




289 


460898 


1048 


1198 


1348 


1489 


1649 


1799 


1948 


3098 


2248 




290 


2898 


2648 


2697 


2847 


2997 


8146 


8396 


3446 


3604 


3744 




291 


8803 


4042 


4191 


4340 


4490 


4639. 


4788 


4936 


6066 


6334 




392 


6883 


6632 


6680 


6839 


6977 


6126 


6374 


6428 


6671 


6719 




393 


6868 


7016 


7164 


7312 


7460 


7606 


7766 


7904 


8063 


8300 




394 


8347 


8496 


8643 


8790 


8938 


0066 


9333 


9880 


9527 


9675 




396 


9822 


9969 


.116 


.263 


.410 


.667 


.704 


.861 


.998 


114^ 




396 


471292 


1438 


1685 


1732 


1878 


2026 


2171 


2318 


S464 


2610 




397 


2766 


2903 


3049 


3195 


3341 


3487 


3633 


3779 


S926 


4071 


S98 


4216 


4362 


4606 


4653 ; 


4799 


4944 


5090 


6285 


5381 


6636 


299 


6671 


6816 


£963 


6107 

1 


6263 


6897 


6543 


6687 6883 t 6976 J 







OF KUMBBBS. 7 






H. 





1 


2 


' 1 * 


5 


6 


7 


8 


9 






•00 


477I»1 


7966 


7411 


7666 


7700 


7844 


7980 


8183 


8878 


8492 






801 


8666 


8711 


8855 


8999 


9143 


9287 


9481 


9576 


9719 


9868 






802 


480007 


0161 


0994 


0438 


0682 


0735 


0869 


1012 


1166 


1299 






803 


1443 


1686 


1729 


1872 


2016 


2160 


2802 


2445 


2688 


3781 






804 


9874 


8016 


3169 


3802 


8445 


8687 


8780 


8873 


4015 


4157 






806 


4800 


44«2 


4885 


4727 


4869 


6011 


6163 


6886 


6487 


6678 






806 


0721 


5863 


6006 


6147 


6989 


6430 


6672 


6714 


6856 


6897 






807 


7188 


7280 


7421 


7663 


7704 


7845 


7986 


8127 


8269 


8410 






806 


8661 


8692 


8833 


8974 


9114 


9365 


9896 


9687 


9667 


9818 






800 


9860 


..99 


.239 


.880 


.620 


.661 


.801 


.941 


1081 


1323 






810 


401862 


1602 


1640 


17B2 


1992 


2062 


9201 


3841 


34K 


9691 






811 


2760 


2900 


3040 


317» 


8819 


8468 


3697 


8787 


8876 


4016 






812 


4166 


4294 


4433 


4572 


4711 


4860 


4889 


5138 


5367 


5406 






813 


6644 


6683 


6822 


5960 


6099 


6238 


6376 


6515 


6663 


6791 






814 


6830 


7068 


7906 


7844 


7483 


7621 


7TQ9 


7887 


8085 


8178 






8U 


8811 


9448 


8686 


8724 


8862 


o8B0 


8187 


9376 


9413 


9600 






816 


0687 


9824 


9962 


..99 


.386 


.874 


.611 


.648 


.785 


.998 






817 


601060 


1196 


1333 


1470 


1607 


1744 


1880 


2017 


2154 


2291 






818 


2427 


2664 


2700 


2837 


2073 


3109 


3246 


8882 


8518 


8655 






819 


8701 


8827 


4063 


4199 


4836 


4471 


4607 


4748 


1878 


5014 






820 


5160 


■OQO 
OSVdO 


6«ll 


5867 


6606 


OOQEd 


6964 


'DI|BPV 


6984 


6870 






821 


6M6 


6640 


6776 


6011. 


7046 


7181 


7316 


7451 


7686 


7721 






8^ 


7866 


7991 


8126 


8260 


8396 


8580 


8664 


8799 


8984 


9008 






323 


9206 


9337 


9471 


9606 


9740 


9874 


• * .0 


.143 


.277 


.411 






824 


610646 


0679 


0613 


0947 


1081 


1215 


1349 


1482 


1616 


1760 






826 


1888 


2017 


2151 


9284 


2418 


2551 


9684 


3818 


3861 


8084 1 




826 


8218 


8351 


3484 


8617 


8750 


3863 


4016 


41^ 


«»2 


4414 






827 


4548 


4661 


4813 


4946 


6079 


5211 


6344 


6476 


5609 


5741 






828 


6874 


6006 


6139 


^71 


6408 


6585 


6668 


6800 


6982 


7064 






829 


7196 


7328 


7460 


7592 


7724 


1855 


7987 


8119 


8251 


8362 






830 


8614 


8646 


8777 


8909 


9040 


0171 


8803 


9484 


9666 


0687 


• 




831 


9828 


9969 


..90 


.921 


.863 


.464 


.615 


.745 


.876 


1007 






832 


621138 


1269 


1400 


1580 


1661 


1792 


1992 


2058 


2188 


9314 






833 


2444 


2675 


2705 


2885 


2866 


3096 


3226 


8856 


3486 


8616 


i 




834 


8746 


3876 


4006 


4186 


4266 


4396 


4626 


4666 


4785 


4915 






836 


6046 


6174 


5804 


6484 


5663 


5668 


6822 


6861 


6081 


6210 


, 




836 


6389 


6469 


6696 


6727 


6856 


6965 


7114 


7348 


7872 


7601 






837 


7630 


7769 


7888 


8016 


8145 


8274 


8402 


8581 


8660 


8788 






888 


8917 


9045 


9174 


9802 


9430 


9560 


9687 


9615 




,.72 






830 


580200 


0828 


0456 


0684 


0712 


0840 


0968 


1096 


1228 


1851 






840 


1479 


1607 


1784 


1862 


1860 


3117 


2245 


3872 


360O 


2607 


• 




841 


2764 


2882 


3009 


3186 


3264 


3381 


3518 


8645 


8772 


8890 






342 


4026 


4153 


4S80 


4407 


4534 


4661 


4787 


4914 


6041 


6167 






843 


6294 


5421 


5647 


6674 


6800 


5927 


6053 


6180 


6306 


6432 






844 


6568 


6685 


6811 


6037 


7060 


7189 


7315 


7441 


7567 


7693 






845 


7819 


7945 


8071 


8107 


8382 


8448 


8574 


8699 


8826 


8961 






846 


9076 


9902 


9397 


9462 


9578 


9708 


9829 


9954 


..79 


.304 






847 


640329 


0455 


0580 


0705 


0830 


0055 


1060 


1206 


1380 


1454 






848 


1579 


1704 


1829 


1963 


2078 


2203 


2827 


24^ 


2576 


3701 






1 848 


2825 


2960 


8074 


3199 


3828 


8447 


8571 


8686 


8820 


8944 





8 


LOGARITHMS 


N. 





1 


3 


3 


4 


6 


6 


7 


8 





860 


644068 


4193 


4816 


4440 


4664 


4688 


4813 


4936 


6060 


6188 


861 


6807 


6431 


6666 


6678 


6806 


6936 


6049 


6173 


6396 


6419 


863 


6643 


6666 


6789 


6918 


7086 


7169 


7383 


7406 


7639 


7663 


863 


7776 


7898 


8031 


8144 


8367 


8389 


8513 


8636 


8768 


8881 


864 


9003 


9196 


9349 


9371 


9404 


9616 


9739 


9661 


9964 


.196 


866 


660388 


0361 


0478 


0696 


0717 


0640 


0963 


1064 


1306 


1838 


866 


1460 


1673 


1694 


1816 


1988 


3060 


3181 


8303 


3436 


8647 


867 


3668 


3790 


3911 


3083 


8166 


3376 


3393 


8619 


8640 


8763 


868 


8883 


4004 


4136 


4347 


4368 


4489 


4610 


4731 


4863 


4973 


860 


6094 


6316 


6346 


6467 


6678 


6699 


6830 


6940 


6061 


6183 


860 


6808 


6433 


6644 


6664 


6786 


6905 


7036 


7146 


7367 


7887 


861 


7607 


7637 


7748 


7868 


7968 


8108 


8338 


8849 


8469 


8689 


868 


8709 


8839 


8948 


9068 


9188 


9306 


9438 


9648 


9667 


9787 


868 


9907 


..36 


.146 


.366 


.886 


.604 


.684 


.743 


.863 


.983 


864 


661101 


1331 


1340 


1469 


1678 


1668 


1817 


1936 


3066 


8178 


866 


3398 


3413 


3681 


3660 


3769 


3887 


3006 


8136 


8344 


8363 


lUUl 


8481 


3600 


8718 


3887 


8966 


4074 


4193 


4311 


4439 


4548 


867 


4666 


4784 


4903 


6031 


6189 


5367 


6376 


6494 


6613 


6730 


868 


6848 


6966 


6084 


6303 


6330 


6487 


6665 


6673 


6791 


6909 


869 


7036 


7144 


7363 


7379 


7407 


7614 


7788 


7840 


7967 


8084 


870 


8303 


8319 


8486 


8664 


8671 


8788 


8906 


0038 


9140 


9367 


871 


9874 


9491 


9608 


9736 


9683 


9969 


..76 


.103 


.809 


.436 


873 


670648 


0660 


0776 


0693 


1010 


1136 


1843 


1369 


1476 


1693 


878 


1709 


1836 


1943 


3068 


3174 


8391 


8407 


8633 


3639 


8756 


874 


3873 


3988 


8104 


8330 


3836 


8463 


8568 


8684 


8800 


3916 


876 


4081 


4147 


4363 


4379 


4494 


4610 


4736 


4841 


4967 


5073 


876 


6188 


6803 


6419 


6634 


6660 


6766 


5880 


5996 


6111 


6386 


377 


6341 


6467 


6673 


6687 


6803 


6917 


7033 


7147 


7363 


7377 


378 


7493 


7607 


7733 


7836 


7961 


8066 


8181 


8895 


8410 


8636 


879 


8639 


8764 


8868 


8983 


9097 


9818 


9336 


9441 


9666 


9669 


880 


9784 


9oK) 


..13 


.136 


.841 


.866 


.469 


.688 


.697 


.811 


.381 


680936 


1039 


1163 


1367 


1381 


1496 


1608 


1783 


1836 


1960 


383 


3068 


3177 


3391 


3404 


3518 


3631 


8745 


3868 


8973 


3066 


383 


3199 


3313 


3436 


8639 


3663 


3765 


3879 


3993 


4105 


4818 


884 


4331 


4444 


4667 


4670 


4783 


4896 


5009 


6133 


6836 


6348 


386 


6461 


6674 


6686 


6799 


5913 


6034 


6137 


6360 


6363 


6476 


386 


6687 


6700 


6813 


6936 


7037 


7149 


7368 


7374 


7486 


7699 


387 


7711 


7833 


7936 


8047 


8160 


8373 


8384 


8406 


8606 


8730 


388 


8833 


8944 


9056 


9167 


9379 


9391 


9503 


9616 


9786 


9834 


889 


9960 


..61 


.178 


.384 


.896 


.607 


.619 


.730 


.843 


.963 


390 


691066 


1176 


1387 


1899 


1610 


1681 


1733 


1843 


1965 


3066 


391 


3177 


3388 


8899 


3610 


3631 


3733 


8843 


8954 


3064 


8176 


393 


8386 


3397 


3606 


8618 


3739 


3840 


3960 


4061 


4171 


4383 


393 


4393 


4503 


4614 


4734 


4834 


4946 


6055 


6165 


6376 


6886 


894 


6496 


6606 


6717 


6887 


6937 


6047 


6167 


6867 


6877 


6487 


896 


6697 


6707 


6817 


6937 


7037 


7146 


7866 


7366 


7476 


7686 


396 


7696 


7806 


7914 


8034 


8134 


8343 


8353 


8463 


8673 


8681 


897 


8791 


8900 


9009 


9119 


9338 


9337 


9446 


9666 


9666 


9774 


398 


9883 


9993 


.101 


.310 


.319 


.438 


.637 


.646 


.756 


.864 


399 


600978 


1063 


1191 


1399 


1406 


1517 


1636 1734 1 


1848 


1961 





OF NUMBERS 


i. 9 


N. 





1 


8 


8 


4 


6 


6 


7 


8 


9 


400 


603060 


3169 


3377 


3386 


3494 


2603 


3711 


3819 


8938 


3036 


401 


3144 


3363 


3361 


3469 


3573 


3686 


3794 


3903 


4010 


4118 


402 


4336 


4334 


4443 


4550 


4668 


4766 


4874 


4983 


6069 


6197 


403 


6306 


6413 


5631 


6638 


5736 


6844 


5961 


6059 


6166 


6274 


404 


6881 


6489 


6596 


6704 


6811 


6919 


7036 


7133 


7341 


7348 


406 


7466 


7663 


7669 


7777 


7884 


7991 


8096 


8206 


8313 


8419 


406 


8636 


8633 


8740 


8847 


8954 


9061 


9167 


9374 


9381 


9488 


407 


9694 


9701 


9808 


9914 


..21 


.128 


.384 


.341 


.447 


.664 


408 


610660 


0767 


0873 


0979 


1086 


1192 


1398 


1406 


1511 


1617 


409 


1733 


1839 


1986 


3043 


3148 


2264 


3860 


3466 


3673 


3678 


410 


3784 


3890 


3996 


3103 


3307 


3313 


3419 


3635 


3630 


3736 


411 


8843 


3947 


4053 


4169 


4364 


4370 


4475 


4581 


4686 


4793 


413 


4897 


6003 


6108 


6313 


6319 


6424 


5539 


5634 


6740 


5845 


413 


6960 


6066 


6160 


6365 


6370 


6476 


6681 


6686 


6790 


6896 


414 


7000 


7105 


7310 


7316 


7430 


7626 


7639 


7734 


7839 


7943 


416 


8048 


8153 


8367 


8362 


8466 


8571 


8676 


8780 


8884 


6989 


416 


9393 


9198 


9302 


9406 


9611 


9615 


9719 


9834 


9928 


..33 


417 


630136 


0140 


0344 


0448 


0653 


0656 


0760 


0664 


0066 


1073 


418 


1176 


1280 


1384 


1488 


1593 


1696 


1799 


1903 


2007 


3110 


419 


8314 


2318 


3431^ 


2526 


3638 


2782 


3836 


3939 


3043 


8146 


420 


8349 


3363 


3466 


3559 


8663 


3766 


3869 


8973 


4076 


4179 


421 


4383 


4386 


4488 


4591 


4695 


4798 


4901 


6004 


5107 


5310 


422 


6313 


5416 


5618 


6621 


6724 


5827 


5929 


6033 


6135 


6238 


423 


6340 


6443 


6546 


6648 


6751 


6863 


6956 


7058 


7161 


7368 


424 


7366 


7468 


7571 


7673 


7776 


7878 


7960 


8083 


8186 


8287 - 


436 


8389 


8491 


8693 


8696 


8797 


8900 


9003 


9104 


9206 


9306 


426 


. 9410 


9612 


9613 


9716 


9817 


9919 


..31 


.133 


.224 


.836 


427 


630438 


0630 


0631 


0733 


0635 


0936 


1038 


1139 


1241 


1343 


428 


1444 


1545 


1647 


1748 


1849 


1951 


2052 


,3153 


2255 


3366 


429> 


3467 


3659 


.3660 


2761 


2862 


8963 


3064 


3166 


3266 


3867 


430 


8468 


3669 


3670 


3771 


3872 


3973 


4074 


4175 


4276 


4376 


431 


4477 


4578 


4679 


4779 


4880 


4981 


5061 


5183 


6283 


6383 


433 


6484 


6684 


5685 


6786 


6886 


6986 


6067 


6187 


6287 


6388 


433 


6488 


6588 


6688 


6789 


6889 


6969 


7089 


7189 


7290 


7390 


434 


7490 


7590 


7690 


7790 


7890 


7990 


8090 


8190 


8290 


8389 


436 


8489 


8689 


8689 


8789 


8888 


8988 


9068 


91.88 


9287 


9387 


436 


9486 


9586 


9686 


9785 


9885 


9984 


..84 


.183 


.283 


.383 


437 


640481 


0581 


0680 


0779 


0879 


0978 


1077 


1177 


1276 


1376 


438 


1474 


1573 


1673 


1771 


1871 


1970 


2069 


3168 


3367 


3366 


439 


3465 


8663 


3663 


2761 


2860 


2959 


3058 


3156 


3356 


3354 


440 


8463 


3551 


3660 


8749 


3847 


3946 


4044 


4143 


4243 


4340 


441 


4439 


4537 


4636 


4734 


4833 


4931 


6039 


5137 


5226 


6334 


443 


6433 


5531 


6619 


5717 


5816 


5913 


6011 


6110 


6208 


6306 


443 


6404 


6503 


6600 


6698 


6796 


6894 


6993 


7089 


7187 


7286 


444 


7383 


7481 


7579 


7676 


7774 


7873 


7969 


8067 


8166 


8263 


446 


8360 


8468 


8566 


8663 


8760 


8848 


8945 


9043 


9140 


9337 


446 


9336 


9433 


9530 


9637 


9724 


9831 


9919 


..16 


.113 


.310 


447 


650308 


0406 


0503 


0599 


0696 


0793 


0690 


0987 


1064 


1181 


448 


1378 


1375 


1473 


1569 


1666 


1763 


1869 


1956 


2053 


3160 


449 


3346 


3343 


3440 


3530 


2633 


3730 


3836 

- 


8923 


3019 


3116 



10 


LOaAEITHMS 1 


N. 





1 


3 


8 


■ ■ 
4 


5 


6 


7 


8 


9 


4tS0 


668918 


8809 


8406 


8603 


8608 


8695 


8791 


8888 


8984 


4080 


461 


4177 


4373 


4868 


4466 


4663 


4658 


4754 


4850 


4946 


5043 


453 


6188 


5386 


6381 


6437 


5536 


5619 


5715 


5810 


5906 


6003 


468 


6098 


6194 


6390 


6886 


64B3 


6577 


6673 


6769 


6864 


6960 


4(64 


7066 


7153 


7347 


7843 


7488 


7534 


7639 


7735 


7830 


7916 


466 


8011 


8107 


8903 


8898 


8898 


SUSA 

ovoo 


8684 


8679 


8774 


8870 


466 


8966 


9060 


9156 


9350 


9846 


9441 


9536 


9631 


9736 


9831 


467 


9916 


..11 


.106 


.301 


.396 


.391 


.486 


.581 


.676 


.771 


468 


660666 


0960 


1066 


1150 


1345 


1389 


1484 


1539 


1638 


1718 


46e 


1818 


1907 


3009 


9096 


3191 


3886 


3380 


3475 


3569 


3668 


490 


9768 


3853 


9947 


8941 


8186 


8380 


8634 
4366 


8418 


8513 


8607 


461 


8701 


3796 


8889 


3988 


4078 


4173 


4360 


4454 


4548 


463 


4643 


4786 


4830 


4934 


5018 


5113 


6306 


5399 


6893 


5487 


468 


5681 


5675 


5769 


5863 


OtfOO 


6060 


6143 


6337 


6381 


6434 


464 


6618 


6613 


6705 


6799 


8899 


6986 


7079 


7173 


7866 


7889 


466 


7468 


7546 


7640 


7788 


7896 


7890 


8018 


8198 


8199 


8988 


466 


8886 


8479 


8573 


8666 


8759 


8853 


8945 


9038 


9131 


9834 


467 


9317 


9410 


9608 


9696 


9688 


9783 


9875 


9967 


..60 


.158 


468 


670341 


0389 


0481 


0534 


0617 


0710 


0803 


0895 


0988 


1080 


469 


1178 


1365 


1368 


1451 


1548 


1686 


1738 


1831 


1918 


3005 


470 


3098 


3190 


3388 


8876 


3487 


3660 


3653 


3744 


3886 


SSS 


471 


8031 


3113 


3305 


3397 


3390 


3483 


3574 


3666 


8768 


473 


8943 


4034 


4136 


4318 


4310 


4403 


4494 


4586 


4677 


4769 


478 


4861 


4963 


5045 


6137 


5338 


5330 


5413 


5503 


5595 


5687 


474 


5778 


5870 


5963 


6063 


6145 


6336 


6338 


6419 


6511 


6603 


476 


6694 


6786 


6876 


WOO 


7069 


7151 


7343 


7888 


7434 


7518 


476 


7607 


7698 


7789 


7881 


7973 


8063 


8154 


8346 


8836 


8437 


477 


8618 


8609 


8700 


8791 


8883 


8973 


9064 


9155 


9346 


9337 


478 


9438 


9519 


9610 


9700 


9791 


9883 


9973 


..63 


.154 


.345 


479 


680388 


0436 


0617 


0607 


0698 


0789 


0879 


0970 


1060 


1151 


480 


1341 


1883 


14B3 


1518 


1608 


1698 


1784 


1874 


1904 


9865 


481 


3146 


3335 


3336 


3416 


3506 


3596 


3686 


3777 


3867 


3957 


483 


8047 


3137 


3337 


8317 


3407 


3497 


8687 


8677 


8767 


8867 


483 


3947 


4037 


4137 


4317 


4307 


4396 


4486 


4676 


4666 


4756 


484 


4864 


4985 


5036 


5114 


5304 


5394 


5383 


5473 


5563 


5653 


486 


5743 


5881 


5931 


6010 


610Q 


6189 


6379 


6808 


64^ 


6547 


486 


6636 


6736 


6815 


6904 


6994 


7063 


7173 


7961 


7361 


7440 


487 


7689 


7618 


7707 


7798 


7886 


7976 


8064 


8153 


8343 


8831 


438 


8490 


8609 


8598 


8687 


8776 


8866 


8953 


9043 


9181 


9930 


489 


9309 


9396 


9486 


9576 


9664 


9753 


9841 


9930 


..19 


.107 


490 


690196 


0386 


0873 


0363 


0550 


0689 


0738 


0816 


0905 


S^ 


491 


1081 


1170 


1358 


1347 


1435 


1534 


1612 


1700 


1789 


493 


1965 


3053 


3143 


3330 


2318 


3406 


2494 


3583 


3671 


8769 


493 


3887 


3936 


3033 


3111 


3199 


3387 


8375 


3468 


3551 


8639 


494 


3737 


3815 


3903 


8991 


4078 


4166 


4354 


4343 


4430 


4517 


496 


4605 


4693 


4781 


4868 


4956 


5044 


5181 


5310 


5807 


6894 


496 


5483 


5669 


5657 


6744 


6832 


5919 


6007 


6094 


6183 


6969 


497 


6366 


5444 


6631 


6618 


6706 


6793 


6880 


6968 


7055 


7142 


498 


7339 


7317 


7404 


7491 


7578 


7665 


7762 


7839 


7936 


8014 


489 


8101 


8188 


8375 


8863 


8449 


8585 


8632 


8709 


879S 


8888 









OF NUMBERS. 


\ 


11 




N. 
600 


P 


1 


3 


8 . 


4 


6 


6 


7 


6 


9 




698970 


9067 


9144 


9231 


9317 


9404 


9491 


9678 


9664 


9751 




601 


9838 


9924 


..11 


. .98 


.184 


.271 


.358 


.444 


.631 


.617 




602 


700704 


0790 


0877 


0963 


1050 


1136 


1333 


1309 


1396 


1483 




603 


1668 


1664 


1741 


1827 


1913 


1999 


3086 


2172 


3258 


2344 




604 


2431 


2617 


2603 


2689 


3775 


2861 


3947 


3033 


3119 


8306 




605 


8291 


3377 


3463 


3649 


8636 


8731 


3807 


3896 


3979 


4065 




606 


4161 


4236 


4322 


4408 


4494 


4579 


4665 


4751 


4837 


4933 




607 


6008 


6094 


6179 


6265 


6350 


5486 


5633 


6607 


6693 


5778 




608 


6864 


6949 


6035 


6120 


6206 


6391 


6376 


6462 


6547 


6633 




609 


6718 


6803 


6888 


6974 


7059 


7144 


7339 


7816 


7400 


7486 




610 


7670 


7665 


7740 


7826 


7910 


7996 


8061 


8166 


8251 


8386 




611 


8421 


8606 


8691 


8676 


8761 


8846 


8981 


9016 


9100 


9186 




612 


9270 


9355 


9440 


9524 


9609 


9694 


9779 


9863 


9948 


..83 




613 


710117 


0202 


0287 


0371 


0456 


0540 


0635 


0710 


0794 


0879 




614 


0963 


1048 


1132 


•1217 


1301 


1386 


1470 


1554 


1639 


173d 




616 


1807 


1892 


1976 


3060 


3144 


3339 


3313 


2397 


3481 


3666 




616 


2660 


2734 


2818 


2902 


3986 


3070 


3154 


3238 


8336 


3407 




617 


8491 


3676 


3669 


3742 


3826 


'3910 


3994 


4078 


4163 


4246 




618 


4330 


4414 


4497 


4581 


4666 


4749 


4833 


4916 


5000 


5084 




619 


6167 


6261 


6336 


5418 


6502 


6686 


6669 


6763 


5836 


6930 




630 


6003 


6067 


6170 


6264 


6337 


6431 


6604 


6688 


6671 


6764 




621 


6838 


6921 


7004 


7088 


7171 


7354 


7338 


7421 


7504 


7687 




622 


7671 


7764 


7837 


7920 


8003 


8086 


8169 


8263 


8336 


8419 




623 


8502 


8585 


8668 


8761 


8834 


8917 


9000 


9063 


9166 


9348 




624 


9331 


9414 


9497 


9580 


9663 


9746 


9828 


9911 


9994 


..77 




626 


720159 


0242 


0325 


0407 


0490 


0673 


0665 


0738 


0631 


0903 




626 


0986 


1068 


1151 


1233 


1316 


1398 


1481 


1663 


1646 


1738 




627 


1811 


1893 


.975 


2058 


3140 


3322 


3305 


3387 


3469 


3653 




628 


2634 


2716 


2798 


2881 


3963 


3046 


^137 


3209 


3291 


3874 




629 


3456 


3538 


3620 


3702 


8784 


8866 


8948 


4030 


4113 


4194 




680 


4276 


4368 


4440 


4622 


4604 


4686 


4767 


4849 


4981 


6013 




631 


6095 


5176 


6268 


5340 


5422 


6503 


6586 


6667 


6748 


6830 




632 


6912 


5993 


6076 


6156 


6238 


6320 


6401 


6483 


6564 


6646 




633 


6727 


6809 


6890 


6972 


7053 


7184 


7216 


75J97 


7379 


7460 




634 


7641 


7623 


7704 


7786 


7866 


7948 


8029 


8110 


8191 


8878 




635 


8364 


8435 


8616 


8597 


e&is 


8759 


8841 


8922 


90^3 


9064 




636 


9165 


9246 


9327 


9403 


9489 


9570 


9661 


9732 


9813 


9898 




637 


9974 


..65 


.136 


.217 


.298 


.378 


.469 


.440 


.631 


.702 




638 


780782 


0863 


0944 


1024 


1105 


1186 


1266 


1347 


1428 


1506 




639 


1589 


1669 


1750 


1830 


1911 


1991 


2072 


2162 


3338 


2818 




640 


3394 


2474 


2555 


2636 


2715 


2796 


2876 


3956 


3037 


811t 




641 


3197 


3278 


3358 


3438 


3518 


8598 


8679 


3769 


3839 


3919 




642 


3999 


4079 


4160 


4240 


4320 


4400 


4480 


4560 


4640 


4730 




643 


4800 


4S80 


4960 


5040 


5120 


5200 


6279 


6359 


6439 


6519 




644 


5599 


5679 


5759 


5838 


6918 


5998 


6078 


6157 


6237 


6317 




646 


6397 


6476 


6566 


6636 


6715 


6796 


6874 


6954 


7034 


7118 




646 


7193 


7272 


7352 


7481 


7511 


7590 


7670 


7749 


7839 


7908 




647 


7987 


80S7 


8146 


8225 


8305 


8384 


8463 


8543 


8623 


8701 




648 


8781 


8860 


8939 


9018 


9097 


9177 


9266 


9336 


9414 


9498 




649 


9572 


9661 


9731 


9810 


9889 


9968 


..47 


.136 


.206 


.384 





w 



1% 


LOQARITUMS 


N. 





1 


3 


8 


4 


5 


6 


7 


8 





160 


740368 


0443 


0681 


0660 


0076 


0767 


0886 


0016 


0994 


1078 


661 


1163 


1330 


1809 


1888 


1467 


1646 


1634 


1703 


1783 


1860 


66t) 


1939 


9018 


3096 


3175 


3364 


3883 


3411 


8489 


8668 


8648 


663 


3736 


S8Q4 


3883 


3961 


3089 


8118 


8196 


8376 


8868 


8481 


664 


8610 


8668 


8667 


8746 


8638 


8903 


8860 


4068 


4136 


4816 


966 


4398 


4871 


4449 


4698 


4006 


4664 


4763 


4840 


4019 


4997 


666 


6076 


6163 


6081 


6809 


6887 


6466 


6643 


6631 


6690 


6777 


667 


6666 


6983 


6011 


6086 


6167 


6345 


6833 


6401 


6470 


6666 


666 


6634 


6713 


6790 


vQOO 


6046 


7038 


7101 


7179 


7366 


7834 


660 


7413 


7489 


7667 


7646 


7733 


7800 


7678 


7966 


8088 


8110 


600 


8188 


8806 


8848 


6431 


8486 


8976 


6668 


8781 


oQIId 


8886 


661 


8963 


9040 


9118 


9196 


9373 


9860 


0437 


9604 


9683 


9669 


603 


9786 


9814 


9691 


9968 


..46 


.138 


.300 


.377 


.364 


.431 


663 


760608 


0586 


0663 


0740 


0617 


0804 


0071 


1048 


1135 


1308 


664 


1379 


1866 


1483 


1610 


1087 


1664 


1741 


181^ 


1806 


1078 


066 


9048 


3136 


3303 


9379 


3366 


8488 


8600 


8866 


3663 


8740 


606 


3816 


3893 


3970 


8047 


8188 


8300 


8377 


8868 


8430 


8600 


667 


8683 


8660 


8786 


3813 


8889 


8906 


4043 


4119 


4196 


4378 


668 


4848 


4435 


4501 


4678 


4664 


4780 


4607 


4883 


4060 


6096 


600 


6113 


6189 


6366 


6841 


6417 


6404 


6670 


6646 


6733 


6799 


670 


6676 


6951 


6037 


6106 


6180 


0306 


6888 


6406 


6464 


6860 


671 


6686 


6713 


6788 


6864 


6940 


7016 


7003 


7168 


7844 


7880 


673 


7896 


7473 


7648 


7634 


7700 


7776 


7861 


7937 


8008 


8079 


678 


8166 


8380 


8306 


8883 


8468 


8683 


8609 


8686 


8761 


8886 


674 


8913 


QOfifi 


9066 


9189 


9314 


9390 


0366 


9441 


0617 


9699 


676 


9688 


9743 


9819 


9604 


9070 


..46 


.181 


.196 


.378 


.047 


676 


760433 


0496 


0673 


0649 


0734 


0799 


0875 


0960 


1086 


1101 


677 


1176 


1351 


1896 


1403 


1477 


1663 


1687 


1703 


1778 


1868 


678 


1938 


3003 


3078 


3163 


3336 


^3803 


3878 


3463 


3589 


8604 


679 


9679 


3764 


3839 


3904 


3978 


8068 


8138 


9903 


8378 


8868 


680 


8438 


8603 


8978 


8663 


8787 


8803 


8877 


8963 


4007 


4101 


681 


4176 


4361 


4336 


4400 


4475 


4560 


4634 


4690 


4774 


4848 


683 


4933 


4996 


6073 


6147 


6331 


6396 


6370 


5445 


5530 


5694 


688 


6669 


5743 


5818 


5893 


5966 


6041 


6115 


6190 


6364 


6888 


684 


6413 


6487 


6603 


6686 


6710 


6785 


6860 




7007 


7088 


686 


7166 


7380 


7804 


7879 


7463 


7637 


7601 


7675 


7740 


7838 


686 


7898 


7973 


8046 


8130 


8194 


8368 


8343 


8416 


8490 


8564 


687 


8636 


8713 


8786 


8860 


8934 


9008 


9063 


9166 


9330 


9803 


688 


9877 


9451 


9535 


9699 


9678 


9746 


9630 


9894 


9968 


..43 


689 


770116 


0189 


0363 


0386 


i>410 


0484 


0567 


0631 


0705 


0778 


690 


0863 


0996 


0999 


1073 


1146 


1330 


1303 


1867 


1440 


1614 


691 


1687 


1661 


1734 


1806 


1881 


1965 


3038 


3103 


3175 


8348 


693 


3333 


3395 


3468 


3543 


3615 


9688 


3763 


3835 


3906 


3961 


693 


3065 


3128 


3301 


3374 


3348 


8431 


3494 


3567 


3640 


3718 


694 


3786 


3860 


3983 


4006 


4079 


4153 


4335 


4396 


4371 


4444 


696 


4617 


4690 


4663 


4786 


4809 


4883 


4955 


6096 


5100 


6178 


696 


6346 


5319 


5393 


5465 


6538 


5610 


5683 


6766 


6839 


5908 


697 


6974 


6047 


6130 


6193 


6365 


6388 


6411 


6488 


6566 


6639 


696 


6701 


6774 


6846 


6919 


6993 


7064 


7137 


7309 


7383 


7354 


OMr 


7437 


7499 


7573 


7644 


7717 7789 7863 


7984 8006 


8079 





OF NUMBE^RS. 13 




N. 


■■ ■ ■■' 




1 


3 


3 


4 


5 


6 


7 


8 


9 




600 


778161 


8334 


8396 


8868 


8441 


8618 


8685 


8668 


8730 


8doi 




601 


8874 


8947 


9019 


9091 


9168 


9336 


9306 


9880 


9«3 


9534 




60S 


9696 


6669 


9741 


9813 


9686 


9957 


..29 


.101 


.173 


.346 




603 


780817 


0389 


0461 


0538 


0605 


0677 


0749 


0621 


0893 


0966 




604 


1087 


1109 


1181 


1353 


1334 


1396 


1468 


1540 


1613^ 


1684 




W6 


1756 


1897 


1899 


1971 


9043 


2114 


9186 


3268 


3889 


2401 




•06 


3478 


3644 


3616 


3688 


3760 


3831 


2903 


2974 


8046 


3117 




607 


8189 


3960 


3833 


8403 


8475 


8546 


8618 


8689 


3761 


3889 




606 


8904 


8975 


4046 


4118 


4189 


4261 


4383 


4403 


4475 


4546 




600 


4617 


4689 


4760 


4831 


4003 


4974 


5045 


5116 


5187 


5269 




610 


6330 


5401 


6473 


6548 


6615 


6686 


5767 


5888 


6800 


5970 




611 


6041 


6113 


6183 


6254 


6325 


6396 


6467 


6638 


6609 


6680 




613 


6761 


6893 


6893 


6964 


7035 


7106 


7177 


7248 


7319 


7390 




618 


7460 


7631 


7603 


7678 


7744 


7815 


7885 


7966 


8037 


8098 




614 


8168 


8330 


8310 


8381 


8451 


8639 


8608 




8734 


8804 




616 


8875 


8946 


0016 


9067 


9167 


9338 


9399 


9869 


9440 


9510 




616 


9681 


9651 


9723 


9792 


9863 


9988 


...4 


..74 


.144 


.215 




617 


790385 


0366 


0436 


0496 


0667 


0637 


0707 


0778 


0648 


0918 




618 


0988 


1069 


1139 


1199 


1369 


1340 


1410 


1480 


1550 


1620 




610 


1691 


1761 


1881 


1901 


1971 


9041 


2111 


2181 


9968 


2339 




mOi 


9893 


34^ 


3689 


9603 


9679 


374» 


3812 


9889 


3968 


3033 




631 


8098 


8163 


8381 


8301 


3371 


8441 


8611 


3581 


3651 


8791 




633 


3790 


8860 


3930 


4000 


4070 


4130 


4300 


^79 


4340 


4418 




633 


4488 


4668 


4637 


4697 


4767 


4836 


4906 


4976 


5045 


5115 




634 


5186 


6964 


5394 


6393 


6463 


6532 


6602 


5672 


5741 


5811 




696 


6880 


6048 


6019 


6088 


6168 


6937 


6997 


6366 


6486 


6605 




636 


6574 


6644 


6713 


6783 


6853 


6931 


6990 


7060 


7129, 


7198 




637 


7968 


7887 


7406 


7475 


7645 


7614 


7683 


7762 


7821 


7890 




638 


7960 


8039 


8096 


8167 


8336 


8306 


8874 


8443 


8518 


8583 




639 


8651 


8790 


8789 


8856 


8087 


ocrto 


9066 


6134 


9908 


9373 




680 


9841 


9409 


MTB 


9647 


9610 


OAfiJC 


9754 


6693 


9692 


9961 




6S1 


800096 


0008 


0167 


0336 


0305 


0878 


0449 


0511 


0680 


06^ 




683 


0717 


0786 


0854 


0938 


0093 


1061 


1129 


1196 


1266 


1335 


- 


688 


1404 


1473 


1541 


1609 


1678 


1747 


1815 


1884 


1962 


2021 




684 


9069 


2158 


9936 


9995 


9368 


3482 


8500 


9668 


2667 


2705 




666 


anA 


S84S 


8910 


9970 


8047 


8116 


3184 


8262 


3821 


8889 




686 


8467 


8535 


8504 


8662 


8780 


8796 


3867 


3935 


4003 


4071 




687 


4189 


4906 


4976 


4364 


4413 


4480 


4548 


4616 


4685 


4753 




688 


4891 


4889 


4957 


6035 


5093 


5161 


5339 


5297 


6865 


5433 




680 


6601 


5669 


5687 


5705 


5778 


6841 


6906 


5976 


6044 


6112 ' 




640 


6180 


6348 


6316 


6884 


6461 


6519 


6667 


6665 


€^728 


6790 




641 


6866 


6996 


6994 


7061 


7139 


7167 


7964 


7332 


7400 


7467 




643 


7535 


7608 


7670 


7738 


7806 


7873 


7941 


8008 


8076 


8148 




648 


8311 


8379 


8346 


8414 


8481 


8549 


8616 


8684 


8751 


8818 




644 


8886 


8868 


9091 


9068 


9156 


9»K» 


9990 


9368 


9^5 


9493 




645 


9660 


9637 


9694 


9763 


9899 


9896 


0964 


..81 


. ««RI 


.166 




646 


81QS8S 


0800 


0367 


0484 


0601 


0606 


0636 


0703 


0770 


0837 




047 


0904 


0971 


1089 


1106 


1178 


1240 


1307 


1374 


1441 


1608 




648 


1575 


1643 


1709 


1776 


1843 


1910 


1977 


2044 


2111 


8178 




649 


3346 


2313 


9879 


3445 


S&12 2579 


9646 


9718 


2780 


9847 



14 


LOGARITHMS 






N. 





I 


■ 

3 


3 


4 


6 


6 


7 


8 


9 


060 


812913 


3980 


8047 


3114 


8181 


8347 


8814 


8881 


3448 


8614 


661 


8681 


8648 


8714 


3781 


88^ 


3914 


8981 


4048 


4114 


4181 


662 


4248 


4314 


4381 


4447 


4614 


4681 


4647 


4714 


4780 


4847 


663 


4913 


4980 


6046 


6118 


6179 


6346 


6813 


6878 


6446 


6611 


664 


6678 


6644 


6711 


6777 


6848 


69H) 


6976 


6043 


6109 


6176 


666 


6341 


6806 


6874 


6440 


6606 


6678 


6689 


6706 


6771 


6888 


666 


6904 


6970 


7036 


7102 


7169 


7388 


7801 


7867 


7438 


7499 


667 


7666 


7681 


7696 


7764 


7880 


7896 


7963 


8038 


8094 


8160 


668 


8226 


8292 


8368 


8434 


8490 


8666 


8633 


8688 


8764 


8830 


669 


8886 


8961 


9017 


9083 


9149 


9316 


9381 


9846 


9413 


9478 


660 


9644 


9610 


9676 


9741 


9607 


9678 


9989 


...4 


..70 


.186 


661 


820201 


0367 


0833 


0399 


0464 


0630 


0696 


0661 


0737 


.0793 


662 


0868 


0924 


0989 


1066 


1120 


1186 


1261 


1817 


1882 


1448 


663 


1614 


1679 


1646 


1710 


1776 


1841 


1906 


1973 


2037 


3108 


664 


3168 


3238 


3399 


2364 


2430 


3496 


2660 


3636 


8691 


3766 


666 


3833 


3887 


3863 


8018 


8063 


8148 


8318 


8379 


8344 


8409 


666 


3474 


3639 


3606 


3670 


3736 


3800 


8866 


3930 


3996 


4061 


667 


4136 


4191 


4266 


4321 


4386 


4461 


4616 


4681 


4646 


4711 


668 


4776 


4841 


4906 


4971 


6036 


6101 


6166 


6331 


6396 


6861 


669 


6436 


6491 


6666 


6621 


6686 


6761 


6816 


6880 


6946 


6010 


670 


6076 


6140 


6304 


6369 


6884 


6399 


6464 


6638 


6693 


6668 


671 


6723 


6787 


6863 


6917 


6981 


7046 


7111 


7176 


7340 


7306 


672 


7369 


7434 


7499 


7663 


7638 


7693 


7767 


7831 


7886 


7961 


673 


8016 


8060 


8144 


8209 


8273 


8338 


8403 


8467 


8631 


8696 


674 


8660 


8734 


8789 


8868 


8918 


8983 


9046 


9111 


9176 


9389 


676 


^304 


9868 


9483 


9497 


9661 


9636 


9690 


9764 


9618 


9683 


676 


9947 


..11 


..76 


.139 


.204 


.368 


.833 


.396 


.460 


.636 


677 


830689 


0663 


0717 


0781 


0846 


0909 


0973 


1087 


1103 


1166 


678 


1230 


1294 


1368 


1422 


1486 


1660 


1614 


1678 


1743 


1806 


679 


1870 


1934 


1998 


2062 


2136 


3189 


3368 


3317 


3381 


8446 


680 


3609 


3673 


3687 


8700 


3764 


3838 


3898 


3966 


8030 


8068 


681 


3147 


3211 


3276 


3338 


3403 


3466 


8630 


8693 


3667 


8731 


682 


3784 


3848 


3912 


3976 


4039 


4103 


4166 


4230 


4394 


4367 


683 


4421 


4484 


4648 


4611 


4676 


4789 


4802 


48^ 


4939 


4993 


684 


6066 


6120 


6183 


6247 


6310 


6373 


6437 


6600 


6664 


6637 


686 


6691 


6764 


6817 


6881 


6944 


6007 


6071 


6184 


6197 


6361 


686 


6324 


6387 


6461 


6614 


6677 


6641 


6704 


6767 


6830 


6894 


687 


6967 


7020 


7088 


7146 


7210 


7273 


7386 


7899 


7463 


7636 


688 


7688 


7663 


7716 


7778 


7841 


7904 


7967 


8080 


8098 


8166 


689 


8219 


8282 


8346 


8408 


8471 


8684 


8697 


8660 


8738 


8786 


690 


8849 


8913 , 8976 


9088 


9109 


9164 


9837 


9389 


«863 


9416 


691 


9478 


9641 


9604 


9667 


9729 


9792 


9866 


9918 


9961 


..48 


692 


840106 


0169 


0232 


0294 


0367 


0430 


0483 


0646 


0608 


0671 


693 


0733 


0796 


0869 


0921 


0984 


1046 


1109 


1173 


1284 


1397 


694 


1369 


1423 ! 1486 

1 


1647 


1610 


1672 


1736 


1797 


1860 


1933 


696 


1986 


1 
3047 1 3110 


2173 


3336 


3397 


3860 


8433 


2484 


2647 


696 


2609 


3673 2734 


2796 


2869 


3931 


3983 


3046 


3108 


8170 


697 


3233 


3296 3367 


3420 


8482 


8644 


8606 


8669 


8731 


8793 


698 


8866 


3918 1 8980 


4042 


4104 


4166 


4229 


4391 


4363 


4416 


699 


4477 


4639 4601 


4664 4726 


4788 


4860 


4913 


4974 


6036 



V OP NUMBERS. 15 


N. 







3 


8 


4 


5 


6 


7 


8 


9 


700 


845098 


6160 


6332 


6384 


6346 


6408 


6470 


6532 


6694 


6656 


701 


6718 


6780 


6842 


6904 


6966 


6038 


6090 


6151 


6213 


6276 


702 


6337 


6399 


6461 


6623 


6585 


6646 


6708 


6770 


6632 


6894 


703 


6955 


7017 


7079 


7141 


7302 


7364 


7826 


7388 


7449 


7511 


704 


7573 


7634 


7676 


7758 


7819 


7881 


7948 


8004 


8066 


8128 


706 


8189 


8261 


8313 


8374 


8435 


8497 


8669 


8620 


8682 


8748 


708 


8806 


8866 


8928 


8969 


9051 


9113 


9174 


9285 


9297 


9858 


707 


9419 


9481 


9642 


9604 


9665 


9736 


9788 


9849 


9911 


9973 


708 


850033 


0095 


0156 


0217 


0379 


0340 


0401 


0463 


0524 


0586 


709 


0646 


0707 


0769 


0880 


0891 


0963 


1014 


1076 


1186 


1197 


710 


1268 


1320 


1381 


1443 


1503 


1664 


1625 


1686- 


1747 


1809 


711 


1870 


1931 


1992 


3053 


3114 


3175 


2236 


3397 


2888 


3419 


712 


2480 


2541 


2602 


3663 


3734 


3785 


2846 


3907 


2968 


3030 


713 


8090 


3160 


3211 


8373 


3333 


3894 


8455 


8616 


8677 


8637 


714 


8698 


3769 


3820 


8881 


3941 


4003 


4063 


4134 


4186 


4346 


715 


4306 


4367 


4438 


4488 


4649 


4610 


4670 


4781 


4792 


4863 


716 


4913 


4974 


5034 


6096 


6156 


6316 


6277 


6337 


6398 


6469 


717 


6519 


6580 


6640 


6701 


6761 


6833 


6882 


6948 


6003 


6064 


718 


6124 


6185 


6245 


6306 


6366 


6437 


6487 


6548 


6606 


6668 


719 


6729 


6789 


6860 


6910 


6970 


7081 


7091 


7162 


7213 


7373 


720 


7882 


7393 


7463 


7618 


7574 


7634 


7694 


7766 


7816 


7876 


721 


7985 


7995 


8056 


8116 


8176 


8286 


8297 


8867 


8417 


8477 


' 722 


8537 


8597 


8667 


8718 


8778 


8838 


6898 


8958 


9018 


9078 


728 


9138 


9198 


9258 


9318 


9379 


9489 


9499 


9659 


9619 


9679 . 


724 


9789 


9799 


9869 


9918 


9978 


..88 


..96 


.166 


.316 


.378 


726 


860838 


0396 


0466 


0618 


0578 


0687 


0697 


0767 


0617 


0877 


726 


0987 


0996 


1056 


1116 


1176 


1286 


1295 


1856 


UI6 


1475 


727 


1534 


1594 


1664 


1714 


1778 


1888 


1893 


1962 


3013 


2073 


728 


2131 


2191 


2251 


3310 


3370 


3480 


2489 


2649 


3606 


3668 


729 


2738 


2787 


2847 


3906 


3966 


8036 


8085 


8144 


8304 


8363 


730 


8823 


3382 


3443 


8601 


8661 


8620 


8680 


8789 


8799 


8868 


781 


8917 


8977 


4036 


4096 


4156 


4314 


4274 


4838 


4393 


4463 


732 


4511 


4570 


4680 


4689 


41^ 


4806 


4867 


4936 


4986 


6045 


783 


6104 


6163 


5222 


6383 


5341 


6400. 


6469 


6619 


6578 


6637 


784 


6696 


6756 


5814 


6874 


5983 


6993 


6051 


6110 


6169 


6238 


736 


6287 


6346 


6405 


6466 


6634 


6683 


66^ 


6701 


6760 


6819 


736 


6878 


6937 


6996 


7055 


7114 


7178 


7232 


7391 


7860 


7409 


737 


7467 


7526 


7686 


7644 


7708 


7763 


7821 


7880 


7989 


7998 


788 


8066 


8116 


8174 


8338 


8393 


6350 


8409 


6468 


8537 


8686 


789 


8644 


8703 


8762 


8831 


8879 


6986 


8997 


9056 


9114 


9178 


740 


9283 


9290 


9849 


9406 


9466 


9626 


9584 


9643 


9701 


9760 1 


741 


9818 


9877 


9936 


9994 


..63 


.111 


.170 


.328 


.387 


.846 1 


742 


870404 


0463 


0621 


0679 


0688 


0696 


0766 


0618 


0673 0930 1 


743 


0989 


1047 


1106 


1164 


1333 


1381 


1339 


1396 


1466 1616 1 


744 


1678 


1631 


1690 


1748 


1806 


1866 


1988 


1981 


9040 


3096 


746 


2166 


2315 


2278 


^31 


2389 


3448 


2606 


3664 


3622 


3681 


746 


2789 


3797 


2865 


9913 


3973 


8030 


8088 


3146 


8204 


8363 


747 


8321 


8379 


8437 


8496 


8663 


8611 


8669 


3727 


8786 


8844 


748 


8902 


896C 


4018 


4076 


4134 


4192 


4360 


4806 


4360 


4434 


749 


4482 


4640 


4598 


4656 


4714 


4772 


4880 


4868 


4945 


6006 



\*w. A , y* .. «M-« 



16 LOOARITHMS 1 


N. 





1 2 


3 


4 


6 


6 


7 


8 


9 


7W 


87606J 


5U9 


6177 


5236 


6393 


6861 


5409 


64S6 


5534 


5588 


TUX 


6640 


5698 


5766 


6813 


8871 


5939 


6987 


6046 


6108 


6160 


763 


6218 


6376 


6333 


6391 


6449 


6807 


6664 


6633 


6680 


6787 


763 


6796 


6863 


6910 


6968 


7026 


7083 


7141 


7199 


7366 


7314 


754 


7371 


7429 


7487 


7544 


7602 


7669 


7717 


7774 


7833 


1880 


76fr 


7947 


8004 


8062 


8119 


8177 


8384 


8393 


8849 


8407 


8464 


m 


8633 


8679 


8637 


8694 


8763 


8809 


COOP 


8984 


8981 


9019 


767 


9096 


9153 


9211 


9268 


9326 


9383 


9440 


9497 


9565 


9618 


76$ 


9669 


9726 


9784 


9841 


9898 


9966 


..18 


..70 


.137 


.186 


769 


880342 


0299 


0366 


0413 


0471 


0538 


0680 


0643 


0699 


0766 


760 


0614 


0871 


0928 


0986 


1(M2 


1099 


1166 


1318 


1371 


1328 


761 


1386 


1443 


1499 


1666 


1613 


1670 


1737 


1784 


1841 


.1898 


763 


1966 


2013 


2069 


2126 


2183 


8340 


2297 


3354 


3411 


3468 


763 


2636 


3681 


2638 


2695 


27© 


8809 


2866 


2928 


3980 


8037 


764 


3093 


3150 


3207 


3264 


3321 


8377 


3434 


3491 


3548 


3609 


766 


8661 


8718 


3776 


8833 


8888 


Wfi 


4003 


4059 


4116 


4178 


766 


4339 


4386 


4342 


4399 


4465 


4513 


4669 


4626 


4683 


4739 


767 


4796 


4853 


4909 


4966 


5082 


5078 


5136 


6193 


6348 


5305 


768 


6361 


6418 


6474 


5631 


6587 


66444! 6700 


6767 


6813 


6870 


769 


6936 


5988 


6039 


6096 


6152 


6309 


6266 


6821 


6378 


6434 


779 


6491 


6547 


6604 


6660 


6716 


6778 


6829 


6886 


6948 


6808 


771 


7054 


7111 


7167 


7233 


7280 


7836 


7392 


7449 


7606 


7661 


773 


7617 


7674 


7730 


7786 


7842 


7898 


7965 


8011 


8067 


8133 


778 


8179 


8336 


8292 


8348 


8404 


8460 


8616 


8673 


8639 


8655 


774 


8741 


8797 


8853 


8909 


8965 


9031 


9077 


9134 


9190 


9346 


776 


9309 


9868 


9414 


9470 


9686 


9588 


9688 


9694 


^50 


9806 


> 776 


9863 


9918 


0974 


..30 


..86 


.141 


.197 


.253 


.309 


.366 


777 


890431 


0477 


0533 


0589 


0646 


0700 


0756 


0812 


0868 


0934 


778 


0980 


1035 


1091 


1147 


1203 


1369 


1814 


1370 


1436 


1438 


779 


1537 


1698 


1649 


1705 


1760 


1816 


1872 


1938 


1983 


2039 


780 


8095 


3160 


2306 


8869 


8817 


3878 


2439 


3484 


3540 


3505 


781 


2661 


3707 


2762 


2818 


8878 


3939 


8985 


8040 


3096 


3151 


783 


8307 


8263 


8318 


3373 


8439 


8484 


3640 


3696 


8651 


8706 


788 


8762 


8817 


3878 


8928 


8984 


4089 


4094 


4160 


4305 


4261 


784 


4316 


4371 


4427 


4482 


4538 


.4593 


4648 


4704 


4759 


4814 


786 


4870 


4985 


4980 


5066 


6091 


5146 


5301 


5367 


5818 


6867 


786 


5438 


5478 


5538 


5588 


6644 


6699 


6754 


6809 


6664 


5920 


787 


6975 


6080 


6085 


6140 


6195 


6351 


6306 


6361 


6416 


6471 


788 


6526 


6581 


6636 


6692 


6747 


6802 


6857 


6912 


6967 


7028 


789 


7077 


7133 


7187 


7242 


7297 


7352 


7407 


7463 


7617 


7578 


790 


7627 


7688 


7787 


7792 


7847 


7902 


7967 


8018 


8067 


8188 


791 


8176 


8381 


8286 


8341 


8396 


8451 


8606 


8661 


8616 


8670 


7^ 


8736 


8780 


8836 


8890 


8944 


8999 


9064 


9109 


9164 


9218 


793 


9378 


9328 


.9383 


9437 


9492 


9547 


9603 


9666 


9711 


976e 


794 


9831 


9876 


9930 


9986 


..39 


..94 


,149 


.303 


.358 


.818 


795 


900867 


0482 


0476 


0531 


0586 


0640 


0606 


0749 


0604 


0669 


796 


0913 


0968 


1032 


1077 


1131 


1186 


1240 


1395 


1849 


1404 


797 


X468 


1513 


1667 


1622 


1676 


1736 


1785 


1840 


1894 


1949 


798 


2003 


2067 


2112 


2166 


3221 


2276 


3339 


3384 


3438 


8498 


799 


2547 


2601 


2655 


3710 


3764 


2818 


3878 


3937 


2981 


8036 
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OF NUMBERS. 17 


N. 





1 


3 


8 


4 


6 


6 


7 


8 


9 


800 


903090 


8144 


3199 


3363 


8307 


3361 


3416 


8470 


8634 


3678 


801 


8633 


8687 


3741 


8796 


3849 


3904 


3968 


4013 


4066 


4130 


803 


4174 


4339 


4383 


4337 


4391 


4446 


4499 


4663 


4607 


4661 


803 


4716 


4770 


4824 


4878 


4933 


4986 


6040 


6094 


614& 


6803 


804 


6866 


6310 


6364 


6418 


6473 


6636 


6680 


6634 


5688 


6743 


805 


6796 


6860 


6904 


6968 


6013 


6066 


6119 


6173 


6337 


6281 


806 


6336 


6389 


6443 


6497 


6661 


6604 


6668 


6713 


6766 


6830 


807 


6874 


6937 


6981 


7036 


7089 


7143 


7196 


7350 


7804 


7368 


808 


7411 


7466 


7619 


7573 


7636 


7680 


7734 


7787 


7841 


7896 


809 


7949 


8003 


8066 


8110 


8163 


8317 


8370 


8334 


8378 


8431 


810 


8486 


8639 


8698 


8646 


8699 


8763 


8807 


8860 


8914 


8067 


811 


9031 


9074 


9128 


9181 


9336 


9389 


9343 


9396 


9449 


9603 


813 


9666 


9610 


9663 


9716 


9770 


9833 


9877 


9930 


9984 


..37 


813 


910091 


0144 


0197 


0361 


0304 


0368 


0411 


0464 


0518 


0571 


814 


0634 


0678 


0781 


0784 


0838 


0891 


0944 


0998 


1051 


1104 


816 


1168 


1311 


1364 


1817 


1871 


1434 


1477 


1630 


1684 


1687 


810 


1690 


1743 


1797 


1860 


1903 


1966 


3009 


3063 


3116 


2169 


817 


3333 


3376 


3323 


3381 


8436 


3488 


3641 


8594 


3646 


3700 


818 


3763 


3806 


3860 


3913 


3966 


8019 


3073 


8126 


8178 


8231 


819 


3384 


8337 


3390 


3443 


8496 


8649 


3603 


8666 


3708 


3761 


880 


8814^ 


8867 


8930 


8978 


4036 


4079 


4133 


4184 


4287 


4390 


881 


4343 


4386 


4449 


4603 


4666 


4608 


4660 


4713 


4766 


4819 


833 


4873 


4936 


4977 


6030 


6083 


6136 « 


6189 


6241 


6594 


5347 


838 


6400 


6463 


6606 


6668 


6611 


6664 


6716 


6769 


5838 


6676 


834 


6987 


6980 


6033 


6086 


6138 


6191 


6843 


6296 


6349 


6401 


836 


6464 


6607 


6669 


6613 


6664 


6717 


6770 


6833 


6876 


6937 


836 


6960 


7033 


7086 


7138 


7190 


7343 


7396 


7348 


7400 


7463 


837 


7606 


7668 


7611 


7663 


7716 


7768 


7830 


7873 


7986 


7978 


838 


8030 


8083 


8186 


8188 


8340 


8398 


8346 


8397 


846Q 


8503 


839 


8666 


8607 


8669 


8713 


8764 


8816 


8869 


8931 


8973 


9036 


880 


9078 


9180 


9183 


9386 


9387 


9840 


9698 


9444 


9496 


9649 


881 


[ 9601 


9663 


9706 


9768 


9610 


9868 


9914 


9967 


..19 


..71 


883 


930188 


0176 


0338 


0380 


0333 


0384 


0436 


0489 


0541 


0693 


838 


0646 


0697 


0749 


0601 


0863 


0906 


0968 


1010 


1063 


1114 


884 


1166 


1318 


1270 


1333 


1374 


1436 


1478 


1630 


1588 


1634 


886 


1686 


1738 


1790 


1843 


1894 


1946 


1998 


8060 


3103 


3164 


886 


3306 


3368 


3310 


3363 


3414 


3466 


3618 


3570 


2623 


3674 


887 


8736 


3777 


3839 


8881 


8933 


3986 


3037 


3069 


3140 


3193 


888 


8344 


8396 


3348 


3399 


3461 


3603 


3566 


3607 


3668 


3710 


880 


3763 


3814 


3866 


3917 


3969 


4021 


4073 


4134 


4147 


4238 


840 


4379 


4881 


4383 


4484 


4486 


4638 


4689 


4641 


4693 


4744 


841 


4796 


4848 


4899 


4961 


6003 


6034 


5106 


5157 


5209 


6361 


843 


6313 


6364 


6416 


6467 


6618 


6670 


5621 


5673 


5736 


6776 


843 


6628 


6874 


6931 


6988 


6034 


6086 


6137 


6188 


^240 


6891 


844 


6343 


6394 


6446 


6497 


664B 


6600 


6651 


6703 


6754 


6806 


846 


6867 


6808 


6969 


7011 


7063 


7114 


7166 


7316 


7368 


7319 


846 


7370 


7433 


7473 


7634 


7676 


7637 


7678 


7730 


7783 


7833 


847 


7883 


7936 


7986 


8037 


8088 


8140 


8191 


8243 


8393 


8346 


848 


8396 


8447 


8498 


8649 


8601 


8663 


8703 


8764 


8805 


8867 


840 


8908 


8969 


9010 


9061 


9113 


9163 


9216 


9866 


9317 


9368 



18 


LOGARITHMS 


N. 





I 


3 


8 


4 


6 


6 


7 
9776 


8 


9 


860 


939419 


9473 


9531 


9673 


9638 


9674 


9736 


9837 


9679 


861 


9930 


9981 


..83 


..83 


.134 


.185 


.336 


.387 


.838 


.889 


863 


980440 


0491 


0543 


0693 


0643 


0694 


0746 


0796 


0647 


0696 


863 


0949 


1000 


1051 


1103 


1158 


1304 


1354 


1306 


1366 


1407 


864 


1468 


1609 


1660 


1610 


1661 


1713 


1763 


1814 


1866 


1915 


866 


1966 


3017 


3068 


3118 


3160 


3330 


3371 


3333 


3373 


3433 


866 


3474 


3624 


3575 


3636 


3677 


3737 


3778 


3839 


3679 


3930 


867 


3981 


8031 


30^ 


3133 


8183 


3384 


8386 


3386 


8386 


8437 


868 


8487 


3638 


8589 


8639 


8690 


8740 


8791 


8841 


8603 


8943 


869 


8993 


4044 


4094 


4146 


4195 


4346 


4369 


4347 


4897 


444B 


860 


4498 


4549 


4599 


4650 


4700 


4751 


4801 


4863 


4903 


4953 


861 


6003 


6064 


5104 


5154 


5306 


6356 


5306 


5356 


5406 


5467 


863 


6607 


5668 


5608 


6658 


5709 


5759 


6809 


5860 


5910 


5960 


863 


6011 


6061 


6111 


6163 


6313 


6363 


6313 


6363 


6418 


6463 


864 


6614 


6664 


6614 


6666 


6715 


6766 


6815 


6865 


6916 


606^ 


866 


7016 


7066 


7117 


7167 


7317 


7267 


7817 


7367 


7418 


7468 


866 


7518 


7668 


7618 


7668 


7718 


7769 


7819 


7869 


7919 


7969 


867 


8019 


8069 


8119 


8169 


8319 


8369 


8830 


8370 


8430 


8470 


868 


8630 


8670 


8630 


8670 


8730 


8770 


8880 


8870 


8919 


8970 


869 


9030 


9070 


9130 


9170 


9330 


9370 


9330 


9369 


9419 


9469 


870 


9619 


9569 


9616 


9669 


9719 


9769 


9619 


9869 


9918 


9968 


871 


940018 


0068 


0118 


0168 


0318 


0367 


0317 


0367 


0417 


0467 


873 


0616 


0566 


0616 


0666 


0716 


0766 


0615 


0666 


0915 


0964 


873 


1014 


1064 


1114 


1168 


1318' 


1368 


1318 


1863 


1413 


1463 


874 


1611 


1561 


1611 


1660 


1710 


1760 


1809 


1869 


1909 


1958 


876 


3006 


3068 


8107 


3157 


3307 


3366 


3306 


3366 


8406 


3466 


876 


3504 


3554 


3608 


3653 


3703 


3753 


3801 


3851 


3901 


3950 


877 


8000 


8049 


3099 


8148 


3198 


8347 


8397 


8346 


3396 


8446 


878 


8496 


8544 


8693 


8643 


8693 


8743 


8791 


8641 


8890 


8939 


879 


8969 


4038 


406§ 


4137 


4186 


4386 


4385 


4385 


4364 


4433 


880 


4483 


4533 


4681 


4631 


4680 


4739 


4779 


4sas 


4877 


4987 


881 


4976 


5025 


5074 


5134 


6178 


5333 


6373 


5831 


5370 


5419 


883 


6469 


5518 


5567 


5616 


5665 


5716 


5764 


5813 


6663 


5913 


883 


6961 


6010 


6069 


6106 


6157 


6307 


6356 


6306 


6354 


6403 


884 


6453 


6501 


6561 


6600 


6649 


6696 


6747 


6796 


6646 


6894 


886 


6943 


6993 


7041 


7090 


7140 


7189 


7338 


7387 


7336 


7386 


886 


7434 


7483 


7533 


7581 


7630 


7679 


7728 


7777 


7826 


7875 


887 


7934 


7973 


8023 


8070 


8119 


8168 


8317 


8366 


8315 


8366 


888 


8413 


8463 


8511 


8560 


8609 


8657 


8706 


8765 


8804 


8858 


889 


8903 


8951 


8999 


9048 


9097 


9146 


9195 


9344 


9398 


9341 


890 


9390 


9439 


9488 


9536 


9686 


9634 


9683 


9731 


9780 


9889 


891 


9878 


9936 


9975 


..34 


..73 


.131 


.170 


.319 


.367 


.316 


893 


950366 


0414 


0463 


0511 


0660 


0606 


0667 


0706 


0754 


0603 


893 


0861 


0900 


0949 


0997 


1046 


1095 


1143 


1193 


1240 


1389 


894 


1338 


1386 


1435 


1483 


1533 


1560 


1639 


1677 


1786 


1775 


896 


1833 


1873 


1920 


1969 


8017 


3066 


3114 


3163 


2211 


3360 


896 


2306 


2366 


2406 


2453 


3503 


3550 


3599 


3647 


5696 


3744 


897 


3792 


2841 


2889 


2938 


2986 


3034 


3083 


8131 


3180 


3336 


898 


8876 


3825 


3373 


3421 


3470 


3518 


3566 


3615 


8663 


8711 


899 


3760 


3808 


3866 


3905 


3958 


4001 


4049 


4096 


4146 


4194 
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OF NUMBERS. 


19 


N. 


1 


1 


3 


3 


4 


6 


6 


7 


8 


9 


900 


954243 


4291 


4339 


4387 


4436 


4484 


4532 


4680 


4628 


4677 


901 


4725 


4773 


4821 


4869 


4918 


4966 


6014 


5062 


5110 


5158 


902 


5207 


5255 


5303 


5351 


5399 


5447 


6495 


5543 


6592 


5640 


903 


5688 


573© 


5784 


5832 


5880 


5928 


5976 


6024 


6072 


6120 


904 


6168 


6216 


6265 


6313 


6361 


6409 


6457 


6605 


6658 


6601 


905 


6649 


6697 


6745 


6793 


6840 


6888 


6936 


6984 


7032 


7060 


906 


7128 


7176 


7224 


7272 


7320 


7368 


7416 


7464 


7512 


7559 


907 


7607 


7656 


7703 


7751 


7799 


7847 


7894 


7942 


7990 


8038 


908 


8086 


8134 


8181 


8229 


8277 


8325 


8373 


8421 


8468 


8616 


909 


8564 


8612 


8659 


8707 


8766 


8803 


8850 


8898 


8946 


8994 


910 


9041 


9089 


9137 


9185 


9232 


9280 


9328 


9375 


9423 


9471 


911 


9518 


9566 


9614 


9661 


9709 


9757 


9804 


9852 


9900 


9947 


912 


9995 


.,42 


..90 


.138 


.185 


.283 


.280 


.328 


.376 


.423 


913 


960471 


0618 


0566 


0613 


0661 


0709 


0756 


0804 


0851 


0699 


914 


0946 


0994 


1041 


1089 


1136 


1184 


1231 


1279 


1326 


1374 


916 


1421 


1469 


1516 


1563 


1611 


1658 


1706 


1753 


1801 


1848 


916 


1895 


194? 


1990 


2038 


2085 


2132 


2180 


2227 


2276 


2322 


917 


2369 


2417 


2464 


2511 


2559 


2606 


2653 


2701 


2748 


2795 


918 


2843 


2890 


2937 


2985 


3032 


3079 


3126 


3174 


3221 


8268 


919 


8316 


3363 


3410 


3457 


3504 


3552 


3599 


3646 


3693 


8741 


920 


3788 


8835 


3882 


3929 


8977 


4024 


4071 


4118 


4166 


4212 


921 


4260 


4307 


4354 


4401 


4448 


4496 


4542 


4590 


4637 


4684 


922 


4731 


4778 


4825 


4872 


4919 


4966 


6013 


5061 


6108 


6156 


923 


5202 


5249 


5296 


5343 


5390 


6437 


5484 


5531 


6578 


6625 


924 


5672 


5719 


5766 


6813 


5860 


5907 


6964 


6001 


6048 


6095 


925 


6142 


6189 


6236 


6283 


6329 


6376 


6423 


6470 


6517 


6564 


926 


6611 


6658 


6706 


6752 


6799 


6845 


6892 


6939 


6986 


7033 


927 


7080 


7127 


7173 


7220 


7267 


7314 


7361 


7408 


7454 


7501 


928 


7548 


7595 


7642 


7688 


7735 


7782 


7829 


7875 


7922 


7969 


929 


8016 


8062 


8109 


8156 


8203 


8249 


8296 


8343 


8390 


8436 


930 


8483 


8530 


8576 


8623 


8670 


8716 


8763 


8810 


8856 


8903 


931 


8950 


8996 


9043 


9090 


9136 


9183 


9229 


9276 


9323 


9369 


932 


9416 


9463 


9509 


9566 


9602 


9649 


9696 


9742 


9789 


9836 


933 


9882 


9928 


9975 


..21 


..68 


.114 


.161 


.207 


.254 


.300 


934 


970347 


0393 


0440 


0436 


0533 


0679 


0626 


0672 


0719 


0765 


935 


0812 


0658 


0904 


0961 


0997 


1044 


1090 


1137 


1183 


1229 


936 


1276 


1322 


1369 


1415 


1461 


1508 


1554 


1601 


1647 


1693 


937 


1740 


1786 


1832 


1879 


1925 


1971 


2018 


2084 


2110 


2157 


938 


2203 


2249 


2296 


2342 


2388 


2434 


2481 


2527 


2578 


2619 


939 


2666 


2712 


2768 


2804 


2861 


2897 


2943 


2989 


3036 


3062 


940 


3128 


3174 


3220 


8266 


3313 


3359 


3405 


3451 


3497 


3543 


941 


3590 


3636 


3682 


3728 


3774 


3820 


3866 


3913 


3959 


4005 


942 


4051 


4097 


4143 


4189 


4235 


4281 


4327 


4374 


4420 


4466 


943 


4512 


4558 


4604 


4650 


4696 


4742 


4788 


4834 


4880 


4926 


944 


4972 


5018 


5064 


5110 


6156 


5202 


5248 


5294 


5340 


6386 


945 


5432 


5478 


5524 


5670 


5616 


5662 


5707 


5753 


6799 


6846 


946 


5891 


5937 


5983 


6029 


6075 


6121 


6167 


6212 


6258 


6804 


947 


6350 


6896 


6442 


6488 


6533 


6579 


6925 


6671 


6717 


6763 


948 


6808 


6854 


6900 


6946 


6992 


7037 


7083 


7129 


7175 


7220 


949 


7266 


7312 


7358 


7403 


7449 


7495 


7541 


7586 


7632 


7678 
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LOOAHITHMS 




N. 





1 


8 3 


■ 
4 


5 


6 


7 


8 


9 


950 


977724 


7769 


7815 


7861 


7906 


7952 


7998 


8043 


8089 


8186 


951 


8181 


8226 


8272 


8317 


8363 


8409 


8464 


8500 


8546 


8591 


953 

953 


8637 


8683 


8728 


8774 


8819 


88^6 


8911 


8956 


9003 


9047 


9093 


9138 


9184 


9230 


9276 


9321 


9366 


9412 


9467 


9608 


954 


9548 


9594 


9639 


9686 


9730 


9776 


9831 


9867 


9913 


9966 


955 


980003 


0049 


0094 


0140 


0185 


0231 


0276 


0332 


0367 


0413 


956 


0458 


0503 


0549 


0594 


0640 


0685 


0730 


0776 


0821 


0867 


957 


0912 


0957 


1003 


1048 


1093 


1139 


1184 


1229 


1275 


1830 


958 


1366 


1411 


1456 


1601 


1547 


1592 


1687 


1683 


1728 


1778 


959 


1819 


1864 


1909 


1954 


2000 


3046 


3090 


2135 


2181 


3336 


960 


3271 


2316 


2362 


2407 


2462 


2497 


2543 


3688 


2638 


3678 


961 


2733 


2769 


2814 


2859 


2904 


2949 


2994 


8040 


3085 


3180 


963 


8175 


3220 


3265 


3310 


3356 


3401 


3446 


8491 


3536 


8681 


063 


3636 


3671 


8716 


3762 


3807 


8862 


8897 


3942 


8987 


4033 


964 


4077 


4122 


4167 


4212 


4267 


4302 


4347 


4892 


4437 


4483 


966 


4637 


4573 


4617 


4662 


4707 


4763 


4797 


4842 


4887 


4989 


966 


4977 


bim 


6067 


5112 


5167 


5202 


5247 


6292 


6337 


5383 


967 


5436 


6471 


6516 


5561 


5606 


5651 


6699 


6741 


6786 


5880 


968 


5876 


5920 


5965 


6010 


6065 


6100 


6144 


6189 


6234 


6379 


969 


6334 


6369 


6418 


6468 


6503 


6648 


6593 


6687 


6682 


6737 


970 


6773 


6817 


6861 


6906 


6961 


6996 


7040 


7085 


7130 


7176 


971 


7319 


7264 


7309 


7353 


7398 


7443 


7488 


7582 


7577 


7633 


973 


7666 


7711 


7756 


7800 


7845 


7890 


7934 


7979 


8024 


8068 


973 


8113 


8157 


8202 


8247 


8291 


8336 


8381 


8425 


8470 


8614 


974 


8559 


8604 


8648 


8693 


8737 


8782 


8826 


8871 


8916 


8960 


975 


9005 
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no 

no 
no 
no 


992387 


279113 




720887 


18681 98240 


14 


47 


372064 


992363 


279801 




730199 


18710 98234 


13 


48 


372736 


992239 


280488 


114 


719612 


18738 98320 


12 


4S 


273388 


992314 


381174 


718836 


18767 98233 


n 


60 


374049 


992190 


281868 




718143 


18796 98318 


10 


Bl 


9.274708 


B. 993166 


). 382643 


114 


10,717468 






62 


375367 




38S325 


716T76 




8 




376034 


992117 


283007 




716093 




7 




S76681 


992093 


284588 








e 






109 
109 
109 

108 










714733 




6 


66 


277991 


992044 




386947 




714063 






B7 


378644 


992020 


4:1 
4.1 






713376 






68 


379SS7 


991996 


387301 




712699 


19034:98174 


3 




S79948 


991971 


287977 






19052 9B168 




60 


280699 




388662 






19081 J9_8163 







OMlne. 




Bin.. 




Cot««. 




I«* 






! 




J 



s> Hill Tugenti. (B°) Hitnnl Bl 



003334 

9.203011 

203797 



%24349 
225092 
9.^5833 
226673 
2273 U 



231714 
.233172 



994580 
994660 
994M0 



994377 
994367 
99433S 
994316 



994087 
994066 
994046 
994024 



9^440 

0933»(> 
993374 



201346 
202169 
20297! 
303782 
204692 
206400 
S0(i207 
207013 
207817 
.208619 



327471 
228239 
229007 



9.239622 
240371 
241 IIS 

242610 
243364 
244097 



79S1B3 
1.791381 
790580 



779608 
778728 
777948 
777170 
776394 



10.767936 
767174 
766414 



763386' 
762632 



L6419 98643 
16447 98638 
L6476 98633 



!>S609 

98604 

16677 98600 



TABLE 11. 


L0,.SI».«d 


Tugenti. (10°) Hitanl^Da 




3 


"^ 


imr- 


ms^ ' 


Cottn.. 


dTio" 


l™g. 


S7W 


Cobrng. 


Sjiimi 






9.339679 




9.993361 


7^ 


9,246319 


123 


10.763681 


17365 


98481 


60 


1 


Q403S6 




'993329 






347067 


'762943 


17393 






2 


S41ID1 




993307 






347794 


753206 


17422 




68 




341814 




993286 






348630 


123 
122 
122 


761470 


17451 








243628 




998262 






249264 


750736 


17479 




66 




243237 




993340 






249998 




17508 


98465 


65 




S43947 
















98450 


64 




244658 




993195 










17566 




63 








993172 






263191 


747809 


17594 


98440 






346069 




993149 






352920 




747080 


17633 


98436 






246776 




993127 






363648 




746352 


17661 


98430 






9.247478 




9.993104 






B.364374 




10,746626 


17680 


98426 


49 




S4B181 




993081 






256100 






17708 


98420 


48 




348883 












120 
120 
120 
120 
130 
120 




17737 


98414 


47 




249583 




993036 




8 




743453 


17766 


98409 


46 








993013 






743731 


17794 


98404 






260980 




992990 






267990 


742010 


17823 


98399 






261677 




993967 






268710 


741290 


17862 


98394 


43 




262373 








8 


359429 




17880 


983B9 


43 














7896B4 




983B3 


41 


20 


363761 




9t^98 
».*2S75 


360863 




789137 




9BS7a 


40 


31 


9.2B4463 




S 

8 


9.361678 




10.7884iB 




Sin 




33 


265144 




993862 




263393 








HS68 






256834 








263006 




736998 




98869 




24 


256633 










363717 




786388 




98367 


86 


QS 






992783 








736673 


18061 


98362 


36 


36 


367899 


114 


993759 






366138 




734863 


18109 






S7 




992736 






365847 




734163 


18138 


96341 




38 


359268 


992713 






366656 






18166 


98336 






269951 


992890 






367261 




733739 




S8331 


31 


BO 


260G33 












732033 






30 


31 


9.361314 




9.993543 










10.731329 






29 


33 


361994 




992619 






369375 




730636 






28 


33 


262673 




993596 






370077 








98310 






283361 










270779 




739231 


18338 


98304 


36 




364037 














738631 


18367 




35 


36 


364703 














727822 


18396 


98394 


34 


37 


2G5377 




992501 






272876 




737134 


18434 


98288 


38 


38 


366051 




993478 






373573 






18462 




33 


39 


266723 


113 


992464 






274269 




726731 


18481 




31 




267395 












736036 


18609 




30 


41 






9.993406 










10.734343 


IS588 




'19 


42 


268734 




992382 










733649 


18B67 




18 




269403 




992359 


4 




377043 




73S9G7 


18696 








27006a 




992336 




377734 




122366 


18634 








370736 




992311 






278424 




731576 


18663 


98346 




46 
















730887 


186SI 


98340 




47 


372064 




99226a 










720199 


18710 


93234 




46 


372736 










280488 




719613 


18738 


98239 






273388 




992214 






381174 




713826 


18761 






fiO 


374049 




993190 







281868 




T18143 




98318 




Bl 


B. 274708 




9,992166 


3.382542 




10.717468 




98312 




B3 


375367 




992142 






283236 




716776 


18851 








376034 




992117 






283907 




716093 




98301 






276681 


109 
109 
109 
109 

IS 


992093 






284688 




715412 


18911 


98196 








992069 






36526S 




714733 


18938 


98190 




66 


277991 


992044 










714063 




9S18B 




B7 


378644 


992020 






086634 




713376 


18996 


98179 




68 


279297 


931996 






287301 






19024,98174 






379948 


991971 






287977 




712023 


19062 98168 




60 


280599 


991947 




288652 




711348 


19081 S8163 






Oortno. 








Co^. 




T«W. 


wz^W^ 






























TABLIB. B 


J_ 


gmr^ 


BTTIF^ 


CAiinB. ■ 


T»:Tu" 


■■•"^- 


U_IU 


^ui.^. 


iUI« 


T.aa'. 







9.380699 


loe 

108 
108 
lOS 
107 
107 


9 991947 




9.383662 


112 


10.711348 


T5SiI 


98168 


60 




281248 


991923 




389336 






98167 


69 


•2 


391BB7 


991897 


\\l 


389909 




710001 


19138 




68 


8 


382544 


991813 


390671 




700329 


19167 


mn6 


67 






991848 




391343 




708658 


19196 


96140 


66 


6 


383B36 






292018 




T07987 


19324 


98136 




6 


384480 


991199 










J93B2 


9612S 


64 


7 


386134 


991774 




293350 




706660 


19«I 


98134 


53 


g 


385766 


107 
!07 

106 


991749 




294017 




706983 


19309 


98118 


63 


i 


386406 






394684 




705316 


19338 


98112 






287048 


991699 










19366 


B107 


60 


11 


9.287687 


B. 991674 




9.396018 




10.703987 


19396 


98101 


49 


13 




991649 


i.^ 


396677 




703333 


19493 




48 


13 


288964 


106 
106 
106 


991634 


397339 




702661 


19462 


98090 










tu 


398001 






19481 


98684 


46 












701338 


19609 




46 


le 


290870 


991549 


4'2 






700678 


19638 


980T3 




17 


391604 


991634 


4!3 
4!3 


399980 




700030 


19566 


98067 




le 


392137 


106 

105 
106 
104 
104 
104 
104 
104 


991498 


300638 


109 
109 


699363 


19596 


98061 














19633 


98066 


41 




293399 


991448 




698049 


19652 


98060 


40 


21 


9,294029 


9.991422 




9.303607 


109 

109 
109 
108 
108 
108 
108 
108 
108 
107 
107 
107 
107 

107 
107 
106 
106 

106 
106 
106 

106 


10.697393 


!968< 


38044 


39 


ss 


294668 


991397 




303361 


696789 




98039 


38 


23 




991372 


4!3 


S03914 


696066 




98033 




34 


296913 




304667 




19766 


98097 


36 




296689 






306218 


694783 


19794 


98021 


35 




S97164 


991396 




305869 


694131 


19833 


98016 


34 


37 


397T88 


991370 




306619 


693481 


19851 


9801O 


33 


S8 


398413 


991244 


4.3 


307168 


693833 


19880 


9B004 


33 


39 


399034 


103 
103 
103 


991318 




693185 


1990! 


97998 




BO 


399666 


991193 


4.3 


3(6463 


691537 




97999 


30 


SI 


9.300376 


9.991167 


9.309109 


to. 690^1 


19961 


97987 


39 


K 






309754 


690246 


19994 


97981 


28 


S3 


30J514 




4.3 


310398 


689603 


20022 


9797S 


27 




303133 


991090 


811042 




20051 


97969 




M 


302748 


991064 


i.a 


311686 


688315 30079 


97968 


26 


86 




102 
102 

102 

102 


991038 


312337 


687673130108 


97958 


34 


87 




991012 


i'.i 


318967 


6S7033 1 20136 


97963 


93 


St 




990986 


S13608 


686393 1 20166 


97946 


33 




8052OT 


990969 






685763 ,20193 






4C 


306819 


990934 




314885 


685116 


20323 


97934 


20 


41 


9.306430 


). 990908 


4A 
4.4 


9.315633 


10684477 


20360 


91998 


19 


49 






990882 


316169 


688841 


30979 


97923 


18 


43 


807650 




990865 


316795 




20301 




17 




808359 




990829 


iX 


317430 




30336 


97910 


16 




SU3867 




990803 


318064 


681936 


30364 


97906 


15 


46 


309474 


101 






318697 


681303 


30393 


97899 




47 


310080 






319329 


106 

106 
105 
105 

104 
101 
101 

104 
104 
104 


680671 


30431 


97893 


IS 


4S 


310686 


100 
100 

too 


990724 




319961 


680039 


20450 


97887 


13 


49 


311389 


990697 




320693 


679408 


20478 


97881 


11 


60 








321323 


678778 


90607 


97876 


10 


Bl 


9.312496 


9.990644 


iA 


). 331861 


10-678149 


20535 


97869 


B 


63 


313097 


990618 


323479 


677591 


20663 


97868 


8 


63 


313698 


100 
100 
100 


B90591 


iA 


823106 


676894 


20593 


97867 


7 


64 


314S97 


99056* 


3237S3 


676267 


20690 


97851 


6 


6G 


314891 


990538 


334368 


676643 


20649 


91845 




66 


315495 


990611 


324983 


675017 


20677 


97839 


4 


67 


316092 


99 
99 


990486 


33560T 




30706 


97833 


8 


63 


316689 


990458 




873769 


30J34 


97837 


3 




317284 


990431 






673147 




97831 




60 


311879 


990404 




327476 


673535 j3<n91 


37815 







C<»W 








CoUn«. 




■t«h^ In.™. 




— 


1 IS l>«r«. II 



TABLE n. Log. SUnes aad TangeatB. (tSfl) Nfttural StaM. 



S99R| 



83 



TW 




1 
2 
3 
4 
6 
6 
7 
8 
9 
10 
11 
12 
13 
14 
16 
16 
17 
18 
19 
20 
21 
22 
S3 
24 
26 
26 
27 
28 
29 
30 
81 
82 
S3 
84 
85 
86 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
^0 
51 
62 
63 
64 
65 
66 
67 
68 
69 
60 



Sine- 



9.317879 
318473 
3i90o6 
319668 
320249 
820840 
321430 
322019 
322607 
323194 
323780 

9.324366 
324950 
325534 
326117 
326700 
327281 
327862 
328442 
329021 
329599 

9.330176 
330753 
331329 
331903 
332478 
333051 
833624 
334196 
334766 
335337 
.9035906 
336475 
337043 
337610 
338176 
338742 
839306 
839871 
340434 
840996 

19.341558 
342119 
342679 
343239 
343797 
844356 
344912 
345469 
846024 
346579 

19.347184 
347687 
348240 
348792 
349343 
849893 
350443 
850992 
851640 
352088 



9 



Oqsuiq. 



99.0 
98.8 
98.7 
98.6 
98.4 
98.3 
98.2 
98.0 
97.9 
97.7 
97.6 
97.6 
97.3 
97.2 

97.0 
96.9 
96.8 
98.6 
96.5 
96.4 
96.2 
96.1 
96.0 
95.8 
95.7 
95.6 
95.4 
95.3 
95.2 
96.0 
94.9 
94.8 
94.6 
94.5 
94.4 
94.3 
94.1 
94.0 
93.9 
93.7 
93.6 
93.6 
93.4 
93.2 
93.1 
93.0 
92.9 
92.7 
92.6 
92.6 
92.4 
92.2 
92.1 
92.0 
91.9 
91.7 
91.6 
91.5 
91.4 
91.3 



Cosine. 



990378 rS 

990351 

990324 

990297 

990270 

990243 

990215 

990188 

990161 

990134 
9.990107 

990079 

990052 

990025 

989997 

989970 

989942 

989915 

989887 

989860 
9.989832 

989804 

989777 

989749 

989721 

969693 

989666 

989637 

989609 

989582 
9.989553 

989525 

989497 

989469 

989441 

989413 

989384 

989356 

989328 

989300 
9.989971 

989243 

989214 

989186 

989167 

989128 

989100 

989071 

989042 

989014 
9.988985 

988956 

988927 

988898 

988869 

988840 

988811 

988782 

988763 

988724 



KW' 



Sine. 



4.5 
4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.7 
4.7 
4.7 
4.7 
4.7 
4.7 
4.7 
4.7 
4.7 
4.7 
4.7 
4.7 
4.7 
4.7 
4.7 
4.7 
4.7 

4.7 

4.7 
4.7 
4.7 
4.7 
4.8 
4.8 
4.8 
4.8 
4.8 
4.8 
4.8 
4.8 
4.8 
4.8 
4.8 
4.9 
4.9 
4.9 



"Kng. 



WW 



9.327474 
328095 
328716 
329334 
329953 
830670 
831187 
331803 
332418 
833033 
333646 

9.334259 
334871 
335482 
336093 
336702 
337311 
337919 
338527 
839138 
839739 

19.340344 
340948 
341652 
342166 
342757 
843358 
343958 
344658 
845157 
345755 

9.346363 
346949 
347545 
348141 
348735 
349329 
349922 
360614 
351106 
851697 

9.352287 
352876 
353466 
354053 
354640 
355227 
355818 
856398 
356982 
357666 

9.358149 
358731 
359313 
369693 
360474 
861053 
361632 
362210 
365J787 
363364 



Cotaa g. 
77 Degr«««. 



Cbtabg. 



103 

108 

103 

103 

103 

108 

103 

102 

102 

102 

102 

102 

102 

102 

102 

101 

101 

101 

101 

101 

101 

101 

101 

100 

100 

100 

100 

100 

100 

100 

100 
99.4 
99.3 
99.2 
99.1 
99.0 

98.7 
96.6 
98.5 
98.3 
96.2 
98.1 
98.0 
97.9 
97.7 
97.6 
97.6 
97.4 
97.3 
97.1 
97.0 
96.9 
96.8 
96.7 
96.6 
96.6 
96.3 
96.2 
96.1 



10.672626 
671905 
671286 
670666 
670047 
660430 
668813 
668197 
667582 
666967 
666364 

10.666741 
666129 
664618 
663907 
663298 
662689 
662081 
661473 
660667 
660261 

10.669666 
659062 
658448 
657846 
667243 
666642 
666042 
665442 
664843 
664245 

10.663647 
653051 
662466 
661869 
661265 
' 650671 
660078 
649486 
648894 
648303 

10.647713 
647124 
646636 
646947 
645360 
644773 
644187 
643602 
643018 
642434 

10.641851 
641269 
640687 
640107 
639626 
638947 
688368 
637790 
637213 
636636 



N^.'sine. JN. cosJ " 



Tang. 



20791 97816 
2062097809 
2084897803 
20877 97797 
2090697791 
2093397784 
2096297778 
2099097772 
2101997766 
2104797760 
2107697754 
2110497748 
2113297742 
2116197736 
2118997729 
2121897728 
2124697717 
2127597711 
21303 97705 
2133197698 
2136097692 
2138897686 
21417 97680 
2144597673 
2147497667 
21602197661 
2158097656 
21569'97648 
2168797642 
2161697636 
2164497630 
2167297623 



21701 
21729 
21768 
21786 



21843 
21871 
21899 
21928 
21966 
21985 



97617 

976U 
97604 
97598 



2181497592 



97685 
97679 
97673 
97666 
97660 
97663 



2201397647 
22041 '97641 
2207097634 



22098 
22126 
22165 
22183 
22212 
22240 
22268 
22297 
22325 
22353 
22382 
22410 
22438 
22467 



97528 
97521 
97615 
97606 
97602 
97496 
97489 
97483 
97476 
97470 
97463 
97467 
97450 
97444 



N. co8.|N.8ine 



22495 97437 



60 
69 
58 
67 
66 
56 
54 
63 
62 
51 
60 
49 
48 
47 
46 
46 
44 
43 
43 
41 
40 
39 
38 
87 
36 
86 
84 
38 
32 
31 
30 
29 
28 
27 
26 
26 
24 
28 
22 
21 
20 
19 
18 
17 
16 
16 
14 
18 
13 
11 
10 
9 
8 
7 
6 
6 
4 
8 
3 
1 
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0" Coitoe, 


D.10" 


T«ng. 
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N^ 
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1. 353068 




B. 088734 






96 

95 


„ 10.636636, i32496 


97437 


60 




36363B 


91 
91 








'363940 


^ 636060 


32623 


97430 


69 


3 


363181 


I ^8066 






364615 


I 636485 






68 


s 




9(1 








366090 


ae 


° 634910 










364371 


^ 988607 




9 




I 634336 


33608 


97411 






354816 


m 


^ 988678 




866237 


95 

OS 


I 633763 


S2637 


97404 


66 


6 


366368 


^ 988619 


9 
9 


366810 




32665 


97398 


64 


7 






367383 


96 


% 632618 
f 632047 


33693 




63 


g 








367963 


32722 


97364 






356984 




? 988460 


368624 


i 631476 


23760 


97378 




10 


367624 




i 988430 




369094 


y 630906 


33778 


97371 


60 


11 


9.368064 




1^.988401 




9.369663 


I 10.630337 
° , 629768 
I 629301 


22807 


97366 


49 


13 


368603 










370239 


9i 




97368 


« 


13 






g 988342 




370799 


23863 


197351 






369678 








871367 


94 
94 
94 
94 
94 
94 
93 
93 
93 


° 628633 


22892 


97346 




16 


360315 


8S 


I 988283 







371933 






97338 


46 


16 


860762 


I gse-us 




373499 


I 627501 


22948 




44 


17 












873064 


f 626936 


33977 


97326 




18 




^ 


I 988193 







873629 


' 62637] 


23006 


97318 




19 


863366 








" 626807 




97311 


41 


SO 


36»889 


t 988133 






374756 


° 625314 


23062 


97304 


40 


21 


B.363433 


I 3.988103 






9.375319 




33090 


97398 


39 


S3 




8a 


L 988073 







376881 


J 624119 


33118 


97291 


38 


23 


36448E 


I 888043 






93 
93 
93 
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33146 


9T284 




94 


366016 


' 988013 







377003 




33175 


J7378 


36 


26 


365646 




I 987983 




377563 


° 632437 


33203 


97371 


35 


36 


866076 










378123 


• 621878 


23331 


97264 




27 


366604 




J 9S7922 






378681 


91 
92 
92 

99 
93 
93 
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23260 


97357 




28 




87 


I 987892 










28388 


a7261 






367659 


" 987863 






379797 




33316 


97344 


31 


30 


368186 








380364 


° 619646 


33345 


97237 


30 


31 




I 9.987801 






9.380910 


' 10.619090 


23373 


97330 


29 






81 

86 
86 


5 987771 






381466 


I 616634 
5 617980 
; 617426 


33401 








369761 


, 987740 






362020 




97217 


37 


1 34 


370386 


X 987710 






383675 


23468 


97310 


36 


36 


370808 


( 987679 






383129 


J 616871 


23466 


97303 
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X 987649 






383683 


f 616318 


23614 


97196 








J 987618 
^ 987688 






384234 


99 


;" 615766 
" 616214 
g 614663 


33642 


97189 




38 


372373 




834766 


23671 


97183 


33 


39 


872894 








386337 




33699 


97176 




40 


373414 


86 


5 987528 






385888 








97169 


20 




1.873933 


J 9.987496 






9.386438 




I 10.613562 


33666 


97162 




42 


874463 


I 987466 










; 613013 


33664 


97168 




43 


374970 


8f 


2 987434 










: 613464 


33713 


97148 




44 


375487 


, 987403 






388084 




I 611916 


23740 


97141 










J 98J372 






388631 




f 611369 


33769 


97134 






376519 


8E 








389178 




' 610822 


23797 


87127 






377036 


S 987810 








11 


" 610375 


23836 


97130 




48 


877649 


8E 


S 987379 






390370 


2 609730 




17113 




49 




i 987348 




3 


390816 


5 603186 


33882 


17106 




60 


878677 


4 9H7317 




391360 


9C 


I 6(B640 


23910 








9.379089 


a 9.987186 




9.391903 


° 10.608097 








68 


379601 


8E 

8E 
84 
8A 

84 


S 987166 




393447 


9C 
90 
90 
90 


S 607553 


23966 


17«t6 




63 


380113 


f 987124 








* 607011 










380624 


n 887093 




2 


393531 


i 606469 


24023 


17072 






381134 


X 987061 




394073 


7 605927 




J7066 






381643 


I 987030 










24079 


J706:l 
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395154 


" 604846 


34108 


J-051 




68 


383661 








396694 




1 604306 
? 603767 








69 


883168 


^ 98G936 
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3S3676 
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3967T1 
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9.383675 


84.4 
84.3 
S4.a 

&4!o 

B3.9 


9,986904 


^ 


9.396771 






34192)97030 


60 




384182 


986S73 














se 




384687 


986841 








I 603164 




68 




386192 


986803 




398383 
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89 
8e 


I 601617 
* 601081 








885697 


936778 






398919 




66 


G 


386201 
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i eOUG4G 
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66 


6 


38S704 


986714 
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; 600010 
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387207 
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986633 
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2 698943 






S 


388210 
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61 
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402124 
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° 697876 
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1 
3 
8 
4 
6 
6 
1 
8 
9 
10 
11 
12 
13 
14 
16 
16 
17 
18 
19 
30 
31 
33 
33 
24 
36 
36 
37 
38 
39 
80 
31 
33 
33 
84 
36 
86 
37 
38 
39 
40 
41 
43 
43 
44 
46 
46 
47 
48 
49 
60 
61 
63 
63 
64 
66 
66 
67 
68 
69 
60 



Sine. 



"urw 



9.413998 
413467 
413938 
414408 
414878 
416347 
416816 
416383 
416761 
417317 
417684 

9.418160 
418616 
419079 
419644 
420007 
430470 
420933 
431396 
431867 
432318 

[9.432778 
433338 
438697 
434166 
434616 
436073 
426630 
426987 
426443 
426899 

9.427364 
427809 
428363 
438717 
439170 
439623 
430076 
430637 
430978 
431429 

9.431879 
432329 
432778 
433236 
433676 
4M133 
434669 
436016 
436463 
436908 

9.436363 
436798 
437342 
437686 
438129 
438672 
439014 
439466 
439897 
440338 



78.6 
78.4 
78.3 
78.3 
78.2 
78.1 
78.0 
77.9 
77.8 
77.7 
77.6 
77.5 
77.4 
77.3 
77.3 
77.2 
77.1 
77.0 
76.9 
76.8 
76.7 
76.7 
76.6 
76.6 
76.4 
76.3 
76.3 
76.1 
76.0 
76.0 
75.9 
76.8 
75.7 
75.6 
75.6 
75.4 
75.3 
75.3 
75.3 
75.1 
75.0 
74.9 
74.9 
74.8 
74.7 
74 6 
74.6 
74.4 
74.4 
74.3 
74.2 
74.1 
74.0 
74.0 
73.9 
73.8 
73.7 
73.6 
73.6 
73.6 



9 



9 



9 



Cosine. J 



Cosine. 



9 



9 



.984944 
984910 
984876 
984842 
984808 
984774 
984740 
984706 
984673 
984637 
984603 
.984669 
984636 
984600 
984466 
984433 
984397 
964363 
964338 
984394 
984369 
.984334 
964190 
984166 
984120 
984086 
984050 
984016 
963981 
963946 
983911 
.983876 
983840 
983806 
983770 
983736 
983700 
963664 
983629 
983694 
983668 
.983633 
983487 
983463 
963416 
983381 
983345 
983309 
983373 
983338 
983302 
.983166 
983130 
983094 
983068 
983022 
982986 
982950 
982914 
982878 
982843 



Sine. 



mm 



7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 















"1 



vag. 



9.438062 
428667 
429062 
439666 
430070 
430673 
481075 
431677 
433079 
433680 
483080 

9.483680 
434080 
434679 
486078 
436676 
436073 
436670 
487067 
437663 
438069 

19.438664 
439048 
439543 
440036 
440639 
441033 
441614 
443006 
443497 
442988 

^.443479 
443968 
444468 
444947 
445436 
446933 
446411 
446898 
447384 
447870 

9.448366 
448841 
449336 
449810 
460294 
450777 
461260 
461743 
462226 
453706 

9.463187 
463668 
464148 
464638 
456107 
466586 
466064 
466542 
457019 
457496 



Cotang. 
74 Degrees. 



TTOT 



84.2 
84.1 
84.0 
83.9 
83.8 
83.8 
83.7 
83.6 
83.5 
83.4 
83.3 
83.2 
83.2 
83.1 
83.0 
82.9 
82.8 
82.8 
82.7 
82.6 
82.6 
82.4 
82.8 
83.3 
82.2 
82.1 
82.0 
81.9 
81.9 
81.8 
81.7 
81.6 
81.6 
81.6 
81.4 
81.3 
81.2 
81.2 
81.1 
81.0 
80.9 
80.9 
80.8 
80.7 
80.6 
80.6 
80.6 
80.4 
80.3 
80.2 
80.3 
80.1 
80.0 
79.9 
79.9 
79.8 
79.7 
79.6 
79.6 
79.6 



Ootang. I N. sine. N. cos 



10.671948 
671443 
670938 
670434 
669930 
669427 
666925 
668423 
667921 
667420 
666920 

10.666420 
566920 
666421 
664932 
664424 
663937 
663480 
662983 
663437 
661941 

10.661446 
660953 
660467 
669964 
669471 
668978 
658486 
667994 
667503 
667013 

10.666621 
566032 
665642 
665053 
654565 
664077 
663589 
663102 
662616 
652130 

10.551644 
661159 
550674 
650190 
649706 
649223 
648740 
548257 
647775 
547294 

10.646813 
646332 
645852 
645372 
644893 
544414 
543936 
643458 
542981 
642604 



Tang. 



268^96693 
3591096585 



25938 
25966 
26994 
26022 
26060 



96678 
96570 
96562 
96565 
96547 



2607996540 



26107 



26186 96524 
26163 96617 



26191 
26219 



96609 
96403 



26347 96494 
26276 96486 
26308 96479 
96471 
96463 



26331 
26369 
26387)96466 



36416 



36443 96440 



36471 
26600 



2652896417 



26666 
26684 
26612 



2664096386 



26668 
26696 
36724 
26753 



26836 
26864 
26892 
26920 
26948 



37004 
27032 
27060 



27144 
27172 
27200 



27228 96222 
27266 96214 
27284 96206 
27312 96196 



27340 
27368 



27396 96174 
27424 96166 



27462 
27480 
27608 
27536 
27664 



96632 



96448 



96433 
96425 



96410 
96402 
96394 



96379 
96371 
96363 
96365 



26780 96347 
26806 96340 



96332 
96324 
96316 
96308 
96301 



26976 96293 



96286 
96277 
96269 



27068 96261 
27116 96263 



96246 
96238 
96230 



96190 
96183 



96168 
96150 
96142 
96134 
96126 



N. ooB.)N.sine. 



60 
69 
68 
57 
56 
65 
54 
63 
62 
61 
60 
49 
48 
47 
46 
45 
44 
43 
42 
41 
40 
39 
38 
37 
36 
36 
84 
33 
32 
31 
30 
29 
28 
27 
26 
26 
24 
23 
22 
21 
20^ 
19 
18 
17 
16 
15 
14 
13 
12 
11 
10 
9 
8 
7 
6 
6 
4 
3 
2 
1 
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1 

3 

4 
6 
6 
7 
8 
9 
10 
11 
12 
13 
14 
16 
16 
17 
18 
19 
20 
21 
22 
23 
24 
26 
26 
27 
28 
29 
30 
31 
32 
33 
34 
36 
36 
37 
38 
39 
40 
41 
42 
43 
44 
46 
46 
47 
48 
49 
60 
61 
62 
63 
64 
66 
66 
67 
68 
69 
60 



Sne. 



9.440338 
440778 
441218 
441668 
442096 
442636 
4^973 
443410 
443847 
444284 
444720 

9.446166 
446690 
446026 
446469 
446893 
447326 
447769 
448191 
448623 
449064 

9.449486 
449916 
460346 
460776 
461204 
461632 
462060 
462488 
462916 
463342 

9.4637^ 
464194 
464619 
466044 
466469 
466893 
466316 
466739 
457162 
467684 

9.468006 
468427 
468848 
469268 
469688 
460108 
460627 
460946 
461364 
461782 

9.462199 
462616 
463032 
463448 
463864 
464279 
464694 
466108 
466622 
466936 

CJosine. 



73.4 
73.3 
73.2 
73-1 
73.1 
73.0 
72.9 
72.8 
72.7 
72.7 
72.6 
72.6 
72.4 
72.3 
72.3 
72.2 
72.1 
72.0 
72.0 
71.9 
71.8 
71.7 
71.6 
71.6 
71.5 
71.4 
71.3 
71.3 
71.2 

71.1 
71.0 
71.0 
70.9 
70.8 
70.7 
70.7 
70.6 
70.6 
70.4 
70.4 
70.3 
70.2 
70.1 
70.1 
70.0 
69.9 
69.8 
69.8 
69.7 
69.6 
69.6 
69.6 
69.4 
69.3 
69.3 
69.2 
69.1 
69.0 
69.0 
68.9 



Cosiue. 



9.982842 
982805 
982769 
982738 
982696 
982660 
982624 
982687 
982661 
982614 
982477 

9.982441 
982404 
982367 
982331 
982294 
982257 
982220 
982183 
982146 
962109 

9.982072 
982036 
981998 
981961 
981924 
981886 
981849 
981812 
981774 
981737 

9.981699 
981662 
981626 
981687 
981649 
981612 
981474 
981436 
981399 
981361 

9.981323 
981286 
981247 
981209 
981171 
981133 
981096 
981067 
981019 
980981 

9.980942 
980904 
960866 
960827 
980789 
980750 
980712 
980673 
980636 
980696 

'm Mill. 

Sine. 



WW 



6.0 
6.0 
6.1 
6.1 
6.1 
6.1 
6.1 
6.1 
6.1 
6.1 
6.1 
6.1 
6.1 
6.1 
6.1 
6.1 
6.1 
6.2 
6.2 
6.2 
6.2 
6.2 
6.2 
6.2 
6.2 
6.2 
6.2 
6.2 
6,2 
6.2 
6.2 
6.3 
6.3 
6.3 
6.3 
6.3 
6.3 
6.3 
6.3 
6.3 
6.3 
6.3 
6.3 
6.3 
6.3 
6.3 
6.4 
6.4 
6.4 
6.4 
6.4 
6.4 
6.4 
6.4 
6.4 
6.4 
6.4 
6.4 
6.4 
6.4 



9. 



9 



9 



Tang. 



457496 
457973 
468449 
468926 
469400 
469876 
460349 
460623 
461297 
461770 
462242 
462714 
463186 
463658 
464129 
464699 
466069 
466639 
466006 
466476 
466946 
467413 
467880 
468347 
468814 
469280 
469746 
470211 
470676 
471141 
471606 
472068 
472632 
472996 
473467 
473919 
474381 
474842 
476303 
476763 
476223 
476683 
477142 
477601 
478059 
478517 
478976 
479432 
479889 
480346 
480801 
1.481267 
481712 
482167 
482621 
483076 
.483629 
483982 
484436 
484887 
486339 

Ootang. 

78 Degwa. 



9, 



9 



v.vn 



79.4 
79.3 
79.3 
79.2 
79.1 
79.0 
79.0 
78.9 
78.8 
78.9 
78.7 
78.6 
78.6 
78.6 
78.4 
78.3 
78.3 
78.2 
78.1 
78.0 
78.0 
77.9 
77.8 
77.8 
77.7 
77.6 
77.6 
77.5 
77.4 
77.8 
773 
77.2 
77.1 
77.1 
77.0 
76.9 
76.9 
76.8 
76.7 
76.7 
76.6 
76.5 
76.6 
76.4 
76.3 
76.8 
76.2 
76.1 
76.1 
76.0 
76.9 
76.9 
76.8 
76.7 
76.7 
76.6 
76.6 
76.6 
76.4 
76.8 



Gotang. 



10.642604 
642027 
641661 
641076 
640600 
640126 
639661 
639177 
638703 
638230 
637768 

10.637286 
636814 
636342 
636871 
636401 
634931 
634461 
633992 
533624 
633066 

10.532687 
632120 
631663 
631186 
630720 
630264 
629789 
629324 
628869 
628396 

10.627932 
627468 
527006 
526J543 
626081 
626619 
626168 
624697 
624237 
523777 

10.623317 
622868 
622399 
621941 
621483 
621026 
620568 
620111 
619666 
619199 

10.618743 
618288 
617833 
617379 
616926 
616471 
616018 
616665 
616113 
614661 

Tang. 



N. gine. TS. oois. 



2766496126 
96118 



27592 

27620 
27648 
27676 
27704 
27731 
27769 
27787 
37815 
278^ 
27871 
27899 
27927 
27956 
27983 
28011 
28039 
28067 
28095 
28123 
28160 
28178 
28206 
28234 
28262 
28290 
28318 
28346 
28374 
28402 
28429 
28467 
28485 
28613 
28641 
28669 
28597 
28626 
28652 



28708 
28736 
28764 
28792 



28847 
28876 
28903 
28931 
28959 
28987 
29015 
29042 
29070 
29098 
29126 
29154 
29182 
29209 
29247 

N. COS. 



96110 
96102 
96094 
96086 
96078 
96070 
96062 
96054 
96046 
96037 
96029 
96021 
96013 
96006 
96997 
96989 
96981 
95972 
96964 
96956 
95948 
96940 
96931 
96923 
95916 
95907 
96898 
96890 
95882 
96874 
95866 
95857 
95849 
95841 
95832 
96824 
95816 
95807 



2868096799 



96791 
96782 
96774 
95766 



2882096767 



96749 
95740 
96732 
96724 
96716 
96707 
96698 
96690 
96681 
96673 
95664 
96666 
96647 
96639 
96630 

N.8ine. 



60* 

69 

68 

67 

66 

65 

64 

63 

62 

61 

60 

49 

48 

47 

46 

46 

44 

43 

42 

41 

40 

39 

38 

37 

36 

36 

34 

38 

32 

31 

30 

29 

28 

27 

26 

26 

24 

23 

22 

21 

20 

19 

18 

17 

16 

16 

14 

13 

12 

11 

10 

9 

8 

7 

6 

6 

4 

8 

2 

1 
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TABLE II. Log. Sines and Tangents. (16^ Natural Sines. 



39 



Cosine. ID. 10" 



ITia 



"Cotang! ; N. sine. N. cos. 




1 
2 
3 
4 
6 
6 
7 
8 
9 
10 
11 
12 
13 
14 
16 
16 
17 
18 
19 
20 
21 
22 
23 
24 
26 
26 
27 
28 
29 
30 
31 
3-2 
83 
34 
86 
3G 
37 
88 
89 
40 
41 
42 
43 
44 
46 
46 
47 
48 
49 
60 
61 
62 
63 
64 
66 
66 
67 
68 
69 
60 



tSine. 



9.489982 
490371 
490759 
491147 
491635 
491922 
492306 
492696 
493081 
498466 
493861 

9.494236 
494621 
495005 
495388 
495772 
496154 
496637 
496919 
497301 
497682 

9.498034 
498444 
496826r 
499204 
499684 
499963 
600342 
600721 
601099 
601476 

9.601854 
6(^2231 
502607 
602984 
603S60 
503736 
604110 
604485 
604860 
605234 

9.505608 
505981 
605354 
606727 
607099 
607471 
507843 
606214 
608585 
608956 

9.609326 
609696 
510086 
610434 
610803 
611172 
611540 
611907 
612275 
512 642 

Cosine. 



D. 10' 



64.8 
64.8 
64.7 
64.6 
64.6 
64.5 
64.4 
64.4 
64.8 
64.2 
64.2 
64.1 
64.1 
64.0 
63.9 
63.9 
63.8 
63.7 
63.7 
63.6 
63.6 
63.5 
63.4 
63.4 
63.3 
63.2 
63.2 
63.1 
63.1 
63.0 
62.9 
62.9 
62.8 
62.8 
62.7 
62.6 
62.6 
62.5 
62.5 
62.4 
62.3 
62.3 
62.2 
62.2 
62.1 
62.0 
62.0 
61.9 
61.9 
61.8 
61.8 
61.7 
61.6 
61.6 
61.5 
61.5 
61.4 
61.3 
61.3 
61.2 



9.978206 
978165 
978124 
978083 
978042 
978001 
977959 
977918 
977877 
977836 
977794 

9.977762 
977711 
977669 
977628 
977586 
977544 
977503 
977461 
977419 
977377 

9.977335 
977293 
977251 
977209 
977167 
977126 
977083 
977041 
976999 
976967 

9.976914 
976872 
976830 
976787 
976745 
976702 
976660 
976617 
976574 
976532 

9.976489 
976446 
976404 
976361 
976318 
976275 
976232 
976189 
976146 
976103 
.976060 
976017 
975974 
975930 
975887 
975844 
975800 
975757 
975714 
976670 

SincT" 



6.8 
6.8 
6.8 
6.9 
6.9 
6.9 
6.9 
6.9 
6.9 
6.9 
6.9 
6.9 
6.9 
6.9 
6.9 
6.9 
7.0 
7.0 
7.0 
7.0 
7.0 
7.0 
7.0 
7.0 
7.0 
7.0 
7.0 
7.0 
7.0 
7.0 
7.0 
7.0 
7.1 
7.1 
7.1 
7.1 
7.1 
7.1 
7.1 
7.1 
7.1 
7.1 
7.1 
7.1 
7.1 
7.1 
7.1 
7.2 
7.2 
7.2 
7.2 
7.2 
7.2 
7.2 
7.2 
7.2 
7.2 
7.2 
7.2 
7.2 



9 



Tang. 



,511776 
512206 
612635 
613064 
613493 
613921 
614349 
614777 
616204 
615631 
616057 
,516484 
616910 
617335 
617761 
618185 
618610 
519034 
619458 
619682 
520305 
520728 
621151 
621573 
621995 
622417 
622838 
623259 
623680 
624100 
524520 
.524939 
526359 
625778 
526197 
526616 
627033 
627451 
627868 
628285 
528702 
.629119 
629635 
529950 
630366 
630781 
631196 
631611 
633025 
6324S9 
632853 
1.533266 
633679 
634092 
634504 
534916 
535328 
635739 
536150 
636561 
6S6972 

Cotang. 
71 Degreei. 



// 



71.6 
71.6 
71.5 
71.4 
71.4 
71.3 
71.8 
71.2 
71.2 
71.1 
71.0 
71.0 
70.9 
70.9 
70.8 
70.8 
70.7 
70.6 
70.6 
70.6 
70.5 
70.4 
70.3 
70.3 
70.3 
70.2 
70.2 
70.1 
70.1 
70.0 
69.9 
69.9 
69.8 
69.8 
69.7 
69.7 
69.6 
69.6 
69.6 
69.6 
69.4 
69.3 
69.3 
69.3 
69.2 
69.1 
69.1 
69.0 
69.0 
68.9 
68.9 
68.8 
68.8 
68.7 
68.7 
68.6 
68.6 
68.6 
68.5 
68.4 



10.488224 
487794 
487365 
486936 
486507 
486079 
486661 
485223 
484796 
484369 
483943 

10.483516 
483090 
482665 
482239 
481815 
481390 
480966 
480542 
480118 
479695 

10.479272 
478849 
478427 
478005 
477583 
477162 
476741 
476320 
476900 
476480 

10.475081 
474641 
474222 
473803 
473385 
472967 
472549 
472132 
471715 
471298 

10-470681 
470405 
470050 
469634 
469219 
468804 
468389 
467975 
467561 
467147 

10.466734 
466321 
465908 
465496 
465084 
464672 
464261 
463850 
463439 
463028 

Tani. 



30902 

30929 

!, 30967 

' 130985 

•; 31012 

;;'31O40 

; 1 31068 

131095 

131123 

31151 

31178 

31208 

;j 31233 

il 31261 

131289 

31316 

31344 

31372 



95106 
95097 
95088 
95079 
95070 
95061 
95052 
95043 
95033 
95024 
95016 
95006 
94997 
94988 
94979 
94970 
94961 
94952 
31399194943 



31427 
31454 
31482 
31510 
31537 
31565 
31593 
31620 



94933 
94924 
94915 
94906 
94897 
94888 
94878 
94869 



31648;94860 
31676 94851 
31703 94642 



31730 
31758 
31786 
31813 
31841 
31868 
31896 
31923 
31951 
31979 
32006 
32034 
32061 
32089 
32116 
32144 



94832 
94823 
94814 
94805 
94795 
94786 
94777 
94768 
94/58 
94749 
94740 
94730 
94)21 
94712 
94702 
94693 



32171 94684 
32199 94674 
32227 94665 
3225094656 
3228294646 
32309'94637 
32337 194627 
32364194618 



32392 
32419 
32447 



94609 
94599 
94590 



32474194580 
94571 
94561 
94552 

N.sinc. 



32502 
32529 
3255; 

N. COS. 



60 
59 
58 
[57 
56 
66 
64 
68 
62 
61 
60 
49 
48 
47 
46 
46 
44 
43 
42 
41 
40 
39 
38 
37 
36 
36 
34 
33 
32 
31 
30 
29 
28 

a7 

26 

26 

24 

23 

22 

21 

20 

19 

18 

17 

16 

16 

14 

13 

12 

11 

10 

9 

8 

7 

6 

6 

4 

3 

2 

1 





frt 



Ba7W6 
.627400 
6S7753 



.975670 
875627 
976563 
975539 
975496 
9TM63 
976406 
975365 
9T6321 
976877 
876333 



S74SSU 
974836 
9T479S 
».»T474S 
974703 
974669 
974614 
B74570 
9746iJ6 
974481 
974436 
9T4391 
974347 
.974303 
974267 
974212 
9741 07 
974123 
974077 
S74033 



973807 
973761 
9737 16 
973671 



973444 

9.973398 

973362 

973307 



641061 

9.541468 

541 B7G 



64390S 
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65^558 
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